
Exercises 9, May 15, 2006

Simplicial homotopy II

1 a) Let X and Y be topological spaces. Remember that we de�ned the
singular singular complex of X to be the simplicial set S•(X) with n-
simplices Sn(X) = {f : ∆n → X | f continuous} and face- and degen-
eracy maps induced by precomposition with the maps δi : ∆n−1 → ∆n

and σj : ∆n+1 → ∆n for 0 ≤ i, j ≤ n.

Show that there is a canonical isomorphism

S•(X × Y )
∼=→ S•(X)× S•(Y )

of simplicial sets.

1 b) Recall that the topological n-simplex ∆n was de�ned as the the sub-
space

{(t0, t1, . . . , tn) ∈ Rn+1 | 0 ≤ ti ≤ 1,
n

Σ
i=0

ti = 1} .

Furthermore we have a functor R : ∆ → Top, sending (n) ∈ ob ∆n to
∆n and a morphism φ : (m) → (n) to the map ∆m → ∆n de�ned by
sending the ith vertex in ∆m to the φ(i)th vertex in ∆n and extended
linearly over ∆m.

For instance, R(δi) : ∆n−1 ↪→ ∆n is the inclusion of the (n − 1) face
that does not contain the ith vertex of ∆n. Explicitly, R(δi) is the
inclusion

(t0, t1, . . . , tn−1) 7→ (t0, t1, . . . , ti−1, 0, ti, . . . , tn−1)

that also we denote by δi.

Show that there is a map ∆[n]• → S•(∆
n) of simplicial sets.

Homology

2 a) Let G be a group with unit element e ∈ G. De�ne the classifying
simplicial set of G, denoted BG•, by letting the n-simplices be

BGn = {(g1, g2, . . . , gn) | gi ∈ G} = G×n

for n ≥ 1 and BG0 = {()} be the singleton set.



The degeneracy maps are de�ned as follows. For n ≥ 0 and 0 ≤ j ≤ n,
we let

sj(g1, . . . , gn) = (g1, . . . , gj, e, gj+1, . . . , gn) .

For n > 0 the face maps are de�ned by

di(g1, . . . , gn) =


(g2, . . . , gn) i = 0

(g1, . . . , gi−1, gi · gi+1, gi+2, . . . gn) 0 < i < n

(g1, . . . , gn−1) i = n

.

Verify that BG• is a simplicial set, i.e. verify the simplicial identities.

Remark: The simplicial set described above in fact the nerve of a small

category. Let G be the category with a single object ∗ and morphisms
G(∗, ∗) = G equal the group G. Composition of morphisms is multi-
plication in the group.

The nerve of G is the simplicial set with n-simplices equal to the set of
chains of composable morphisms. In this case, the n-simplices are just
the set of diagrams

∗ g1 // ∗ g2 // . . . gn // ∗

2 b) Describe the non-degenerate simplices of BG•.

2 c) Recall that when X• is a simplicial set, then C∗(X•) is the chain com-
plex which in degree n is quotient group of the free Abelian group
generated by the set Xn, modulo the free Abelian group generated by
all the degenerate n-simplices.

Thus, Cn(X•) is isomorphic to the free Abelian group generated by all
the non-degenerate n-simplices of X•. The di�erential d̂n : Cn(X•) →
Cn−1(X•) was de�ned on an element x as' the alternating sum

d̂n(x) =
n∑

i=0

(−1)idi(x) .

The homology of the simplicial set BG• is called the group homology

of G.

Let G = Z/2 be the cyclic group of order two. We write Z/2 multi-
plicatively as {1, T} with T 2 = 1.

Write down the chain complex C∗(BZ/2) and calculate the group ho-
mology of Z/2.

2 d) Show that BG• is a Kan complex when G is Abelian.


