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Abstract

We consider a system of d non-linear stochastic heat equations in spatial dimension
1 driven by d-dimensional space-time white noise. The non-linearities appear both
as additive drift terms and as multipliers of the noise. Using techniques of Malliavin
calculus, we establish upper and lower bounds on the one-point density of the solution
u(t, ), and upper bounds of Gaussian-type on the two-point density of (u(s,y),u(t, z)).
In particular, this estimate quantifies how this density degenerates as (s,y) — (¢, x).
From these results, we deduce upper and lower bounds on hitting probabilities of the
process {u(t,z)}ier +,ze[0,1], in terms of respectively Hausdorff measure and Newtonian
capacity. These estimates make it possible to show that points are polar when d > 7
and are not polar when d < 5. We also show that the Hausdorff dimension of the range
of the process is 6 when d > 6, and give analogous results for the processes ¢ — u(t, z)
and x — u(t,z). Finally, we obtain the values of the Hausdorff dimensions of the level
sets of these processes.
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1 Introduction and main results

Consider the following system of non-linear stochastic partial differential equations (spde’s)

aui
o (t7) = =Lt ) +Za” L)W (L, z) + bi(u(t, x)), (1.1)
for 1 <i<d, tel0,T], and x € [0,1], where u := (uy,...,uq), with initial conditions
u(0,x) =0 for all x € [0, 1], and Neumann boundary conditions
t = t,1) = <t<T. 1.2
Here, W := (VV1 N Wd) is a vector of d independent space-time white noises on [0, 7] x

[0,1]. Forall 1 <i,j <d, b;, 04 : R? — R are globally Lipschitz functions. We set b = (b;),
o = (0ij). Equation (1.1) is formal: the rigorous formulation of WALSH [W86] will be
recalled in Section 2.

The objective of this paper is to develop a potential theory for the R%valued process
u= (u(t,z), t >0, z € (0,1)). In particular, given A C R% we want to determine whether
the process u visits (or hits) A with positive probability.

The only potential-theoretic result that we are aware of for systems of non-linear spde’s
with multiplicative noise (o non-constant) is DALANG AND NUALART [DNO4], who study
the case of the reduced hyperbolic spde on Ri (essentially equivalent to the wave equation
in spatial dimension 1):

d

82 Xi 92w
8t16t2_; ’J(Xt)atlatg b:(X),

where t = (t1,t2) € R, and X} = 0 if ¢1¢5 = 0, for all 1 < ¢ < d. There, Dalang and
Nualart used Malliavin calculus to show that the solution (X;) of this spde satisfies

K 'Capy_4(A) < P{3t € [a,b)* : X; € A} < KCap,_,(A),

where Capg denotes the capacity with respect to the Newtonian -kernel Kg(-) (see (1.6)).
This result, particularly the upper bound, relies heavily on properties of the underlying
two-parameter filtration and uses Cairoli’s maximal inequality for two-parameter processes.

Hitting probabilities for systems of linear heat equations have been obtained in MUELLER
AND TRIBE [MTO03]. For systems of non-linear stochastic heat equations with additive noise,
that is, o in (1.1) is a constant matrix, so (1.1) becomes

ou;
o —(t,z) =

I(t,z) + bi(u(t,z)), (1.3)

estimates on hitting probabilities have been obtained in DALANG, KHOSHNEVISAN AND
NuaLART [DKNO7]. That paper develops some general results that lead to upper and lower
bounds on hitting probabilities for continuous two-parameter random fields, and then uses



these, together with a careful analysis of the linear equation (b = 0, 0 = Iz, where Iy
denotes the d x d identity matrix) and Girsanov’s theorem, to deduce bounds on hitting
probabilities for the solution to (1.3).

In this paper, we make use of the general results of [DKNO07], but then, in order to handle
the solution of (1.1), we use a very different approach. Indeed, the results of [DKN07] require
in particular information about the probability density function p;, of the random vector
u(t,z). In the case of multiplicative noise, estimates on p¢, can be obtained via Malliavin
calculus.

We refer in particular on the results of BALLY AND PARDOUX [BP98|, who used Malli-
avin calculus in the case d = 1 to prove that forany ¢t >0, ke Nand 0 <z < --- <z < 1,
the law of (u(t,z1),...,u(t,zx)) is absolutely continuous with respect to Lebesgue measure,
with a smooth and strictly positive density on {o # 0}*, provided o and b are infinitely
differentiable functions which are bounded together with their derivatives of all orders. A
Gaussian-type lower bound for this density is established by Konarsu-Hica [K03] under
a uniform ellipticity condition. MORIEN [M98] showed that the density function is also
Hélder-continuous as a function of (¢, x).

In this paper, we shall use techniques of Malliavin calculus to establish the following
theorem. Let p; . (2) denote the probability density function of the R?-valued random vector
uw(t,z) = (ui(t,x),...,uq(t,z)) and for (s,y) # (t,x), let psy.¢.2(21, 22) denote the joint
density of the R?!-valued random vector

(u(s,y),u(t,x)) = (ui(s,y),...,uq(s,y),ur(t,z),...,uq(t,z)) (1.4)

(the existence of p; . (-) is essentially a consequence of the result of BALLY AND PARDOUX

BP98], see our Corollary 4.3; the existence of ps 4.+ (, ) is a consequence of Theorems 3.1
y 7y’ k)
and 6.3).

Consider the following two hypotheses on the coefficients of the system (1.1):

P1 The functions 0;; and b; are bounded and infinitely differentiable with bounded partial
derivatives of all orders, for 1 <1i,5 <d.

P2 The matrix ¢ is uniformly elliptic, that is, ||o(x)¢]|? > p? > 0 for some p > 0, for all
reRY R €] =1 (]| - || denotes the Euclidean norm on R%).

Theorem 1.1. Assume P1 and P2. Fiz T > 0 and let I C (0,T] and J C (0,1) be two
compact nonrandom intervals.

a) The density pi(2) is uniformly bounded over z € R, t € I and z € J.
(a) Y, y ;

(b) There exists ¢ > 0 such that for anyt € I, v € J and z € RY,
2
—d/4 =l
Pra(z) > ct exp( 12 )

(¢) For alln > 0, there exists ¢ > 0 such that for any s,t € I, z,y € J, (s,y) # (t,x) and
21,29 € Rd,

2
sy ta(21,22) S ¢ t—s|V? 4 |z — y|)"@T/2 ox <— 21 — 2 > 1.5
p Y5 ¢, ( 1 2) — (‘ | ’ y|) p C(’t—$’1/2+|x—y|> ( )



(d) There exists ¢ > 0 such that for anyt € I, x,y € J, x #y and 21,29 € RY,

(21, 22) < el — )~ /2 exp 1220
Dty;tx(Z1,22) S Y p )

The main technical effort in this paper is to obtain the upper bound in (c). Indeed,
it is not difficult to check that for fixed (s,y; t,x), (21,22) — Psy:¢t.2(21, 22) behaves like
a Gaussian density function. However, for (s,y) = (t,7), the R?*’-valued random vector
(u(s,y),u(t,x)) is concentrated on a d-dimensional subspace in R?? and therefore does not
have a density with respect to Lebesgue measure in R??. So the main effort is to estimate
how this density blows up as (s,y) — (t,x). This is achieved by a detailed analysis of
the behavior of the Malliavin matrix of (u(s,y),u(t,x)) as a function of (s,y;t, z), using a
perturbation argument. The presence of 1 in statement (¢) may be due to the method of
proof. When ¢ = s, it is possible to set n = 0 as in Theorem 1.1(d).

