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The purpose of the first part of this series is to develop some of the basic
properties of the geometric realization |—| and singular complex S, functors,
including the following proposition which is proved in Exercise 5.

Proposition 1. Let X,Y be simplicial sets and n,m > 0. Assume that |Y|
18 locally compact Hausdorff.
(a) The natural map |A[n] x Alm]| =, |Aln]| x |A[m]| is a homeomor-
phism.
(b) The natural map | X x A[m]| — |X| x |A[m]| is a homeomorphism.

(¢) The natural map | X X Y| =, | X| x |Y] is a homeomorphism.

Let X be a simplicial set and consider the functor A[—] defined objectwise
by

A—sSet, [n] — Aln].
The category of simplices of X, denoted A[—] | X, is the category with
objects all pairs ([n],z) where [n] € A and x:A[n]—X is a map of
simplicial sets, and with morphisms ¢ : ([n],z)—([n/], ') those morphisms
¢ : [n]—[n'] of A such that 2/¢, = z; i.e., such that the diagram

Aln] —~ A[]

in sSet commutes. The diagram of simplices of X is the functor defined
objectwise by

A[-] | X—sSet, (Aln] & X) — Aln).

The following proposition, proved in Exercise 2, shows that every simpli-
cial set X can be constructed by gluing together (Exercise 1) standard n-
simplices A[n]| according to the diagram of simplices of X.

Proposition 2. Let X be a simplicial set. Then the natural map

colim Al[n] =X

in sSet is an isomorphism.
Before proving this proposition, it will be useful to recall the universal prop-

erty of colimits.

Let D be a small category. Suppose X : D—sSet is D-shaped diagram
in simplicial sets. The colimit of the diagram X, written colim X (or
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colimg X (d), or colimp X, or lim X ), is a simplicial set, together with a
collection of maps {ig : X (d)—colim X }4cp such that the diagrams

N

(€ in D) 13 colim X

%

in sSet commute, which satisfies the universal property: given a simplicial
set Y together with a collection of maps {gg4: X(d)—Y }4ep such that
the outer diagrams in (2) commute, then there exists a unique map g of
simplicial sets such that the diagrams

(1) d X(d)

(2) X(d)

7

(§ in D) 3 X(6) coth

//’

The following exercise shows that the colimit of a D-shaped diagram can be
calculated using coproducts and quotients. The construction is suggested by
the diagrammatic formulation in (2) of the universal property of colimits.

in sSet commute.

Exercise 1. Let D be a small category and consider any D-shaped diagram
X : D—sSet. Prove the following.

colim X & ( [l X(d)>/N

deD
Here, ~ denotes the equivalence relation generated by = ~ X (&)(z), = €
X(d), for every map & : d—d’ in Dj; see diagram (2). More informally,

colim X can be built by gluing together the objects X(d) (d € D); the
gluing data is encoded by the shape of D.

Exercise 2. Prove Proposition 2.

To get started on Exercise 2, note that it is enough to verify the universal
property of colimits: given a simplicial set Y together with a collection
of maps {g((n),2) : Aln]—Y }([n),x)ea[-] x such that the right-hand outer
diagrams in (3) commute, then there exists a unique map g of simplicial



sets such that the right-hand diagrams

3) ] (Aln] —— X) Aln] ﬂ

(EinA) €. €. X Loy

[n] (Al "~ X) Aln'] /g([n'mn

in sSet commute. The natural isomorphisms sSet(A[n],Y) 2 Y], from [Se-
ries 6, Exercise 2| will be useful.
Recall the following.

Proposition 3. Let X be a simplicial set and 'Y a topological space. There
are isomorphisms

(4) Top(|X|,Y) = sSet(X,S.(Y))

natural in X, Y. In particular, the left-hand diagram in (5) commutes

#

(5) x|~y XL S, (V)
|P|J/ i‘l pJ/ lso(q)

bd _h v’ X/ _h# Se(Y)

if and only if the corresponding right-hand diagram in (5) commutes. Here,
the maps g : | X|—Y and g% : X—S,(Y) correspond under the natural
isomorphisms (4), and similarly for the maps h and h.

