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The following is a useful characterization of split short exact sequences.

Proposition 1. Consider any short exact sequence 0 — A = B A, C—0
of abelian groups. The following properties are equivalent:
(i) B has a right inverse 3’ : C— B with 83 = id.
(ii) « has a left inverse o/ : B— A with o/ v = id.
(iii) There is an isomorphism 6 which makes the diagram

0 a—.p " ¢ 0
A
3 p

0—=A—=A0C—C—=0

of abelian groups commute; here, the maps i and p are defined by
i(a) := (a,0) and p(a,c) = ¢, respectively.

Exercise 1. The purpose of this exercise is to prove Proposition 1.
(a) Prove that (iii) implies (i).
(b) Prove that (iii) implies (ii).
(c) Prove that (i) implies the following: there exists an isomorphism ¢
which makes the diagram

A

7 Py J—

(ker ) ® C —L>C —>0

commute; here, the map p is defined by p(b, c) := c.
(d) Prove that (ii) implies the following: there exists an isomorphism
which makes the diagram

>y
\

0 A——B
0——=A—"= A& (B/ad)
commute; here, the map i is defined by i(a) := (a,0).
(e) Use part (c) to prove that (i) implies (iii).
(f) Use part (d) to prove that (ii) implies (iii).
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Definition 2. An abelian group P is projective if for each solid diagram

7 P
3 lf
%
B 00

of abelian groups with 3 an epimorphism, there exists a homomorphism f
which makes the diagram commute.

Proposition 3. Every free abelian group is projective.
Exercise 2. Prove Proposition 3.

To get started on Exercise 2, try using the universal property of the free
abelian group generated by a set.

Proposition 4. An abelian group P is projective if and only if it is a direct
summand of a free abelian group; i.e., if and only if there is an isomorphism

PoQQ=F
for some abelian group Q and free abelian group F'.
Exercise 3. Prove Proposition 4.

To get started on Exercise 3, consider the free abelian group

F=07Z

peP
generated by the underlying set of P, together with the natural epimorphism
F— P.

Remark 5. Since every subgroup of a free abelian group is a free abelian
group, it follows from Proposition 4 that every projective abelian group is a
free abelian group.

Proposition 6. The following properties of an abelian group P are equiva-
lent:
(i) P is projective.
(ii) Every short exact sequence 0 — A ©Blp_ 0 of abelian groups
splits.
Exercise 4. Prove Proposition 6.

Definition 7. An abelian group G is flat if the functor —®G preserves
monomorphisms; i.e., if for any monomorphism « : A— B of abelian groups,
the induced map i®id : AQG— B®G is a monomorphism.

Proposition 8. Fvery projective abelian group is flat.

Remark 9. Not every flat abelian group is projective. For example, G :=
[1,,>1 Z is a flat abelian group which is not projective.



Exercise 5. The purpose of this exercise is to prove Proposition 8.

(a) Prove that Z is flat.
(b) Use part (a) to prove that every free abelian group is flat.
(c) Use part (b) to prove that every projective abelian group is flat.

Recall from [Series 1] the following proposition.

Proposition 10. If G is an abelian group and A = B A, C — 0 is an
exact sequence of abelian groups, then

ARG a®id BaG B®id

is an exact sequence (of abelian groups).

C®G — 0

Proposition 11. The following properties of an abelian group G are equiv-
alent:

(a) G is flat.

(b) The functor —QG preserves short exact sequences of abelian groups.
Exercise 6. Use Proposition 10 to prove Proposition 11.

Let G be an abelian group. Recall from lecture that a resolution X of G is
an exact sequence

X, 2 x, .%o x L XSG -0

of abelian groups. The chain complex X, which has the form

8 d 8
=Xy =Xy — = X1 = X0 — 0,

is free (resp. projective) if each X, is free (resp. projective). Also recall
from lecture that every abelian group G has a free resolution F' of the form
(1) 0—F — Fy—G—0.

We know by Proposition 10 that the functor —®G is right exact. The fol-
lowing proposition indicates how the Tor(—, G) functor provides a measure
of the inexactitude of —®G.

Proposition 12. Let G be an abelian group and let F' be a free resolution of

G of the form (1). Consider any short exact sequence 0 — A o BL C—=0
of abelian groups. Then there is a short exact sequence

0— AeF 229, por 229, cgr — 0
of chain complezes, and hence a corresponding long exact sequence
0 — Tor(A,G) — Tor(B,G) — Tor(C, G)
%, A2G — BaG — CoG — 0

of abelian groups.

Exercise 7. Use Proposition 11 to prove Proposition 12.
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Exercise 8. Let A, B,G be abelian groups. Let {A;}; be a collection of
abelian groups indexed on a set. Define Z,, := Z/nZ for each n > 1. Prove
the following.

(a) Tor(A, P) =0, for all projective P.
(b) Tor(A® B,G) = Tor(A,G) @ Tor(B,G).
(c) Tor(®:As, G) = & Tor(As, G).
(d) Tor(A,G) = Tor(G, A).
(e) Tor(Zmp,Zy) = Zg, with d := ged(m,n).
To get started on part (e), consider the short exact sequence
0-25%2—27,—0
of abelian groups together with Proposition 12.

Exercise 9. Let f,g: X—Y be maps of chain complexes. Suppose there
exists a map h of chain complexes which makes the diagram

X@CA[0] = X

f
io=id®d* l \
h

X®CAl] 7Y
i1 =id®d’ T /
g
X@CA0] =X
commute. Prove that f and g are chain homotopic.
Here are some references for this material: [1, Chapters I and V]
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