This paper is organized as follows. After introducing some notation and stating our main
results on hitting probabilities (Theorems 1.2 and 1.6), we assume Theorem 1.1 and use the
theorems of [DKNO7] to prove these results in Section 2. In Section 3, we recall some basic
facts of Malliavin calculus and state and prove two results that are tailored to our needs
(Propositions 3.4 and 3.5). In Section 4, we establish the existence, smoothness and uniform
boundedness of the one-point density function p; ,, proving Theorem 1.1(a). In Section 5,
we establish a lower bound on p; ,,, which proves Theorem 1.1(b). This upper (respectively
lower) bound is a fairly direct extension to d > 1 of a result of BALLY AND PARDOUX [BP98|
(respectively KOHATSU-HIGA [KO03]) when d = 1. In Section 6, we establish Theorem 1.1(c)
and (d). The main steps are as follows.

The upper bound on the two-point density function ps 4. ¢ . involves a bloc-decomposition
of the Malliavin matrix of the R?*?-valued random vector (u(s,y), u(s,y) — u(t,z)). The
entries of this matrix are of different orders of magnitude, depending on which bloc they
are in: see Theorem 6.3. Assuming Theorem 6.3, we prove Theorem 1.1(c) and (d) in
Section 6.3. The exponential factor in (1.5) is obtained from an exponential martingale
inequality, while the factor (|t — s|'/2 4 |z — y|)~(@+"/2 comes from an estimate of the
iterated Skorohod integrals that appear in Corollary 3.3 and from the block structure of
the Malliavin matrix.

The proof of Theorem 6.3 is presented in Section 6.4: this is the main technical effort in
this paper. We need bounds on the inverse of the Malliavin matrix. Bounds on its cofactors
are given in Proposition 6.5, while bounds on negative moments of its determinant are given
in Proposition 6.6. The determinant is equal to the product of the 2d eigenvalues of the
Malliavin matrix. It turns out that at least d of these eigenvalues are of order 1 (“large
eigenvalues”) and do not contribute to the upper bound in (1.5), and at most d are of the
same order as the smallest eigenvalue (“small eigenvalues”), that is, of order [t—s|"/2+|z—y|.
If we did not distinguish between these two types of eigenvalues, but estimated all of them
by the smallest eigenvalue, we would obtain a factor of (|t — s|'/2 4 |z — y|)~*/2 in (1.5),
which would not be the correct order. The estimates on the smallest eigenvalue are obtained
by refining a technique that appears in [BP98]; indeed, we obtain a precise estimate on the
density whereas they only showed existence. The study of the large eigenvalues does not
seem to appear elsewhere in the literature.



Coming back to potential theory, let us introduce some notation. For all Borel sets
F C R, we define Z(F) to be the set of all probability measures with compact support
contained in F'. For all integers k > 1 and u € Z(R¥), we let I3(1) denote the 3-dimensional
energy of u, that is,

T() == / / Ka([lz — o)) u(de) ul(dy).

where ||z|| denotes the Euclidian norm of z € R¥,

rp if >0,
Ks(r) == { log(No/r) if B=0, (1.6)
1 if 8 <0,

and Ny is a sufficiently large constant (see DALANG, KHOSHNEVISAN, AND NUALART
[DKNO7, (1.5)].

For all 3 € R, integers k > 1, and Borel sets F' C R¥, Capg(F') denotes the 3-dimensional
capacity of F', that is,

—1
Capg(F) := Lelg{ o Iﬁ(ﬂ)] :

where 1/00 := 0. Note that if 3 < 0, then Capg(-) = 1.
Given 3 > 0, the g-dimensional Hausdorff measure of F is defined by

J3(F) = lim inf {i@m)ﬁ :F C [j B(x;,ri), supr; < e}, (1.7)

+ .
=0 i=1 i=1 izl

where B(z,r) denotes the open (Euclidean) ball of radius r > 0 centered at 2 € RY. When
B < 0, we define #3(F) to be infinite.
Throughout, we consider the following parabolic metric: For all s,¢t € [0,T] and x,y €
[0,1],
A((t,2);5(s,y) = [t = s|'* + |z — y]. (1.8)

Clearly, this is a metric on R? which generates the usual Euclidean topology on R?. Then
we obtain an energy form

150 = [ [ Ka(A(t2): (500 pldede) s dy),

and a corresponding capacity

~1
Canf(F)i= | int 180

For the Hausdorff measure, we write

%A(F) = lim inf{Z(Qri)’6 P C U BA((ti, i) 1), supr; < e},

+ .
=0 i=1 i=1 izl



where BA((t,),r) denotes the open A-ball of radius r > 0 centered at (¢,z) € [0,T] x
[0,1].

Using Theorem 1.1 together with results from DALANG, KHOSHNEVISAN, AND NUALART
[DKNO7], we shall prove the following result. Let u(E) denote the (random) range of E
under the map (¢, ) +— u(t,z), where E is some Borel-measurable subset of R?.

Theorem 1.2. Assume P1 and P2. Fix T >0, M > 0, andn > 0. Let I C (0,T] and
J C (0,1) be two fixred non-trivial compact intervals.

(a) There exists ¢ > 0 depending on M,I,J and n such that for all compact sets A C
[_M’ M]d’

¢! Capy_gy(A) < Plull x )N A+ 0} < ¢ Hig_y(A).

(b) For allt € (0,T], there exists ¢c1 > 0 depending on T, M and J, and ca > 0 depending
onT, M, J and n > 0 such that for all compact sets A C [~M, M),

c1 Capg_o(A) < Plu({t} x J) N A # 0} < c2 Mo (A).
(¢) Forallxz € (0,1), there exists ¢ > 0 depending on M, I andn such that for all compact
sets A C [—M, M],
¢t Capy_yyn(A) < P{u( x {a}) N A # 0} < ¢4y (A).
Remark 1.3. (i) Because of the inequalities between capacity and Hausdorff measure,

the right-hand sides of Theorem 1.2 can be replaced by ¢ Capy_g_,(4), cCapy_o_,(A)
and c¢Capy_y_,(4) in (a), (b) and (c), respectively (cf. KAHANE [K85, p. 133]).

