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Series 12

Definition 1. A chain complex C' of abelian groups is of finite type if C,
is a finitely generated abelian group for all n.

Theorem 2 (Kunneth Theorem). Let X and Y be simplicial sets. Assume
that C(X) is of finite type. Then for each dimension n there is an exact
sequence

0— @ HP(X)RHIY)S HY (X xY)L @ Tor(HP(X), HI(Y)) — 0
pt+q=n pt+g=n+1

with homomorphisms a, 3 natural in C,G. This sequence splits, by a homo-
morphism which is not natural, and hence

H(X xY) 2 (P mrxeu ) e( @ Tor(H(X),H(Y))

p+q=n p+q=n+1

Exercise 1. The purpose of this exercise is to prove Theorem 2, which is a
Kunneth Theorem for the cohomology of spaces. Let X be a simplicial set
and define Z,, := Z/nZ for all n > 1.

(a) Use the algebraic version of the Kunneth Theorem [Series 10, The-
orem 13] to prove Theorem 3 below.
(b) Prove that Hom(Z", Z) = Z™ and Hom(Z,,, Z) = 0 for all n > 1.
(c) Use (b) to prove the following: If B is a finitely generated abelian
group, then Hom(B,Z) is a free abelian group.
(d) Prove the following: if C.(X) is of finite type, then C"™(X) :=
Hom(C),(X),Z) is a free abelian group for all n.
(e) Use Theorem 3 together with (d) to prove Theorem 2.
(f) Observe the following: if X has finitely many non-degenerate n-
simplicies for each n, then C4(X) is of finite type.
To get started on (a), the idea is to regard cochain complexes as chain
complexes using the “lower index” notation [Series 3, Remark 4].

Theorem 3 (Kunneth Theorem). Let C be a cochain complex of free abelian
groups C™ and let D be any cochain complex. Then for each dimension n
there is an exact sequence

0— @ HP(C)®HIYD)% (C®D) @ Tor(HP(C),HY(D))—0
ptq=n ptg=n+l

with homomorphisms «, 8 natural in C,G. This sequence splits, by a homo-
morphism which is not natural.

Exercise 2. Prove Theorem 4.
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Theorem 4. Let X and Y be simplicial sets. Assume that Cy(X) is of
finite type. If H*(X) or H*(Y') is torsion-free, then the natural map

H*(X xY) — H*(X)oH*(Y)
is an isomorphism of graded Z-algebras (i.e., graded rings).

Remark 5. To get started on Exercise 2, recall from [Series 10, Proposition
4] that an abelian group G is flat if and only if G is torsion-free.

Exercise 3. Prove Proposition 6.
Proposition 6. Let X and Y be simplicial sets. Let {X;}; be a collection

of simplicial sets indexed on a set.
(a) The natural map

HY(X][Y) = H*(X) x H*(Y)

induced by the inclusions X — X IIY andY — X 1I'Y is an iso-
morphism of graded Z-algebras (i.e., graded rings).
(b) The natural map

H*(Ht Xt) — Ht H*(Xt)
induced by the inclusions Xy — ; X; is an isomorphism of graded
Z-algebras (i.e., graded rings).
In parts (a) and (b), the indicated product is the product in the category of
graded rings.

Recall the following from lecture.

Proposition 7. Let X be a topological space. Denote by mo(X) the set of
path components of X. Then

Hy(X)= Pz
mo(X)
the direct sum of |mo(X)| copies of Z. In particular, Ho(D) = 0.

Exercise 4.

(a) Prove Proposition 8 using Proposition 7 together with the Universal
Coefficient Theorem for the cohomology of spaces.

(b) Prove that HO(S% v %) > 73,

(c) Prove that H°(S%) & HO(S%) = 7.

Proposition 8. Let X be a topological space. Denote by mo(X) the set of
path components of X. Then

H(X) = []
mo(X)

the product of |mo(X)| copies of Z. In particular, H°(()) = 0.
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Let Z be a non-empty simplicial set, consider the natural map p: Z—x,
and note that C,(x) = Z; here Z denotes the chain complex concentrated at
0 with value Z. Hence C,(Z) is an augmented chain complex. The reduced
chain complex Cy(Z) of the augmented chain complex C,(Z) is defined by
the short exact sequence

0— Cu(Z) = C(Z) 25 Cu(x) — 0

of chain complexes. The reduced cohomology of Z, denoted H *(Z), is defined
by H"(Z) := H”(Hom(C*(Z),Z)).
Exercise 5. Let Z be a non-empty simplicial set. Prove the following.

(a) H"(Z) = H"(Z), for all n. > 1.

(b) There is a short exact sequence

0 HZ) — H°(Z) — H(%) <0
of abelian groups.

(¢) H(Z) = H(Z) 0 Z.

(d) H™(x) = 0 for all n.
To get started on (c), note that * is a retract of Z.

The following is a reduced version of the Mayer-Vietoris sequence for coho-
mology.

Theorem 9 (Reduced Mayer-Vietoris Theorem). Let Z be a simplicial set
and suppose X, Y C Z are subcomplexes. Assume that XNY # (). Consider
the commutative diagram of inclusions

Xny Y-y
ixl ljy
X—=XUY
Jx

in sSet. Then there is a long exact sequence

*

e AN NY) XY frx) @ iy B g x oy
S AN XAY) e HYXUY) <0
of abelian groups.

Exercise 6. Prove Proposition 10 using the reduced Mayer-Vietoris se-
quence for cohomology.

Proposition 10. Let X,Y be based simplicial sets. Then the natural map
HY (X VY) — H*(X) x H*(Y)

induced by the inclusions X — X VY and Y — X VY is an isomorphism
of graded Z-algebras (i.e., graded rings). Here, the indicated product is the
product in the category of graded rings.
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Exercise 7. Calculate H*(N(Zs);F2) as a graded Z-algebra (i.e., graded
ring). Here, we define Zy := Z/2Z and N(—) denotes the nerve functor
[Series 5, Definition 2].

Exercise 8. Let K be a simplicial set.
(a) Work through the details of a proof verifying that the map

U O (K)—C, (K)QCL(K)

is homotopy commutative.
(b) Work through the details of a proof verifying that the cup product

H*(K)®H*(K) — H*(K)
is associative and commutative.

For parts (a) and (b), see [1, Chapter VI|, [3, Sections VIII.9 and VIIL.g|,
or [4, Chapter 12].

Here are some references for this material: [1, Chapter VI|, [2, Chapter 3],
[3, Chapter VIII], [4, Chapter 12].
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