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Series 1

The purpose of this series is to study ® and Hom. An introductory reference
for tensor products is [1, Chapter V]. Let G and A be abelian groups. Their
tensor product GR A is the free abelian group generated by the symbols g x a
for g € G and a € A modulo the relations generated by

(1) (g+g)xa~(gxa)+(g xa), gx(ata)~(gxa)+(gxd)
(2) grxa~gxra, aad €A, g,¢Jd€G, rez

Remark 1. We note that although relation (2) is implied by (1), it is con-
ceptually useful to have (2) as part of the definition (for generalizing later
to tensor products over arbitrary rings R).

In particular, G®A is an abelian group. The equivalence class of g X a in
G®A is denoted by g®a. By construction, every element of GRA can be
written as a finite sum Y ¢;®a;, for g; € G and a; € A. By construction,
the elements g®a € GR A satisfy the following relations,

(3) (9+9)®a = gRa+ g ®a, g&(a+d)=g®a+ goad
(4) groa = gra, a,d €A, g,d €G, rel.
Sometimes G®A is denoted by G®zA; the notation emphasizes relation (4).

Exercise 1. Let A be an abelian group. Use relations (3)-(4) to prove the
following.

(a) 0®a = 0 = a®0, for every a € A.

(b) Conclude that 0® A = 0 = ARO.

Exercise 2. Define Z,, := Z/nZ for each n > 1. Use relations (3)-(4) to
prove the following.

(a) Zo®Q = 0.

(b) Z,®Q = 0 for every n > 1.

(¢) M®Q = 0 for every finite abelian group M.

(d) Zo®Zsz = 0.

If M is an abelian group, then a map of sets f: G x A— M is called Z-
bilinear (or bilinear) if the following are satisfied:

(5)  flag+d.a)=flg,a) + f(g'a), f(g,a+a')= f(g,a)+ f(g.d),

(6) flgr,a) = f(g,ra), a,d' €A, g,d€G, rek
Remark 2. We note that although property (6) is implied by (5), it is con-
ceptually useful to have (6) as part of the definition (for generalizing later

to R-bilinear maps with R an arbitrary ring).
1



There is a naturally occurring bilinear map defined by
j:Gx A—GRA, (g,a)=gxar— gRa

which satisfies the universal property: given any abelian group M and bilin-
ear map f, there exists a unique homomorphism f of abelian groups which
makes the diagram

(7) GxA—T—=u
_ A
|
GRA

commute.

Exercise 3. Prove that j satisfies the universal property (7).

The universal property of G®M characterizes this abelian group and the
bilinear map j : G Xx A—G®A uniquely (up to an isomorphism of GRA).
The universal property also makes it easy to construct homomorphisms out
of GRA.

Exercise 4. Let v: G—G’ and o : A— A’ be homomorphisms of abelian
groups. Prove the following.
(a) The map y®@a : GRA—G'® A’ defined by (y®a)(g®a) = ygRaa is
a well-defined homomorphism of abelian groups.
(b) idg®idg = idggA-
(c) For composable homomorphisms, 7'y@ad'a = (7®@d) (y®@«).
(d) (71 4+ 7)®a = 11Q®a+ 1.
(e) Y@(a1 + az) = Y®a1 + Y@as.
This exercise proves that tensor product —®— is an additive functor.

Proposition 3. If G is an abelian group and A = B B0 =0 s an ezact
sequence of abelian groups, then

G®A id®a G@B

is an exact sequence (of abelian groups).

d®p GeC — 0

Any exact sequence of the form A — B — C — 0 is called a right exact
sequence. Proposition 3 asserts that G®— preserves right exact sequences.

Exercise 5. Verify the details of the proof of Proposition 3 below.

Proof of Proposition 8. The idea is to compare GRC' with the cokernel of
id®a as follows.

GoA %% GoB P~ coker(id®a) — 0
q

\
G®A id®a G®B id®S G®C 0



Since the composition (id®[)(id®a) = 0, there exists a unique homomor-
phism ¢ which makes the diagram commute. In particular, ¢p(g®b) =
g®03(b) for each ¢ € G and b € B. We want to show that ¢ is an iso-
morphism; the idea is to look for a two-sided inverse to gq. To construct a
homomorphism r : GRC—coker(id®a), by the universal property it suf-
fices to construct a bilinear map r’ : G x C—coker(id®a). Since §(B) = C,
for each ¢ € C there exists b € B such that 3(b) = ¢; by exactness at B, the
definition r/(g, ¢) := p(g®b) gives a well-defined function. It is easy to check
that " is bilinear and that ¢r = id and rq = id, hence ¢ is an isomorphism.
Since the top row is exact and is isomorphic to the bottom row, it follows
that the bottom row is exact. O

Exercise 6. Let A be an abelian group. Define Z,, := Z/nZ for each n > 1.
Prove the following.

(a) ARZ = A and Z®A = A.

(b) A®RZ, = A/nA for each n > 1.

(¢) Zm®Zy = Zg, with d := ged(m,n).
To get started on (b), consider the exact sequence Z %7 — 17, — 0. By
Proposition 3, applying A®— gives an exact sequence

ARZ — ARZ — ARQZ,, — 0.