(ii) Theorem 1.2 also holds if we consider Dirichlet boundary conditions (i.e. w;(¢,0) =
u;(t,1) =0, for t € [0,T]) instead of Neumann boundary conditions.

(iii) In the upper bounds of Theorem 1.2, the condition in P1 that ¢ and b are bounded
can be removed, but their derivatives of all orders must exist and be bounded.

As a consequence of Theorem 1.2, we deduce the following result on the polarity of
points. Recall that a Borel set A C R? is called polar for u if P{u((0,T] x (0,1)) N A #
@} = 0; otherwise, A is called nonpolar.

Corollary 1.4. Assume P1 and P2.

(a) Singletons are nonpolar for (t,z) — u(t,x) when d < 5, and are polar when d > 7
(the case d =6 is open).

(b) Fiz t € (0,T]. Singletons are nonpolar for x +— u(t,z) when d = 1, and are polar
when d > 3 (the case d = 2 is open).

(¢) Fixzx € (0,1). Singletons are not polar for t — u(t,z) when d < 3 and are polar when
d > 5 (the case d =4 is open).



Another consequence of Theorem 1.2 is the Hausdorff dimension of the range of the
process u.

Corollary 1.5. Assume P1 and P2.
(a) If d > 6, then dim, (u((0,7] x (0,1))) =6 a.s.
(b) Fizt e Ry. If d > 2, then dim, (u({t} x (0,1))) =2 a.s.
(c) Fizxz € (0,1). If d > 4, then dimy (u(R4 x {z})) =4 a.s.

As in DALANG, KHOSHNEVISAN, AND NUALART [DKNOQ7], it is also possible to use
Theorem 1.1 to obtain results concerning level sets of u. Define

L(zsu):={(t,x) eI xJ: u(t,z) ==z},
T(z;u)={tel: u(t,z) =z for some x € J},
Z(z;u)={x € J: u(t,x) =z for somet eI},
Lo(zisu):={tel: u(t,z) ==z},
L zu)={x e J: ut,z)==z}.

We note that £ (z; u) is the level set of u at level z, 7 (z; u) (resp. 2 (z;u)) is the projection
of Z(z;u) onto I (resp. J), and .Z,(z;u) (resp. £ (z;u)) is the x-section (resp. t-section)
of Z(z;u).

Theorem 1.6. Assume P1 and P2. Then for alln > 0 and R > 0 there exists a positive
and finite constant ¢ such that the following holds for all compact sets E C (0,T] x (0,1),
F c(0,T], G (0,1), and for all z € B(0, R):

(a) ¢t Cap(ACHn)/Q( ) <P{ZL(z;u)NE # 2} <cH (E);

(d /2
(b) ¢ 'Cap(g_o iy u(F) SP{T(z;u) N F # B} < cHa_oy)a(F);
(¢) ¢ Capy_gyn)2(G) SP{Z(2;u) NG # B} < cHq_s_y)2(G);
(d) for all z € (0,1), ¢! Cap(gypa(F) < P{L(z;u) N F # &} < ¢ gy a(F);
(e) for allt € (0,T], ¢! Capy)o(G) < P{L (z;u) NG # @} < cH{y4_y)2(G).
Corollary 1.7. Assume P1 and P2. Choose and fix z € RY.

(a) If2<d<6, then dim,; T (z;u) = 1(6 —d) a.s. on { T (z;u) # o}.

(b) If4<d<6 (i.e. d=5), then dim, 2 (z;u) = 1(6 —d) a.s. on {2 (z;u) # @}

(c) If1 <d <4, then dim, Zp(z;u) = (4 —d) a.s. on {Z(z;u) # T}

(d) Ifd=1, then dim, L' (z;u) = 1(2—d) = 5 a.s. on {L(z;u) # o}.

In addition, all four right-most events have positive probability.

Remark 1.8. The results of the two theorems and corollaries above should be compared
with those of DALANG, KHSOHNEVISAN AND NUALART [DKNO7].



2 Proof of Theorems 1.2, 1.6 and their corollaries (assuming
Theorem 1.1)

We start this section recalling the hypotheses and consequences of Theorems 3.3 and 2.1 in
DALANG, KHSOHNEVISAN AND NUALART [DKNO7].

Theorem 2.1. [DKNO07, Theorem 3.3] Consider two compact nonrandom intervals I C
[0,T] and J C [0,1], and suppose v = {v(t, )} »)erxs is an R¥*-valued random field. For
M > 0 fized, assume the following two conditions:

(i) For any (t,x) € I x J, the random wvector v(t,x) has a density p;(z) which is is
uniformly bounded over z € [—~M, M]% and (t,z) € I x J.

(ii) For all p > 1, there exists a constant C depending on p,I,J such that for any
(t,z),(s,y) eI xJ,

Elo(t, @) —o(s,y)I") < CIA((t,2); (s, 9)]""*. (2.1)
Then for any 8 €]0,d], there exists a positive and finite constant a such that for all Borel
sets A C [-M, M]4:
(1) P{v(I x J)N A # @} < aitp_s(A);
(2) for everyt eI, P{v({t} x J)NA# @} < astp_2(A);
(3) for every x € J, P{v(I x {z}) N A # @} < ap_4(A).

Theorem 2.2. [DKNO07, Theorem 2.1] Fiz two compact intervals I and J of R. Suppose
that {v(t, )}t e)crxs 95 a two-parameter, continuous random field with values in R?, such
that (v(t,z),v(s,y)) has a joint probability density function pi.s,(-,-), for all s,t € I
and z,y € J such that (t,z) # (s,y). We denote by p; »(-) the density function of v(t,z).
Assume the following hypotheses:

A1l. For all M > 0, there exists a positive and finite constant C = C(I,J, M,d) such that
forall (t,x) € I x J and all z € [-M , M]?,

pt,a:(z) Z C

A2. There exists 3 > 0 such that for all M > 0, there exists ¢ = ¢(I,J, 3, M,d) > 0 such
that for all s,t € I and z,y € J with (t,x) # (s,y), and for every 21,22 € [-M , M]?,

pean (21 2) < c exp (_ |21 — 22]|? > |
»L38,Y ’ — [A((t,x);(s,y))}ﬁﬂ CA((t,l‘);(S,y))

Then the following inequalities hold.

(1) There exists a positive and finite constant a = a(I, J, 3, M, d) such that for all compact
sets A C [-M , M]?,

P{v(I x J)NA# @} > aCapg_g(A).



(2) There exists a positive and finite constant a = a(J, M 3,d) such that for allt € I and
for all compact sets A C [—M , M]?,

P{v({t} x J)N A # T} > aCaps_y(A).