The following proposition, which is proved in Exercise 3, is an important
property of the geometric realization functor.

Proposition 4. Let D be a small category and consider any D-shaped dia-
gram X : D—sSet. The geometric realization functor | — | : sSet—Top
preserves colimit diagrams. In particular, there are isomorphisms

| colim X| = colim | X|

natural in X . In other words, the geometric realization functor |—| commutes
with colimits.

Exercise 3. Use Proposition 3 to prove Proposition 4.
Recall the following; see also Definition 7 below.
Proposition 5. Let n > 0. There are homeomorphisms
|A[n]] = A", |0A[n]] = OA™.
Exercise 4. Let n > 1. Use Propositions 4 and 5 to prove that
‘A[n]/@A[nH =~ A"/OA™ = ST,
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Proposition 6. Let A, B,C be simplicial sets (resp. topological spaces such
that B is locally compact Hausdorff). Let D be a small category and consider
any D-shaped diagram X : D—sSet (resp. X : D—Top). There are
isomorphisms

sSet(A x B,C) = sSet(A,Map(B,())
Top(A x B,C) = Top(A,Map(B,C))
natural in such A, B,C. In particular, there are isomorphisms
(colim X) x B = colim(X x B)
natural in X; in other words, the functor — x B commutes with colimits.

Exercise 5. Assume Proposition 1(a); a proof can be found in [1, Section
3] and [4, Chapter 2].

(a) Verify the details in the proof of Proposition 1(b) below.
(b) Use a similar argument to prove Proposition 1(c).

Proof of Proposition 1(b). There are natural isomorphisms

| X x A[m]| = ‘( colim A[n]) x Alm ‘ = ‘ colim (A[n] X A[m])‘

Aln]—X Aln]—X

= ot | (8l x afml) | = golim (11 i)
z@ﬁgmuo|A|~kngwxmwn
> |X| x |Afm]|.

Exercise 6. Let X and Y be simplicial sets. Prove the following.
() Se(X) X Se(Y) = Se(X xY).

(b) Se commutes with limits.

To get started on (b), dualize the argument in Exercise 3.
Recall from lecture the following subcomplexes of A[n].

Definition 7. Denote by id, the non-degenerate n-simplex of A[n] (n > 0).

e For n > 0, denote by 9A[n| C Aln| the largest subcomplex not
containing the n-simplex id,; i.e.,

(0A[n])m = {[m] * [n] € A| image(€) Z[n]}.

e For (n > 1,0 < k < n), denote by A¥[n] C A[n] the largest subcom-
plex not containing the (n — 1)-simplex dxid,; i.e.,

(A*[n])m = {[m] & [n] € A| image(€) Bln] — {k} }.
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A map p: X—Y of simplicial sets is a Kan fibration (or fibration) if it
has the right lifting property with respect to the inclusions A*[n]— A[n]
(n>1,0 <k <n); ie., if given a solid commutative diagram of the form

(6) A¥[n) X
)
Aln]| ——=Y

in sSet, then there exists a map x of simplicial sets such that the diagram
(6) commutes.

Exercise 7. Prove the following:

(a) Every isomorphism is a Kan fibration.
(b) The composition of two Kan fibrations is a Kan fibration.
(¢) The product of two Kan fibrations is a Kan fibration.

A simplicial set X is a Kan complex (or is fibrant) if the map X —x is a
Kan fibration; i.e., if given a solid commutative diagram of the form

(7)

H’X

A¥[n]
|
Aln]

AN

—

in sSet with (n > 1, 0 < k < n), then there exists a map z of simplicial
sets such that the diagram (7) commutes. Here, * denotes the simplicial set
AJ0].

Proposition 8. Let n > 1 and 0 < k < n. Then |A¥[n]| C |A[n]| is a
strong deformation retract.

