
Exercises 2, March 22, 2006

Chain complexes

1) Let Ch be the category of non-negatively graded chain complexes of
Abelian groups. Show that the assignment

(C∗, d∗) 7→ {Hn(C∗, d∗)}n≥0

is a functor from Ch to the category of graded Abelian groups.

2) Let (C∗, d∗) be a chain complex of Abelian groups with di�erential
dn : Cn → Cn−1 for all n ≥ 1. Let M be a �xed Abelian group.

Consider the complex gotten by applying the functor Hom(−,M). I.e.
for each n ≥ 0, we have Cn = Hom(Cn,M) and a map

dn : Cn → Cn+1 .

Show that (C∗, d∗) is a cochain complex.

3) Consider the following morphism of chain complexes:

. . . // Z = //

0

��

Z 0 //

0

��

Z = //

0

��

Z 0 //

0

��

Z
·p //

0

��

Z 0 //

����

0

. . . // 0
= // 0

= // 0
= // 0

= // 0 // Z/p // 0

(1)

Calculate the homology of both (horizontal) chain complexes, and show
that the map induced in homology by the vertical maps is an isomor-
phism.

4) Let (C∗, d∗) and (C ′
∗, d

′
∗) be chain complexes of Abelian groups. Let

Hom((C∗, d∗), (C
′
∗, d

′
∗)) be the cochain complex which in degree n is the

Abelian group consisting of sequences {fk}k, where fk ∈ Hom(Ck, C
′
k−n)

for every k.

The di�erential δn({fk}k) = {φk}k is given by the formula

φk = d′k−n ◦ fk − (−1)nfk−1 ◦ dk .

Show that (Hom((C∗, d∗), (C
′
∗, d

′
∗)), δ

∗) is a cochain complex.



5 a) Let f : H → H ′ be a homomorphism of Abelian groups and let F∗ →
H → 0 and F ′

∗ → H ′ → 0 be two free resolutions of H and H ′.

Show that there exists homomorphisms φn : Fn → F ′
n for all n such

that the following diagram commutes

. . . // F2
d2 //

φ2

��

F1
d1 //

φ1

��

F0
d0 //

φ0

��

H //

f

��

0

. . . // F ′
2

d′
2 // F ′

1

d′
1 // F ′

0

d′
0 // H ′ // 0 .

We say that the φn's above extend the homomorphism f .

5 b) Assume that {ψn : Fn → F ′
n}n is another sequence of homomorphisms

extending f . Let βn := ψn−φn for each n. Then these homomorphisms

extends the zero homomorphism H
0→ H ′. Show that there exists a

chain homotopy between β and the zero homomorphism.

Precisely, show by induction that there exists maps

λn : Fn → F ′
n+1

such that
βn = d′n+1 ◦ λn + λn−1 ◦ dn

5 c) Deduce from the two previous exercises that any two free resolutions
of an Abelian group are chain homotopy equivalent to each other.

6 a) Consider the following map of chain complexes:

. . . // 0 // Z ·2 // Z

����

// 0 // . . .

. . . // 0 // Z // Z/3 // 0 // . . .

Show that the vertical maps induce the trivial map on homology.

6 b) Show that the map in the previous exercise is not chain homotopic to
the zero map.