(3) There exists a positive and finite constant a = a(I, M, 3,d) such that for all x € J
and for all compact sets A C [—~M , M]?,

P{v(I x {z})NA# I} > aCapgz_4(A).

We shall apply these two theorems to the solution of equation (1.1). We first recall
that equation (1.1) is formal: a rigorous formulation, following WALSH [W86], is as follows.
Let W' = (Wi(s,:);’))seR+,xe[071], 1 =1,...,d, be independent Brownian sheets defined on a
probability space (©2,.%,P), and set W = (W1, ..., W%). Fort >0, let % = o {W (s, ), s €
[0,t], x € [0,1]}. We say that a process u = {u(t,z), t € [0,T], x € [0,1]} is adapted to
(F) if u(t, z) is F-measurable for each (¢,x) € [0,7] x [0,1]. We say that u is a solution
of (1.1) if w is adapted to (%) and if for i € {1,...,d},

t 1 d '
ws(t,z) = /0 /0 Gt_r(x,v)gam(u(r,v))wj(dr,dv) -

J=1
t 1
+ / / Grer(w,0) bi(u(r,v)) drdv,
0 JO

where Gy(x,y) denotes the Green kernel for the heat equation with Neumann boundary
conditions (see WALSH [W86, Chap 3]), and the stochastic integral in (2.2) is interpreted
as in [W86].

Adapting the results from [W86] to the case d > 1, one can show that there exists a
unique continuous process u = {u(t,z),t € [0,T], z € [0,1]} adapted to (.%;) that is a
solution of (1.1). Moreover, it is shown in BALLY, MILLET, AND SANZ-SOLE [BMS95] that
for any s,t € [0,T] with s < ¢, z,y € [0,1], and p > 1,

Eflu(t, z) — u(s,y) "] < Orp(A((t, )5 (s,9))"/?, (2:3)

where A is the parabolic metric defined in (1.8). In particular, for any 0 < a < 1/2, w is
a.s. a-Holder continuous in = and «/2-Hélder continuous in ¢.
Assuming Theorem 1.1, we now prove Theorems 1.2, 1.6 and their corollaries.

Proof of Theorem 1.2. (a) In order to prove the upper bound, we use Theorem 2.1. Indeed,
Theorem 1.1(a) and (2.3) imply that the hypotheses (i) and (ii), respectively, of this theorem,
are satisfied, and so the conclusion (with 8 = d — 7) is too.

In order to prove the lower bound, we shall use Theorem 2.2. Hypothesis A1l is an
immediate consequence of Theorem 1.1(b). Hypothesis A2 holds with 3 = d+n by Theorem
1.1(c). Therefore, the lower bound in Theorem 1.2(a) follows from Theorem 2.2(1). This
proves (a).

(b) For the upper bound, we again refer to Theorem 2.1. For the lower bound, which
involves Capy_y(A) instead of Capy_s.,,(A), we refer to [DKN07, Remark 2.5] and observe

9



that hypotheses A1' and A2' there are satisfied with 3 = d (by Theorem 1.1(d)). This

proves (b).
(c¢) As in (a), the upper bound follows from Theorem 2.1 with 8 = d — 7, and the lower
bound follows from Theorem 2.2(3), with 5 = d 4+ 1. Theorem 1.2 is proved. O

Proof of Corollary 1.4. We first prove (a). Let z € R%. If d < 5, then there is 7 > 0 such
that d — 6 +n < 0, and thus Cap,_g,({z}) = 1. Hence, the lower bound of Theorem
1.2 (a) implies that {z} is not polar. On the other hand, if d > 6, then for small n > 0,
d—6—mn> 0. Therefore, 7#3_¢_,({2}) = 0 and the upper bound of Theorem 1.2(a) implies
that {z} is polar. This proves (a). One proves (b) and (c) exactly along the same lines
using Theorem 1.2(b) and (c). O

Proof of Theorem 1.6. For the upper bounds in (a)-(e), we use DALANG, KHOSHNEVISAN,
AND NUALART [DKNO7, Theorems 3.3 and 3.1] whose assumptions we verified above with
B = d — n; these upper bounds then follow immediately from [DKN07, Theorem 3.2].

For the lower bounds in (a)-(d), we use [DKNO7, Theorem 2.4] since we have shown
above that the assumptions of this theorem, with § = d + 7, are satisfied by Theorem 1.1.
For the lower bound in (e), we refer to [DKN07, Remark 2.5] and note that by Theorem
1.1(d), Hypothesis A2" there is satisfied with 3 = d. This proves Theorem 1.6. O

Proof of Corollaries 1.5 and 1.7. The final positive-probability assertion in Corollary 1.7 is
an immediate consequence of Theorem 1.6 and Taylor’s theorem (see KHOSHNEVISAN [K02,
Corollary 2.3.1 p. 523)).

Let E be a random set. When it exists, the codimension of E is the real number
B € [0,d] such that for all compact sets A C R?,

>0 whenever dim, (4) > g,

P{ENA+# o} { )
=0 whenever dim, (4) < S.

See KHOSHNEVISAN [K02, Chap.11, Section 4]. When it is well defined, we write the said
codimension as codim(F). Theorems 1.2 and 1.6 imply that for d > 1: codim(u(R4 X
(0,1))) = (d = 6)"; codim(u({t} x (0,1))) = (d —2)"; codim(u(Ry x {z})) = (d - 4)T;
codim(7 (2)) = (42)*; codim(Z(2)) = (%52)*; codim(.Z;(2)) = 4; and codim(.L*(2)) =
g. According to Theorem 4.7.1 of KHOSHNEVISAN [K02, Chapter 11], given a random set
FE in R™ whose codimension is strictly between 0 and n,

dim, £ + codim F =n a.s. on {E # o}. (2.4)

This implies the statements of Corollaries 1.5 and 1.7. O

3 Elements of Malliavin calculus

In this section, we introduce, following NUALART [N95] (see also SANZ-SOLE [S05]), some
elements of Malliavin calculus. Let . denote the class of smooth random variables of the
form

F = f(W(h1),..., W(hy)),

10



where n > 1, f € €3°(R"), the set of real-valued functions f such that f and all its partial
derivatives have at most polynomial growth, h; € 2 := L?([0,T] x [0, 1], R?), and W (h;)
denotes the Wiener integral

Given F € .7, its derivative is defined to be the R%valued stochastic process DF =
(DioF = (DYF, ..., DY F), (t,2) € [0,T] x [0,1]) given by

Dl =3 I (W), W) hatr, )
i=1 v

More generally, we can define the derivative DFF of order k of F by setting

D]oiF = ' Z a ce a f(W(hl), ceey W(hn))hil (Oél) K& hik (Ozk),

where o = (o, ..., ), and o; = (4, 7), 1 <i < k.