Exercise 8. Let Z be a topological space. Use Proposition 8 to prove that
the singular complex S¢(Z) is a Kan complex.

Denote by Grp the category of groups and their homomorphisms. A simpli-
cial group is a A°P-shaped diagram X : A°°—Grp and a map of simplicial
groups is a natural transformation f : X——X’. In other words, a simplicial
group X is a diagram of the form

—_—
S0 —_— ——
N I
do -
XO%Xl'%XQ%Xg"'

dy
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in Grp such that the simplicial identities
didj = dj—ldi7 1< j,

8§85 = 81184, 1< J,
sj_d;, <7,
dis; = id, i=j, i=j+1

dei—ly 1>54+1
are satisfied.

Theorem 9. If X is a simplicial group, then the underlying simplicial set
of X is fibrant.

Exercise 9. Let X be a simplicial group. The purpose of this exercise is to
prove Theorem 9 by verifying the extension conditions in (7). It is useful to
first consider the low dimensional cases.
(a) Let n = 2 and k = 2. Consider a 2-tuple (zo,z1) of 1-simplices of
X which satisfies the compatibility condition that doz; = dgzg as
indicated in the left-hand picture

2 2
d
0 1 0——1,
e Prove the following: there exists a 2-simplex x such that dyx =

xo and dyx = x; as indicated in the right-hand picture in (8).
To get started, define

u = sozg, Y= s1((diu®)ta), zi=uli= w0

and use the simplicial identities together with the compatibility con-
dition to verify that dox = x¢ and dix = x7.

(b) Let n = 2 and k = 1. Consider a 2-tuple (zg,x2) of 1-simplices of
X which satisfies the compatibility condition that dizg = dgzs as
indicated in the left-hand picture

(9) 2 2
¥0 dl% ‘YO

0—2 1, 0—2 1,
e Prove the following: there exists a 2-simplex = such that dox =
xo and dox = x3 as indicated in the right-hand picture in (9).
To get started, define

u = sozg, 00 :=ul =spxg, 20:=s; ((dgvo)_lxg),

z =o' =120 = so(20)s1 ((dgsoxo)_lxg)
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and use the simplicial identities together with the compatibility con-
dition to verify that dyz = ¢ and dox = xo.

(¢c) Let n = 2 and k = 0. Consider a 2-tuple (x1,x2) of 1-simplices of
X which satisfies the compatibility condition that dixq, = dizs as
indicated in the left-hand picture

(10) 2 2
:c/ x/ yom
0—2 .1 0—2 o1,

e Prove the following: there exists a 2-simplex x such that dix =
x1 and dyx = x5 as indicated in the right-hand picture in (10).
To get started, define

,UO =e, ZO = 81((d2U0)_13§‘2) = 51%2,
vl = 0020 = sy, 2= 30((d1v1)_1x1) = so(zy 'x1),
€T = U2 = 1)12;1 = sl(xg)SO(xglxl)

and use the simplicial identities together with the compatibility con-
dition to verify that dixz = z1 and dox = xo. Here, e denotes the
unit element of a group.

(d) To complete the proof for the remaining n and k, see [6, Theorem
17.1] which uses the same notation as above. See also [3, Chapter I].

The extension condition (7) has the following combinatorial reformulation.

Proposition 10. Let X be a simplicial set. The following are equivalent:

(a) X is a Kan complex.

(b) X satisfies the following extension condition: if given an n-tuple
(o, , Tk, @) of (n— 1)-simplices of X with (n >1,0<k <
n) and which satisfies the compatibility condition that d;x; = dj_1x;
fori < j and i,j # k, then there exists an n-simplex x such that
dix = x; fori#k.

Here, the notation (xg, - , Tk, - ,Tn) means that xy, is not there.

Here are some references for this material: [1, Section 3], [2, Chapters IT and
I11], [3, Chapter I, [4, Chapter 2], [5, Chapter II1.3 and II1.4], [6, Section
17], [7, Chapter 2.6].
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