
Exercises 5, April 11, 2006

Simplicial sets II

1) Let K• ∈ Ob sSet be a simplicial set, i.e., a contravariant functor

K : ∆ → Set .

Recall that
Kn = K(n)
di = K(δi)
sj = K(σj) .

Pick any of the simplicial identities

didj = dj−1di ; i < j
sisj = sj+1si ; i ≤ j
disj = sj−1di ; i < j
djsj = Id = dj+1sj

disj = sjdi−1 ; i > j + 1

and prove it by proving the dual relation between the δi's and the σj's.

2 a) Let A• ∈ Ob sAb be a simplicial Abelian group. De�ne (Â∗, d̂∗) ∈
Ob Ch to be the chain complex with

Ân =

{
An n ≥ 0

0 n < 0

and di�erential d̂n : Ân → Ân−1 de�ned by

d̂n(x) =
n∑

i=0

(−1)idi(x) .

Show that d̂n−1d̂n = 0 by explicit computation. (Use the fact that
didj = dj−1di when i < j.)

2 b) Show that the assignment A• 7→ (Â∗, d̂∗) de�nes a functor χ : sAb →
Ch.

Speci�cally, given a morphism of simplicial Abelian groups F : A• →
B•, show that you can de�ne a map of chain complexes

χ(F ) : (Â∗, d̂∗) → (B̂∗, d̂∗)

by letting χ(F )n = Fn : Ân → B̂n.

Then, verify that χ(id) = id and χ(F ) ◦ χ(G) = χ(F ◦G).



3) Let K• ∈ Ob sGr be a simplicial group (not necessarily Abelian). I.e.
Kn is a group for all n ≥ 0 and di : Kn → Kn−1 and sj : Kn → Kn+1

are group homomorphisms.

By the following steps, you show that K• satis�es the Kan extension
property, i.e. show that K• thought of as a simplicial set is a Kan
complex:

Let {x0, x1, . . . , xk−1, xk+1, . . . , xn} ⊂ Kn−1 be (n − 1)-simplices satis-
fying di(xj) = dj−1(xi) for i 6= k 6= j and i < j.

3 a) Assume k > 0. Let u0 = s0(x0) ∈ Kn. Verify that d0(u0) = x0.

3 b) Assume inductively that ur−1 ∈ Kn exists such that di(ur−1) = xi for
i ≤ r − 1 and 0 < r ≤ k − 1. Let

yr−1 := sr(dr(ur−1)
−1xr)

ur := ur−1yr−1 .

Show by calculation that for i < r we have

di(yr−1) = en−1

where en−1 ∈ Kn−1 is the neutral element in the group.

Then show that diur = xi for i ≤ r.

3 c) Let

v0 :=

{
uk−1 k > 0

en k = 0 .

Assume inductively that vr−1 has been de�ned such that

di(vr−1) = xi if i < k or i > n− r + 1.

Then let
zr−1 := sn−r(dn−r+1(vr−1)

−1xn−r+1)
vr := vr−1zr−1 .

Show that di(zr−1) = en−1 if i < k or i > n− r + 1.

Then show that di(vr) = xi if i < k or i > n− r.

Let y = vn−k. We have now shown that di(y) = xi for all i 6= k, and
hence that K• is a Kan complex when thought of as a simplicial set.