For p,k > 1, the space D¥? is the closure of . with respect to the seminorm || - Hzp
defined by
k
1FI}, = EIFP]+ Y ElID FIP,e,],
j=1
where

d T 1 T 1 2
. i1) (i5)
|IDIF|%pe; = E /0 dtl/o dxl"'/o dtj/O dz; (Dgtivffl).”D(t;va)F) '

it pomyiy=1
We set (]D)oo)d = MNp>1 Ng>1 DFkP.

The derivative operator D on L?(Q) has an adjoint, termed the Skorohod integral and
denoted by d, which is an unbounded operator on L?(§), ). Its domain, denoted by
Dom &, is the set of elements u € L?(£2, %) such that there exists a constant ¢ such that
|E[(DF,u)#]| < c||[Flloz2, for any F € D12,

If u € Dom &, then 6(u) is the element of L?(Q) characterized by the following duality
relation:

d T rl )
E[Fé(u)] = E{Z/ / ngx)F uj(t,z)dtdz|, for all F € DM2,
/o Jo

A first application of Malliavin calculus to the study of probability laws is the following
global criterion for smoothness of densities.

Theorem 3.1. [N95, Thm.2.1.2 and Cor.2.1.2] or [S05, Thm.5.2] Let F = (F!, ..., F%) be
an R-valued random vector satisfying the following two conditions:

11



(i) Fe (D)
(ii) the Malliavin matriz of F defined by vp = ((DF',DF7) )1<; j<a is invertible a.s.
and (det yp)~t € LP(Q) for allp > 1.
Then the probability law of F' has an infinitely differentiable density function.

A random vector F' that satisfies conditions (i) and (ii) of Theorem 3.1 is said to be
nondegenerate. For a nondegenerate random vector, the following integration by parts
formula plays a key role.

Proposition 3.2. [N98, Prop.3.2.1] or [S05, Prop.5.4] Let F = (F',..., F%) € (D*)? be a
nondegenerate random vector, let G € D*° and let g € CKI?.O(]Rd). Fiz k > 1. Then for any
multi-index o = (ay, ...,ap) € {1,...,d}*, there is an element Hy(F,G) € D> such that

E[(0ag)(F)G] = Elg(F)Ha(F, G)].
In fact, the random variables H,(F,G) are recursively given by
Ha(F,G) =

ap) (Fy Hia, (F,G)),

'7ak71)

i DFY).

||M&A

H)(F,G) =

Proposition 3.2 with G = 1 and a = (1,...,d) implies the following expression for the
density of a nondegenerate random vector.

Corollary 3.3. [N98, Corollary 3.2.1] Let F = (F',...,F%) € (D™)¢ be a nondegenerate
random vector and let pp(z) denote the density of F. Then for every subset o of the set of
indices {1, ...,d},

pF(Z) = (_1)d_|0‘E[1{F”‘>zi,iEU, Fi<zi,i€U}H(1,...7d) (Fa 1)]7
where |o| is the cardinality of o, and, in agreement with Proposition 3.2,
H,..a)(F,1) = 6((vg' DF)'5((vg' DF)* '8 (-- - 6((v' DF)Y) ---))).

The next result gives a criterion for uniform boundedness of the density of a nondegen-
erate random vector.

Proposition 3.4. Forallp > 1 and £ > 1, let c; = c1(p) > 0 and ca = c2(¢,p) > 0 be fized.
Let F € (D®) be a nondegenerate random vector such that

(a) E[(detyr)™] < c1;
(b) E[ID'(F)ye] < €2, i=1,....d.

Then the density of F' is uniformly bounded, and the bound does not depend on F but only
on the constants c1(p) and ca(¢,p).

12



Proof. The proof of this result uses the same arguments as in the proof of DALANG AND
NUALART [DN04, Lemma 4.11]. Therefore, we will only give the main steps.
Fix z € R%. Thanks to Corollary 3.3 and the Cauchy-Schwarz inequality we find that

pr(2)l < [Haq,...a)(F, Dllo2-

Using the continuity of the Skorohod integral § (cf. NUALART [N95, Proposition 3.2.1]
and NUALART [N98, (1.11) and p.131]) and Holder’s inequality for Malliavin norms (cf.
WATANABE [W84, Proposition 1.10, p.50]), we obtain

d

14> OE e

Jj=1

IH,...a)(Fs Doz < cllHq,.. a—1)(F,1)] 1.8 | D(F7)]||1.8. (3.1)

In agreement with hypothesis (b), || D(F7)|mp < ¢. In order to bound the second factor in
(3.1), note that

m 1/p
e i llmp = {E[!(Vpl)i,jlp] + ) E[ID* (v )i ka]} : (3.2)
k=1

For the first term in (3.2), we use Cramer’s formula to get that

(va)i4] = |(det vr) " (Ap)is),

where Ap denotes the cofactor matrix of yz. By means of Cauchy-Schwarz inequality and
hypotheses (a) and (b) we find that

E[(vpY)ij)?] < caplEl(det vp)~2]}1/2 x {E[| D(F)| 2 V312
< Cd,p>

where none of the constants depend on F. For the second term on the right-hand side of
(3.2), we iterate the equality (cf. NUALART [N95, Lemma 2.1.6])

d

D(vpYij == Y (F)isDOe)ee(vp e (3-3)
k=1

in the same way as in the proof of DALANG AND NUALART [DNO04, Lemma 4.11]. Then,
appealing again to hypotheses (a) and (b) and iterating the inequality (3.1) to bound the
first factor on the right-hand side of (3.2), we obtain the uniform boundedness of pr(z). O

We finish this section with a result that will be used later on to bound negative moments
of a random variable, as is needed to check hypothesis (a) of Proposition 3.4.

Proposition 3.5. Suppose Z > 0 is a random variable for which we can find ey € (0,1),
processes {Yic}ec(o) (1 =1,2), and constants ¢ > 0 and 0 < az < a1 with the property that
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Z > min(ce* — Y] ce® —Ya,) for all € € (0,€). Also suppose that we can find ; > o
(i =1,2), not depending on €y, such that

E[[Y17 E[[Y2.[]
6‘]61 ’ 6‘132

C(q) == sup max<

> < oo forallg>1.
0<e<1

Then for all p > 1, there exists a constant ¢ € (0,00), not depending on ey, such that
E[|Z]7) < deg™.
Remark 3.6. This lemma is of interest mainly when G < aj.

