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Simplicial sets provide useful algebraic or combinatorial models of topo-
logical spaces, and naturally arise in algebraic topology, homotopy theory,
and homological algebra. The purpose of this series is to become familiar
with simplicial sets and to begin to study some of the basic constructions
needed for working with them. Denote by Set the category of sets and their
maps. Recall from lecture the following definition; an equivalent description
of simplicial sets is given in Exercise 4.

Definition 1. A simplicial set X consists of the following:

(1) a sequence of sets Xn (n ≥ 0), and
(2) for each n ≥ 1, a collection of maps di : Xn−→Xn−1 (0 ≤ i ≤ n)

called face maps (or face operators), and
(3) for each n ≥ 0, a collection of maps sj : Xn−→Xn+1 (0 ≤ j ≤ n)

called degeneracy maps (or degeneracy operators),
(4) such that the following identities

didj = dj−1di, i < j,

sisj = sj+1si, i ≤ j,

disj =







sj−1di, i < j,
id, i = j, i = j + 1

sjdi−1, i > j + 1

are satisfied.

The elements of Xn are called n-simplices of X, the elements of X0 are
also called vertices of X, and the identities in (4) are sometimes called the
simplicial identities. A map of simplicial sets f : X−→Y is

(1) a sequence of maps fn : Xn−→Yn (n ≥ 0),
(2) such that the diagrams

Xn−1

fn−1

Xn

fn

di

Yn−1 Yn
di

Xm

fm

sj

Xm+1

fm+1

Ym

sj

Ym+1

in Set commute for each n ≥ 1 and m ≥ 0.

Denote by sSet the category of simplicial sets and their maps.

In other words, a simplicial set X is a diagram of the form

X0

s0

X1

d0

d1

X2 X3 · · ·
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in Set such that the simplicial identities are satisfied, and a map of simplicial
sets f : X−→Y is a sequence of maps fn : Xn−→Yn (n ≥ 0) which respect
the face and degeneracy maps.

Recall that a category D is small if the collection Ob(D) of objects is a set;
note that we have already assumed in the definition of category that the
collection

D(a, b) = {f | f : a → b}

of all morphisms in D from a to b forms a set, for every pair a, b ∈ D.

The following is an important tool for constructing certain simplicial sets
from small categories. In fact, simplicial sets can be thought of as an ab-
straction of the nerve of a small category D; i.e., the simplicial identities
(Definition 1) can be reconstructed simply by examining all naturally oc-
curring identities satisfied by N(D).

Definition 2. Let D be a small category. The nerve of D, denoted by
N(D), is the simplicial set with n-simplices the length n sequences

a0
α1−→ a1

α2−→ · · ·
αn−−→ an

of composable morphisms in D; the 0-simplices are the objects in D. The
face maps di : N(D)n−→N(D)n−1 are defined by “deleting the object ai”;
i.e., for each 0 < i < n we have

d0 : a0
α1−→ a1

α2−→ · · ·
αn−−→ an 7−→ a1

α2−→ · · ·
αn−−→ an

dn : a0
α1−→ a1

α2−→ · · ·
αn−−→ an 7−→ a0

α1−→ · · ·
αn−1
−−−→ an−1

di : a0
α1−→ a1

α2−→ · · ·
αn−−→ an 7−→

a0 → · · · →ai−1
αi+1αi
−−−−→ ai+1 → · · · → an

The degeneracy maps sj : N(D)n−→N(D)n+1 are defined by “repeating the
object aj”; i.e., we have

sj : a0
α1−→ a1

α2−→ · · ·
αn−−→ an 7−→

a0 → · · · → aj−1
αj
−→aj

id
−→ aj

αj+1
−−−→ aj+1 → · · · → an

The purpose of Exercise 1 is to gain some familiarity with the simplicial
identities (Definition 1), and to gain experience with the nerve of a small
category.

Exercise 1. Let D be a small category and consider the face and degeneracy
maps of the nerve N(D) of D

N(D)0

s0

N(D)1
d0

d1

N(D)2 N(D)3 · · ·



as indicated in Definition 2. For warm-up, consider the corresponding trun-
cated diagram

N(D)0

s0

N(D)1
d0

d1

N(D)2(1)

(a) Check that the following

d0d1 = d0d0

d0d2 = d1d0

d1d2 = d1d1

s0s0 = s1s0 d0s1 = s0d0

d0s0 = id
d1s1 = id
d1s0 = id
d2s1 = id

d2s0 = s0d1

is a complete list of the simplicial identities which can be written in
terms of the face and degeneracy maps appearing in diagram (1).

(b) Verify that the face and degeneracy maps in (1) satisfy the simplicial
identities listed in (a).

(c) More generally, prove that N(D) is a simplicial set; i.e., verify that
N(D) satisfies the simplicial identities in Definition 1.

Denote by Cat the category of small categories and their functors.

Exercise 2. Prove the following:

(a) The nerve construction

N : Cat−→sSet, D 7−→ N(D),

gives a well-defined functor; i.e., verify that N(gf) = N(g)N(f) and
N(id) = id.

(b) The composite functor

Set → Cat
N
−→ sSet

associates to each set T the constant simplicial set with value T ; i.e.,
N(T )n = T for each n ≥ 0.

The purpose of the following is to prove that simplicial sets are the same as
∆op-shaped diagrams in Set.

Recall from lecture the following definitions; please note that the maps δi

and σj introduced in lecture are here denoted by di and sj, respectively.

Definition 3. Define the ordered sets [n] := {0, 1, · · · , n} for each n ≥ 0,
equipped with their natural ordering.

• ∆ is the category with objects the ordered sets [n] for n ≥ 0 and
morphisms the non-decreasing maps ξ : [n]−→[n′]; i.e., such that
k ≤ l implies ξ(k) ≤ ξ(l).

