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Let p : E−→B be a continuous map and consider the pullback square

EI ev0

pI

r

∃!

E ×B BI E

p

BI
ev0

B

in Top. Since the outer diagram commutes, there exists a unique map r

which makes the diagram commute. Recall that a lifting function for p

is a right inverse Γ in Top of the induced map r; i.e., a continuous map
Γ : E ×B BI−→EI such that rΓ = id. The following was proved in lecture.

Theorem 1. A map p : E−→B is a fibration if and only if p has a lifting

function.

Recall that associated to each lifting function Γ is the holonomy map γ

defined as

E ×B BI Γ
EI

ev1

E

F × ΩB

⊆

γ
F.

⊆

The holonomy map determines the connecting homomorphism in the long
exact sequence associated to a fibration. The purpose of the following exer-
cise is to calculate the holonomy map for two particular fibrations.

Exercise 2. Let Y be a based space with basepoint y0 ∈ Y , and recall
that the fibrations p : PY −→Y and p : LY −→Y are defined by the pullback
diagrams

PY

p

Y I

(ev0,ev1)

Y ∼= ∗ × Y
(y0,id)

Y × Y

LY

p

Y I

(ev0,ev1)

Y
(id,id)

Y × Y

in Top. It follows that PY and LY are isomorphic to the subspaces

PY ∼= {ω ∈ Y I |ω(0) = y0} ⊆ Y I ,

LY ∼= {ω ∈ Y I |ω(0) = ω(1)} ⊆ Y I ,

of Y I . Under these isomorphisms, each fibration satisfies p = ev1.
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(a) Calculate the holonomy of the fibration p : PY −→Y .
(b) Calculate the holonomy of the fibration p : LY −→Y .

A continuous map g : X−→X ′ is a weak equivalence if the induced map
π0(g) : π0(X)−→π0(X

′) on path components is a bijection and the induced
map πn(g) : πn(X,x)−→πn(X ′, g(x)) on homotopy groups is an isomorphism
for every n ≥ 1 and x ∈ X.

Exercise 3. Let p : E−→B and p′ : E′−→B be fibrations with path con-
nected base B. Let b0 ∈ B, F := p−1(b0) ⊆ E, and F ′ := p′−1(b0) ⊆ E′.
Assume the fibers F,F ′ are nonempty. Consider any commutative diagram
of the form

F

f

⊆
E

g

p
B

F ′
⊆

E′
p′

B

in Top. Prove the following:

(a) π0(f) is a map of π1(B, b0)-sets; i.e., verify that

π0(f)
(

[e0][λ]
)

=
(

π0(f)([e0])
)

[λ]

for every [e0] ∈ π0(F ) and [λ] ∈ π1(B, b0).
(b) If g is a weak equivalence then f is a weak equivalence.
(c) If f is a weak equivalence then g is a weak equivalence.

Use the associated long exact sequence

· · · π1(F )

π1(f)

π1(E)

π1(g)

π1(B)
∂

π0(F )

π0(f)

π0(E)

π0(g)

∗

· · · π1(F
′) π1(E

′) π1(B)
∂

π0(F
′) π0(E

′) ∗

and the fact that the connecting map ∂ : π1(B)−→π0(F ) satisfies ∂([λ]) =
[e0][λ].

Using similar arguments, the previous exercise generalizes to the following.

Theorem 4. Let p : E−→B and p′ : E′−→B′ be fibrations with path con-

nected base B and B′, respectively. Let b0 ∈ B, F := p−1(b0) ⊆ E, and

F ′ := p′−1
(

h(b0)
)

⊆ E′. Assume the fibers F,F ′ are nonempty. Consider

any commutative diagram of the form

F

f

⊆
E

g

p
B

h

F ′
⊆

E′
p′

B′



in Top. Suppose h is a weak equivalence. Then f is a weak equivalence if

and only if g is a weak equivalence.

Exercise 5. Let p : E−→B be a fibration with path connected base B. Let
b0 ∈ B and consider the fiber F := p−1(b0) ⊆ E. Prove the following.

(a) If F is contractible, then p : E−→B is a weak equivalence.
(b) If F and B are contractible, then E is contractible.

Use the fact that a space X is contractible if and only if the map X−→∗ is
a weak equivalence.

Here are some references for this material: [1, Section 3.2]
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