Proof. Define k := (2/c)e;®*. Suppose that y > k, and let € := (2/c)Y/*1y~1/@1. Then
0<e<ey t=(c/2)e, and for all ¢ > 1,

P{Z'>y}=P{Z<y '}
<P{vi.> geo‘l} +P {2 e - %eal}

< Clq) <2q6qw10&1) + €152 [eaz _ ;60&1] q) )

c4

The inequality €2 — (1/2)e*t > (1/2)e*? implies that

_ C(q) _ _ _
1 q.9(B1—a1) q.9(B2—a2) qb
P{Z >y}< o (26 + 2%¢ ><ay ,

where a and b are positive and finite constants that do not depend on y, ¢y or q. We apply
this with ¢ := (p/b) + 1 to find that for all p > 1,

E[|Z]™"] =p/ yIP{Z7 >y} dy
0

< kP + ap/ y ol dy = kP + <@) k0.
. b

Because k > (2/c¢) and b > 0, it follows that E[|Z]|7P] < (1 + ¢1(ap/b))kP, where ¢; :=
(¢/2)"*P. This is the desired result. O

4 Existence, smoothness and uniform boundedness of the
one-point density

Let u = {u(t,x), t € [0,T],x € [0,1]} be the solution of equation (2.2). In this section,
we prove the existence, smoothness and uniform boundedness of the density of the random
vector u(t,z). In particular, this will prove Theorem 1.1(a).

The first result concerns the Malliavin differentiability of u and the equations satisfied by
its derivatives. We refer to BALLY AND PARDOUX [BP98, Proposition 4.3, (4.16), (4.17)] for
its proof in dimension one. As we work coordinate by coordinate, the following proposition
follows in the same way and its proof is therefore omitted.
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Proposition 4.1. Assume P1. Then u(t,z) € (D*®)¢ for any t € [0,T] and = € [0,1].
Moreover, its iterated derivative satisfies

D) . DER) (4t 7))

71,01 Tn,Un

k k
=ZGt_n<x,vz>( ) - pl) ple) D) (g (u m,w))))

r1V--Vry

+ / / Gio(an H DD (by(u(8, 7)) dbdy
r1V--Vry =1

/ Gro(w,n) [] D), (045 (u(8, 7)) W (46, dy)
=1

ift<riV---Vr, and Dyf}gl .- Dﬁi’fgn (ui(t,z)) = 0 otherwise. Finally, for any p > 1,

SUP(¢ z)efo,7]x[0,1] E [HD”(W(@ )| pen | < 0. (4.1)

Note that, in particular, the first-order Malliavin derivative satisfies, for r < ¢,

D,Ek) (ui(t,x)) = Gi—p(z,v) o (u(r,v)) + a;(k,r,v, t, x), (4.2)

,U

where

ai (k0. 7) = Z/ / G, m) DY) (035 (u(8, 1)) W (dB, diy) .

4 / /0 Gy, 1) D) (s (0, 7)) dbd.

and Dﬁﬁ?(ul(tw)) =0 when r > ¢.

The next result proves property (a) in Proposition 3.4 when F is replaced by u(t, x).

Proposition 4.2. Assume P1 and P2. Let I and J be two compact intervals as in Theorem
1.1. Then, for any p > 1,

E [(det Yu(t,x) ) —p]

is uniformly bounded over (t,xz) € I x J.

Proof. This proof follows NUALART [N98, Proof of (3.22)], where it is shown that for fixed
(t,x), E[(detyy,q)?] < +oo. Our emphasis here is on the uniform bound over (t,z) €
I x J. Assume that I = [t1,to] and J = [z1, 23], where 0 < t1 <t2a <T,0 < 21 < x9 < 1.
Let (t,x) € I x J be fixed. We write

d
det Yy (t,0) > (infgeRd:g||:1€T’Vu(t,x)§> :
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Let & = (&1, ...,&4) € RY with ||€]| = 1 and fix € € (0,1). Note the inequality

(a+b)?> ia — 2b%, (4.4)

valid for all a,b € R. Using (4.2) and the fact that v, ) is a matrix whose entries are
inner-products, this implies that

T o = /dr/ o
/1edr/dv

2

r'u U'L(t x))f

2
> II _127

Dy (ui(t, ))&

where

t 1 d d 2
h :g/t o dr/o dv ) (; Gr(z, v)oir(u(r, v))&:) ,

1

k=1
¢ 1 d /d 2
I, :2/ dr [ dv Z (Z ai(k,r,v,t,x)§i> ,
t=e)  J0 oy \i=1

and a;(k,r,v,t,z) is defined in (4.3). In accord with hypothesis P2 and thanks to Lemma
7.2,
I > c(te)'/?, (4.5)

where ¢ is uniform over (¢,x) € I x J.
Next we apply the Cauchy-Schwarz inequality to find that, for any ¢ > 1,

E{supgem.g“lw] < o(E[JAL|7] + E[| 4]7),

where

S [ [ ([ [ ostemnsue )

i,5,k=1

Z/“dr/ o (// Gy o2, ) DB (b <<e,n>>>dedn)2.

i,k=1

We bound the g-th moment of A; and As separately. As regards A;, we use Burkholder’s
inequality for martingales with values in a Hilbert space (Lemma 7.6) to obtain

d
E[A]] <e E{
k=1

1 1
do [ dn dr | dv@?

} , (4.6)

t(l—e) t(l—e)
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where

0 = (g2 Groslo ) D w,nm\

d

Z r ) (w(0,m))

< 01{6>T}Gt o(z,m)

thanks to hypothesis P1. Hence,

d t tAO 1 q
E[|A1|7] Z H/ d9/ dnG?_p(x,n / dr/ dv U2 ],
k=1 t(1—e) t(1—e) 0

where U := Zl 1 M)(ul(ﬂ,n)). We now apply Holder’s inequality with respect to the
measure G2 ,(x,n)dfdn to find that

q—1

/ dr/ dv U?
1— e

df
t(l—e)

d
x/ dﬁ/dnGtganE[
t(l—e)

=1

1
EllA ] <C d77 Gi_g(z,1m)

1

B t 1
Bl il < Cr(t)'% (1) [ [ 62 g(an) dbin < Culeey,
1—e€) JO

Lemmas 7.3 and 7.5 assure that

where Cr is uniform over (t,z) € I x J.
We next derive a similar bound for Ay. By the Cauchy—Schwarz inequality,

t 1 q
d9/ dn®?| |,
r 0

where ¢ := G;_g(x, n)]Dfnkv) (bi(u(#,m))) |. From here on, the g-th moment of A, is estimated
as that of Ay was; cf. (4.6), and this yields E[|A42]9] < Cp(te)?.
Thus, we have proved that

d

E[|A2]7] < c(te)? Z

i,k=

1
dr dv

t(l—e)

E |:Sup§eRd:”§|1]2|q:| < CT(tE)q, (47)
where the constant C7r is clearly uniform over (¢,x) € I x J.
Finally, we apply Proposition 3.5 with Z := inf||§H:1(fT’Yu(t,x)f)7 Yie=Yo, =supje =112,
e0=1, a1 =as=1/2and f; = B2 =1, to get
E[(detVu(t,x))p:| <Cr,

where all the constants are clearly uniform over (¢,x) € I x J. This is the desired result. [J
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The two previous propositions have the following corollary.