Exercise 7. Let A, B,G be abelian groups. Let {A4;}; be a collection of
abelian groups indexed on a set. Prove the following.

(a) GRA = ARG.
(b) (A®B)®G = A®(B®G).
(c) GR(A® B) = (GrA) ® (GeB).
(d) Go(BiAr) = & (GRA).
(e) Zm@Z™ = Z™", for any m,n > 1.
The universal property can be used to prove (a)-(d).

By Proposition 3, G®— preserves surjective maps. In general, GR— does
not preserve injective maps.

Exercise 8. Define Z,, := Z/nZ for each n > 1, and consider the natural
. . - .
inclusion Z —— Q of abelian groups.
(a) Apply Z,®— and prove that the resulting map 7,7 — Z,®Q is
not injective for every n > 2.

A introductory reference on the Hom functor is [1, Chapter I]. Let A and B
be abelian groups. The set

Hom(A,B) :={f| f: A—B}

of all homomorphisms of abelian groups from A to B is an abelian group,
with addition defined for f,g: A—B by (f + g)a = fa + ga.

Exercise 9. Let A, B be abelian groups. Prove the following.



(a) Hom(A,0) =0 and Hom(0, B) = 0.
(b) Hom(Z, B) = B.

Exercise 10. Let o : A— A’ and 3 : B— B’ be homomorphisms of abelian
groups. Prove the following.

(a) The map S, : Hom(A, B)—Hom(A, B’) defined by B.(f) = 8f
(e, ALB — alBLlp)

is a well-defined homomorphism of abelian groups.
(b) (ldB)* = idHom(A,B)
(¢) For composable homomorphisms, (5'8)« = (8)«(5)«.
(d) The map o* : Hom(A’, B)—Hom(A, B) defined by o*(f') = f'«
(e, A LB — a2 4L p)
is a well-defined homomorphism of abelian groups.
(e) (ida)” = idHom(a,B)-
(f) For composable homomorphisms, (o/a)* = (a)*(a/)*.
(g) The map Hom(a, 8) : Hom(A’, B)—Hom(A, B’) defined by Hom(a, §) =
a*Bx = Bia*
(ie. ALB — a2 a4l plp
is a well-defined homomorphism of abelian groups.
(h) Hom(id,id) = id
(i) For composable homomorphisms, Hom(o/a, 5'8) = Hom(a, 3') Hom(c/, 3).
(j) Hom(ay + a9, 3) = Hom(ay, 8) + Hom(ag, 3).
(k) Hom(o, 1 4 (2) = Hom(a, 51) + Hom(ay, 52).

This exercise proves that Hom(—, —) is an additive functor.
Proposition 4. Let D be an abelian group.
(a) f0-AS B LN C' is an exact sequence of abelian groups, then
0 — Hom(D, A) 2% Hom(D, B) 2 Hom(D, C)
is an exact sequence (of abelian groups).
b) IfAS B LN C — 0 is an exact sequence of abelian groups, then
0 — Hom(C, D) 25 Hom(B, D) 2% Hom(A, D)
is an exact sequence (of abelian groups).

Any exact sequence of the form 0 — A — B — (' is called a left exact se-
quence. Proposition 4 asserts that Hom(D, —) preserves left exact sequences,
and that Hom(—, D) sends right exact sequences to left exact sequences.

Exercise 11. Prove Proposition 4.

Exercise 12. Define Z,, := Z/mZ for each m > 1, and let B be an abelian
group. Prove the following.



(a) Hom(Z,,, B) = B[m] := {b € B| mb = 0}.
(b) Hom(Zy,, Zy,) = Zg with d := ged(m,n).
To get started on (a), consider the exact sequence Z % Z — Z,, — 0. By
Proposition 4, applying Hom(—, B) gives an exact sequence
0 — Hom(Z,,, B) — Hom(Z, B) — Hom(Z, B).
By Proposition 4, Hom(D, —) preserves injective maps and Hom(—, D) sends
surjective maps to injective maps. In general, Hom(D, —) does not preserve

surjective maps, and Hom(—, D) does not send injective maps to surjective
maps.

Exercise 13. Define Z, := Z /27, and consider the exact sequence
0—2Z—7 — Zo — 0.
(a) Apply Hom(Zy,—) and prove that the resulting map
Hom(Zs,Z) — Hom(Zo, Zs)
is not surjective.
(b) Apply Hom(—,2Z) and prove that the resulting map
Hom(Z,27Z) — Hom(27Z, 27Z)
is not surjective.

Exercise 14. Let A, A’, B, B’ be abelian groups. Let {A4;}; and {B;}; be
collections of abelian groups indexed on a set. Prove the following.

(a) Hom(A@® A’, B) = Hom(A, B) @ Hom(A', B).

(b) Hom(A, B® B’) = Hom(A, B) ® Hom(A4, B’).

(c) Hom(®. A, B) = [[,Hom(A;, B).

(d) Hom(A, ][, Bt) = [[, Hom(A, By).

(¢) Hom(Z™,Z") = 7mn.

Proposition 5. Let A, B,C be abelian groups. There are isomorphisms of
abelian groups

Hom(A®B, C) = Hom(A, Hom(B,C))
natural in A, B, C.
Exercise 15. Prove Proposition 5.
Here are some references for this material: [1, Chapters I and V].
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