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Let G be a group and X a space. We can regard G as a discrete space.
Recall that a left action of G on X (or left G-action on X) is a continuous
map

Gx X—X, (g9,2)— gx

such that g1(g22) = (g192)x and ex = z for every g1,92 € G and =z € X.
Here, e € GG denotes the identity element. Sometimes it is convenient for the
group G to act on the right. A right action of G on X (or right G-action
on X) is a continuous map

X xGE—X, (z,9)—2g
such that (zg1)g2 = x(g192) and xe = z for every g1,92 € G and x € X.

Exercise 1. Let G be a group and X a space.

(a) Prove that every left G-action on X determines a right G-action on
X given by zg := ¢ .
(b) Similarly, prove that every right G-action on X determines a left
G-action on X given by gz := z¢g~ .
Recall the unique homotopy lifting property of covering maps. We denote
by % a 1-point space.

Theorem 2. Let p: E—B be a covering map and let Y = orY =0, 1].
Given any solid commutative diagram of the form

(1) Yx{O}—g:E

| A, L

YX[O,l]T‘B

in Top, there exists a unique continuous map H such that (1) commutes.

Theorem 2 remains true for any space Y; the proof is very similar to the
argument given in lecture for Y = [0, 1].

Exercise 3. Let p: E— B be a covering map, by € B, and consider the
fiber F':=p~1(by) C E. A right action of 71(B,bg) on the fiber F is defined
by lifting loops as follows:
(2) F x (B, bg)—F, (0, [A]) — €o[A] := Aey(1).
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Here, /)\\60 :[0,1]— FE' is the unique lift of the loop A : [0,1]— B such that
Aeo(0) = eg; in other words, A, is the unique map which makes the diagram

{0} ——~E
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- R

[071]?3

comimute.

(a) Prove that (2) is a well-defined function.

(b) Prove that (2) defines a right (B, bg)-action on the fiber F'.
Part (a) can be argued using Theorem 2 and the unique path lifting property
(the special case of Theorem 2 obtained by taking Y = %) to prove: if
[A] = [V], then Ae, (1) = N, (1).

Exercise 4. Recall the simply connected covering space of S'V S? given by
an “infinite string of balloons”. Denote by p : E—S' v S? the correspond-
ing covering map .
(a) Describe geometrically the action of 71(S' Vv S?) = Z on the fiber
F :=p~Y(by) for any by € S' v S2.
Definition 5. Let G be a group and X a space with a right G-action. Let
zeX.
e The isotropy subgroup of x (or stabilizer of x) is the subgroup G, C G
defined by G, :={g € G |zg = z}.
e The orbit of x is the subset defined by orbit(z) := {zg|g € G} C X.
e G acts transitively on X if orbit(z) = X for each x € X i.e., if there
is exactly one orbit.

Exercise 6. Let p: E—B be a covering map and by € B. By Exercise 3
there is a right action of 71(B,bgy) on the fiber F := p~1(by) C E given by
lifting loops. Prove the following:

(a) The isotropy subgroup of ey € F' is the image of

m1(p) : 1 (E, eq)— 1 (B, by).

(b) orbit(eg) = w1 (B, by)/image(m1(p)) as w1 (B, by)-sets.

(c) If E is path connected, then (B, bg) acts transitively on F.

(d) If E is path connected, then F' 2 71(B, by)/ image(m1(p)) as w1 (B, by )-
sets.

(e) If E is simply connected, then F' = 71 (B, by) as w1 (B, by)-sets.

(f) If E is simply connected and |F| = ¢ for some prime ¢, then

(B, bo) = Z/qZ.
Exercise 7. Let n > 2. Recall the covering map p: S"—RP", let by €
RP", and consider the fiber F' := p~!(by) C S™.

(a) Verify that |F| = 2.



(b) How many groups have exactly 2 elements?
(c) Use Exercise 6(e) to prove that 71 (RP™) = Z/27Z.

Recall the following definitions.

Definition 8. Let G be a group and X a space.

e An action of G on X is a covering space action (or properly discon-
tinuous action) if each # € X has a neighborhood U such that the
following condition is satisfied:

gUNU #) = g=ce.

Here, e € G denotes the identity element and g € G.
e An action of G on X is free if for each z € X the following condition
is satisfied:

gr=x = g=e.
Here, e € G denotes the identity element and g € G.

Exercise 9. Let GG be a finite group and X a Hausdorff space with an action
of G. Prove the following:

(a) If the action of G on X is free, then the G-action on X is a covering
space action.

Exercise 10. Consider the 3-sphere S® regarded as the subspace S° :=
{(20,21) € C2?| |20|? + |21]|?> = 1} C C2. Let p be prime to ¢ and define the
map h: S3—S3 by

h(zo, 21) == (exp(2mi/p)z0, exp(2miq/p)21).

(a) Prove that h is a homeomorphism and that h? = id.
(b) Define an action of Z, := Z/pZ on S* by

Zp x §°—5%, (In], (20, 21)) — [0 (20, 1) := K" (20, 21)

and prove that this action is free.

(c) Prove that p : S3—S3/Z, is a covering map. The orbit space S®/Z,
is called a lens space and is denoted by L(p,q).

(d) Verify that L(2,1) = RP3.

Here are some references for this material: [1, Chapter I11], [2, Section 1.3],
[3, Chapter 17,18,19], [4, Chapter 9], [5, Chapter 10].
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