Corollary 4.3. Assume P1 and P2. Fiz T > 0 and let I and J be a compact intervals
as in Theorem 1.1. Then, for any (t,z) € (0,T] x (0,1), u(t,x) is a nondegenerate random

vector and its density function is infinitely differentiable and uniformly bounded over z € R?
and (t,x) € I x J.

Proof. The conclusions are a consequence of Propositions 4.1 and 4.2 together with Theo-
rem 3.1 and Proposition 3.4.

Proof of Theorem 1.1(a). This is an immediate consequence of Corollary 4.3.

5 The Gaussian-type lower bound on the one-point density

The aim of this section is to prove the lower bound of Gaussian-type for the density of
u stated in Theorem 1.1(b). The proof of this result was given in KoHATSU-HI1GA [KO03,
Theorem 10] for dimension 1, therefore we will only sketch the main steps.

Proof of Theorem 1.1(b). We follow [K03] and we show that for each (¢,z), F = u(t,x) is a
d-dimensional uniformly elliptic random vector and then we apply [KO03, Theorem 5]. Let

. P d ' tn 1
R- /0Gtr<z,v>jzlaijw(r,v))vw(dndv)+ | [ Grta ot aran

1 <i<d, where 0 =ty < t; < --- < ty =t is a sufficiently fine partition of [0,¢]. Note
that F,, € .%,. Set g(s,y) = Gi—s(z,y). We shall need the following two lemmas.

Lemma 5.1. [K03, Lemma 7] Assume P1 and P2. Then:
@) 1Eallkp < ekpy 1 <0 < d

(i) 110m (nm1))ig) ity < e Bam1(0) ™ = enlllglZqen ooy

where vr, (tn—1) denotes the conditional Malliavin matriz of Fy, given %y, , and || - ||pt,_,
denotes the conditional LP-norm.

We define

th—1 1 d )
ul M (s1,91) :/ / Gyi—ss(y1,y2) ) 0ij(ulsz, y2)) W (dsu, dys)
0 0

j=1
th—1 1

+ / / sy (1, 42) bi(u(s2, o)) dsadyn, 1< i < d.
0 0

Note that u"~! € %, _ . Asin [K03], the following holds.
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Lemma 5.2. [K03, Lemma 8] Under hypothesis P1, for s € [tn—1,1t,],
Hui(&y) - u?_1<3? y)””,l’ytn—l < (8 - tn—l)l/gv 1<i<d,

where || - ||npt._. denotes the conditional Malliavin norm given F, |

The rest of the proof of Theorem 1.1(b) follows along the same lines as in [K03] for
d = 1. We only sketch the remaining main points where the fact that d > 1 is important.
In order to obtain the expansion of F! — F! ;| as in [K03, Lemma 9], we proceed as follows.
By the mean value theorem,

Fy - Tz;,—lz/t / Gi—r(7,v) ZUZJ L 0) )W (dr, dv)
n—1 ] 1

/ / Gi—r(z,v) bj(u(r,v)) drdv
tn—1

tn d 1
(u(r, v w(r,v) —u Y r v (dr, dv
AVACECS ZZ</ By (ur, v, \))AN) aa(r, 0) — =, 0)) W (dr, do),

tn—1

NES

where u(r,v,\) = (1—Nu(r,v) + Au""1(r,v). Using the terminology of [K03], the first term
is a process of order 1 and the next two terms are residues of order 1 (as in [K03]). In the
next step, we write the residues of order 1 as the sum of processes of order 2 and residues
of order 2 and 3 as follows:

/ / Gi—p(x,v) bi(u(r,v)) drdv

tn—1
/ / Gir(x,v) bi(u" L (r,v)) drdv
tn—1

/ / Gi—r(z,v) zd: / A (u(r, v, A)dN) (uy(r,v) — u)~(r,v)) drdv
tn—1 =1

and

ta ol d . . j
/tnl/o Gi—p(z,v) Z(/o Ao (u(r, v, X)) dX) (w(r, v) —w)'™ " (r,v)) W (dr, dv)

]7l:1

/ / Gi_p(z,v) Z@law ", 0)) (wy (1, v) — w T (r,0) )W (dr, dv)

tn—1 jll

X (w(r,v) —uf 1(7", v))(ul/ (r,v) —uy~ Yo 0) YW (dr, dv).

It is then clear that the remainder of the proof of [K03, Lemma 9] follows for d > 1 along
the same lines as in [K03], working coordinate by coordinate.
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Finally, in order to complete the proof of the proposition, it suffices to verify the hy-
potheses of [K03, Theorem 5]. Again the proof follows as in the proof of [K03, Theorem
10], working coordinate by coordinate. We will only sketch the proof of his (H2c), where
hypothesis P2 is used:

Buato) ™ [

tn—1

in

[ Gesta ) Plota = ) drd

tn 1
> A Bala) [ [ (Gerta o drdo = 2 >0
tn—1

by the definition of g. This concludes the proof of Theorem 1.1 (b). O]

6 The Gaussian-type upper bound on the two-point density
Let ps y:¢,2(21, 22) denote the joint density of the 2d-dimensional random vector

(u1(8,Y), ooy ug(s,y), ui(t, x), ..., uq(t, x)),

for s,t € (0,T], z,y € (0,1), (s,y) # (t,z) and 21,20 € R? (the existence of this joint
density will be a consequence of Theorem 3.1, Proposition 4.1 and Theorem 6.3).

The next subsections lead to the proofs of Theorem 1.1(c) and (d).

6.1 Bounds on the increments of the Malliavin derivatives

In this subsection, we prove an upper bound for the Sobolev norm of the derivative of the
increments of our process u. For this, we will need the following preliminary estimate.

Lemma 6.1. For any s,t € [0,T], s <t, and z,y € [0, 1],

T 1
/ / (9(r0))2 drdv < Cr(lt — s|'/2 + |z — ),
0 0

where
g(T‘, U) = gt,x,s,y('r» U) = 1{r§t}Gt—r(l‘a 2)) - 1{r§s}Gs—r(ya U)'

Proof. Using BALLY, MILLET, AND SANZ-SOLE [BMS95, Lemma B.1] with @ = 2, we see

that
ATAanmfde

< /St /Ol(Gt_T(xjv))zdrdv + 2/08 /Ol(Gt_T(xjv) — Go_p(z,v))* drdv
s ol
+ 2/0 /0 (Gs_r(z,0) — Gs_p(y,v))? drdv

< Or(lt — 5|2 + o = y).
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Proposition 6.2. Assuming P1, for any s,t € [0,T], s <t, z,y € [0,1],p>1, m>1,
[HD (ui(t,x) — ui(s,y) H%ﬂ@m] < Cp(lt - s|Y? 4 |z — y\)p/Q, i=1,..,d.