• For each n ≥ 0, the standard n-simplex ∆[n] is the simplicial set
with k-simplices the morphisms in ∆ from [k] to [n]; i.e., ∆[n]k :=
∆([k], [n]) = hom∆([k], [n]).



• For each n ≥ 1, the map di : [n − 1]−→[n] in ∆ is the increasing
injection which does not take the value i ∈ [n]; here, (0 ≤ i ≤ n).

• For each n ≥ 0, the map sj : [n + 1]−→[n] in ∆ is the non-decreasing
surjection which takes twice the value j ∈ [n]; here, (0 ≤ j ≤ n).

Proposition 4. The following identities

djdi = didj−1, i < j,

sjsi = sisj+1, i ≤ j,

sjdi =







disj−1, i < j,
id, i = j, i = j + 1

di−1sj, i > j + 1

are satisfied by the maps di and sj in ∆ (Definition 3).

We will prove this proposition in Exercise 3. Observe that the identities
for di and sj in Proposition 4 are “dual” to the simplicial identities for di

and sj in Definition 1. For this reason, the identities in Proposition 4 are
sometimes called the cosimplicial identities.

Exercise 3. Consider the maps di and sj in ∆ which we picture here by
the following diagram

[0]
d0

d1

[1]

s0

[2] [3] · · ·

in Set. For warm-up, consider the corresponding truncated diagram

[0]
d0

d1

[1]

s0

[2](2)

(a) Check that the following

d1d0 = d0d0

d2d0 = d0d1

d2d1 = d1d1
s0s0 = s0s1 s1d0 = d0s0

s0d0 = id
s1d1 = id
s0d1 = id
s1d2 = id

s0d2 = d1s0

is a complete list of the identities in Proposition 4 which can be
written in terms of the maps di and sj appearing in (2).

(b) Verify that the maps di and sj in (2) satisfy the identities in (a).
(c) More generally, prove Proposition 4.

It turns out that the maps di and sj together with the relations in Proposi-
tion 4 generate the category ∆. The proposition is this.



Proposition 5. Every map ξ : [m]−→[n] in ∆ has a unique factorization
of the form ξ = di1 · · · diksj1 · · · sjl satisfying

[m]

sjl

ξ
[n]

•

s
jl−1

•

di1

...

sj1

...

di2

• •

dik

n ≥ i1 > · · · > ik ≥ 0, 0 ≤ j1 < · · · < jl < m, and n − k + l = m.

Proof. For existence, choose the indexing sets as follows:

{i∗} := {i ∈ [n] | i /∈ image(ξ)},

{j∗} := {j ∈ [m] | ξ(j) = ξ(j + 1)}.

For uniqueness, note that existence of a factorization satisfying the indicated
conditions implies this choice of indexing sets. �

The purpose of Exercise 4 is to prove that a simplicial set X is the same as
a ∆op-shaped diagram in Set; i.e., a functor X : ∆op−→Set.

Exercise 4.

(a) Verify the details in the proof of Proposition 5.
(b) Prove that sSet = Set∆op

Definition 6. Let X be a simplicial set. An n-simplex x ∈ Xn is degenerate
if x = sjx

′ for some j and some x′ ∈ Xn−1. Every vertex is non-degenerate.

Exercise 5. Let n ≥ 0. Prove the following.

(a) ∆[n] ∼= N([n]); here, on the right-hand side, we denote by [n] the
category associated to the set [n] := {0, 1, · · · , n}, equipped with its
natural ordering (Series 2, Exercise 1).

(b) Find all of the non-degenerate n-simplices (n=2,3,4) in the simplicial
sets ∆[0],∆[1],∆[2], and ∆[3]. The following pictures

0,

∆[0]

0 1,

∆[1]

2

0 1,

∆[2]

3

2

0 1

∆[3]

suggest the result.



To get started on (b), try using (a) and the simple characterization of de-
generate n-simplices in the nerve of a category.

A short proof of the following can be found in [2, II.3].

Proposition 7. Let X be a simplicial set. For each n-simplex x of X, there
is a surjection s : [n] ։ [k] in ∆ and a non-degenerate k-simplex y such that
x = X(s)(y). Furthermore, the pair (s, y) is unique.

A consequence is that every simplicial set has a canonical decomposition.
The proposition is this.

Proposition 8. Let X be a simplicial set. For each k ≥ 0, denote by (NX)k
the set of non-degenerate k-simplices of X. There is an isomorphism between
X and a simplicial set of the form

(NX)0 (NX)0 ∐ (NX)1 (NX)0 ∐ (NX)1 ∐ (NX)1 ∐ (NX)2 · · ·

which is given objectwise by isomorphisms
∐

[n]։[k]
in ∆

(NX)k
∼=

−−→ Xn

Here, the indicated coproduct is indexed over the set of all surjections in ∆
from [n] to [k].

Exercise 6. The purpose of this exercise is to gain some experience with
the decomposition in Proposition 8.

(a) Find a naturally occuring map of the form
∐

[n]։[k]
in ∆

(NX)k−→Xn.

(b) Find naturally occurring face and degeneracy maps for the

∆op−→Set, [n] 7−→
∐

[n]։[k]
in ∆

(NX)k.

indicated simplicial set.

Exercise 7. Let X be a simplicial set and n ≥ 0. Prove the following.

(a) If Xn = ∗, then Xk = ∗ for every 0 ≤ k ≤ n.
(b) If Xn = ∅, then Xk = ∅ for every k ≥ 0.
(c) There exist simplicial sets Y such that Y ≇ N(D) for every small

category D; i.e., not every simplicial set is the nerve of a small
category.

Consider using the decomposition in Proposition 8.

Here are some references for this material: [1], [2, II.3], [3, VIII.5].
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