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The setting

K local field of characteristic p > 0
Algebraic closure K2, Gk := Aut(K?/K), inertia Ix C Gk

Drinfeld module p: A — K[7], J¢: A— K

Assumption: dp(A) C Ok, i.e. ¢ has finite residual characteristic

pi=0p ' (mk)



Local monodromy of Drinfeld modules (p # p)

Aim: Understand the local monodromy representation

Ik — GL(To(¢))

@ has stable reduction: p=9v/M
0 — Ty(¢)) — Tp(p) —> Ay®@aM —— 0

The action differs from the identity by

IK — HomA(/\/l, Tp(w))

Ik = IRJURR)*P



The modified Tate module

Need a convenient version of the adelic Tate module:
To() = HomA<F/A, (K? /mke, (p)).
This is a module over Ayq := Enda(F/A).

Properties:

=1L, 5. @) =Te). »#p

Ti(p) — T3 ().



The image of inertia

o=v/M, Jg:=1P/P)P, B = F[[G]]

p: Jx — HomA(M, T:d(w))

Theorem 1 (M. — Pink)

The image p(Jk) is a free Baq-module of rank divisible by d := [k/F,]
and is a direct summand of Hom(...) up to finite index.



The image of the ramification filtration

p=v/M, Ik =RR/R)P B = BRG]l  d:=[k/E)
p: JK — HomA(/\/I, T;)d(’lb))

Ramification subgroup Ji,, i € Zxo.

Theorem 2 (M. — Pink)

There is a finite subset S C Z>q \ pZx¢ such that:
> If i ¢ S then p(Ji)/p(Ji ™) is finite.
> If i € S then p(Jj)/p(Ji™t) is a free BS4-module of rank d.

The B3a-module p(Jj) is free of rank d - |{j € S| j > i}| and is a direct
summand of Hom(...) up to finite index.

In particular, p(Jj;) = 0 for i > 0.



The local Kummer pairing

p=v/M k= IR/UR)P, Bia = F[[G]],  d:=[k/E)]

p: k. — HomA(l\/l, T.jd(d)))

The local Kummer pairing of i

[, Jp: KxJk — Taa(v)

€, )w: [2] = g(¥b(&a)) — ¥b(Ea), Wa(€a) =€

[, )y Pk xJdk — Taa(¥), Pk :=K/Ok



Perfectness of the Kummer pairing

B:=F,[s], @:B—k[r], @&s:= 74 B° .= B[s’l], k— K
PK = K/OK
[7 )Q: P x Jx —> T;d((j)
R := End(@) = k7]
Theorem 3 (M. — Pink)

The local Kummer pairing of @ induces an isomorphism
Jx == HomR(PK, T;d(@))
that identifies Ji with the subgroup of homomorphisms vanishing on

WPk = ([€] | € € K~ Ok, v(€) > —i)

W;Px is a free left R-module of finite rank



Comparison with the classical theory

For G, have the local Kummer pairing
( s )@m: VK X TK — T;d(Gm)

with
VK = Gm(K)/Gm(OK) =~ 7.

and
ad(Gm) = H&ép Zy(1).

The local Kummer pairing of G, induces an isomorphism

Tk == HomZ(VK, T;d(Gm))



Some consequences

Corollary 4 (M. — Pink)
w0 = { §
In particular the Bgq-module Jx /Jj is finitely generated free for all i > 0.

Reason: _
gr'(Jk) = Homg(gr" (Px), Tsa(@)).



The reduced case

o A= klr], k=K

Proposition 5 (M. — Pink)
There is a canonical Bgg-linear isomorphism

ad(@) == Tia(P)

that is compatible with the local Kummer pairing.

Jk — Homa((Px, @), Taa(p))



The fundamental isomorphism

Any ¢: A — K|7] extends uniquely to

Voo: Foo — errf((T_l))

Theorem 6 (M. — Pink)

There is a canonical isomorphism
X: Poo = Yoo
that induces an isomorphism
X: (Pxpert, @) == (Pyoert, 1)

and is compatible with the local Kummer pairing.

X = j<0xj7'j, x; € my for j <0



A perfectness theorem in general

Theorem 7 (M. — Pink)

For each £ € K of v(§) = —i and p { i we have an isomorphism

[€, )t &r'(Uk) == Taa(¥).



The general case

e=1¢/M, M:=R-x"1(M)

Ik L Homa (M, Tga())

l |

HomR(I\7l, T;d(w)) — HomA(M, T;’d(w))
p7y is surjective up to finite index, < is split.
WiM := W;Pypert "M, S := breaks of W,M

Corollary 8 (M. — Pink)
The image p(Jk) is open if and only if ranka(M) = rankg(M).

In particular, p(Jk) is open if ranka(M) = 1.



A sufficient condition for open image

v(€) :==—p"j, J(&) =]

J(M) = {j(€) : £ € M\ {0}

Theorem 9 (M. — Pink)

We have .
li(M)| < rankgr(M) < ranka(M)

and if [j(M)| = ranka(M) then p(Jk) is open.



p-independence of the conductor (p # p)

pp: Ik — GL(To(0))
fp == min{i: pp(J) = {1}}

Theorem 10 (M. — Pink)

fp is independent of p.

Furthermore, for each i > 0 either p,(Jj) = {1} or |py(Jic)| = oo.



Inertia invariants (p # p)

o=v/M

0 —— Ty(¥) — Tp(p) —> Ay @aM —— 0

Theorem 11 (M. — Pink)
To(p)" = Ty(¥)

Gardeyn: same for coinvariants