Proof. Let m = 1. Consider the function g(r,v) defined in Lemma 6.1. Using the integral
equation (4.2) satisfied by the first-order Malliavin derivative, we find that

E{\\D(Ui(t,rc) —uz-(s,y))H’;f] < C(E[IL[P/?) + E[|IP/?) + B[ I5]P/?]),
where

T 1
dr/o dv (g(r, v)ou(u(r,v)))?,

OTdr/ dv (/ / (6, m) D) (i (w6, m))) W (o, dn)>2,

2

0

M- T

I
I, =
1

/ dr / d </ / (0,9) D) (b <<e,n>>>dedn)

We bound the p/2-moments of 1, Is and I3 separately.
By hypothesis P1 and Lemma 6.1, E[|[,|P/?] < Cr(|t — s|'/? + |z — y|)?/?. Using
Burkholder’s inequality for Hilbert-space-valued martingales (Lemma 7.6) and hypothesis

P1, we obtain
T 1 T 1 p/2
d@/ dn (9(9,77))2/ dr/ dv ©? ],
0 0 0

d
EllRP? <C)Y B [
k=1
where © := Zl 1 Tkv) (u;(6,7m)). From Holder’s inequality with respect to the measure
(g(0, n))dedn, we see that this is bounded above by

o(/ ' / 1(9(9,n))2d9dn>

d
X SUD(g,n)e[0,T)x[0,1] Z E [

< Op(|t = s'/? + o — Dp/z

-
o
Il

Mg

i

1

do

1 T 1 p/2
dn(g(e,n))z/ dT/ dv ©7 }
0 0 0

thanks to (4.1) and Lemma 6.1.
We next derive a similar bound for I3. By the Cauchy—Schwarz inequality,

1 T 1 p/2
dn (9(9,77))2/ d?“/ dv ©? ]
0 0 0

21

de

d
Bl Iaf??] < CTZE[
k=1




From here on, the p/2-moment of I3 is estimated as was that of I», and this yields E[|I3]?/?] <
Cr(t — s|*? + |& — y|)P/2. This proves the desired result for m = 1. The case m > 1
follows using the stochastic differential equation satisfied by the iterated Malliavin deriva-
tives (Proposition 4.1), Holder’s and Burkholder’s inequalities, hypothesis P1, (4.1) and
Lemma 6.1 in the same way as we did for m = 1, to obtain the desired bound. ]

6.2 Study of the Malliavin matrix
For s,t € [0,T], s <t, and z,y € [0,1] consider the 2d-dimensional random vector
Z = (ul(sv y)7 ey Ud(S, y)v ul(tv SU) - ’LLl(S, y)v ey Ud(t, LE) - Ud(S, y)) (61)

Let vz the Malliavin matrix of Z. Note that vz = ((vz)m,1)m,i=1,...24 is a symmetric 2d x 2d
random matrix with four d x d blocs of the form

IR
Yz = = )
g Ay
where
,Y(Zl) = ((D(ui(s,v)), D(uj(5,9))) )i j=1.....d>
7(22) = ((D(ui(s,v)), D(uj(t,z) — u;j(s,9))) )i j=1,..d>
V3 = ((D(us(t, ) — ui(s,9)), D(wi(5,9))) 0 )isjmr.....ds
7;1) = ((D(us(t, ) — wi(s,y)), D(u;(t,x) —ui(s,)))n)ij=1...d-

We let (1) denote the set of indices {1, ..., d} x {1, ..., d}, (2) the set {1,...,d} x{d+1, ..., 2d},
(3) the set {d+1,...,2d} x {1,...,d} and (4) the set {d+1,...,2d} x {d+1,...,2d}.

The following theorem gives an estimate on the Sobolev norm of the entries of the inverse
of the matrix =z, which depends on the position of the entry in the matrix.

Theorem 6.3. Fix n,T > 0. Assume P1 and P2. Let I and J be two compact intervals
as in Theorem 1.1.

(a) Forany (s,y) €I xJ, (t,z)elxJ, s<t, (s,y)# (t,z), k>0,p>1,
ckvPﬂ?,T(’t - 8‘1/2 + ’x - y| _dn Zf (m7 l) E (1)7

)
vz Dmillip < 4 erpmr(t = s[V2 + |z —y) 72D if (m,1) € (2) or (3),
Ck,p,n,T(’t - 3‘1/2 + | — 3/|)717d77 if (m,l) € (4).

(b) For anys=te€ (0,T], (t,y) eI xJ, (t,x)eIxJ ,z#y, k>0,p>1,

Ch,p,T if (m,l)e (1),
1V Dmillep < S enprlz —y[7Y2 if (m,1) € (2) or (3),
z—y|™t if (m,l) € (4).

Ck,p, T
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(Note the slight improvements in the exponents in case (b) where s =t.)

The proof of this theorem is deferred to Section 6.4. We assume it for the moment and
complete the proof of Theorem 1.1(c) and (d).

6.3 Proof of Theorem 1.1(c) and (d)

Fix two compact intervals I and J as in Theorem 1.1. Let (s,y), (t,x) € I x J, s < t,
(s,y) # (t,2), and 21,22 € R%. Let Z be as in (6.1) and let pz be the density of Z. Then

Dsy:t.x(21,22) = pz(21, 21 — 22).

Apply Corollary 3.3 with 0 = {i € {1,...,d} : 24 — 24 > 0} and Hélder’s inequality to see
that

pa(an, 71— =) <H( flutt.o) = wsts.l > 14 = 1) W2 Do

Therefore, in order to prove the desired results (c¢) and (d) of Theorem 1.1, it suffices to
prove that:

1
ﬁ(P{w@-(t,x)—ui(s,yn>|zi—z3|})2dScexp<— 21 = 2 ) (6.2)
or(t— s + [z — y)

=1

IH,..20)(Z, Dllog < er(Jt — s|Y2 + |z — y[)~@/2, (6.3)

and if s = ¢, then

IH. 2a)(Z, Doz < erlz —y| =2 (6.4)

geeey

Proof of (6.2). Let 4 denote the solution of (2.2) for b = 0. Consider the continuous one-
parameter martingale (M, = (M}, ..., M%), 0 < u < t) defined by

fou fol (Gt—r(‘r? U) - Gs—r(y7 U)) Z;'lzl Uij(ﬁ(T', ’U)) Wj(dT, dv) if 0 <u<s,
MZL = s rl d ~ j
Jo Jo (Gier(z,v) = Gsr(y,v)) 20524 0ij(a(r,v)) W (dr, dv)
+ [ f) Giep(2,v) Y0 o3 (a(r,0)) W (dr,dv)  if s <u <t
for all i = 1, ..., d, with respect to the filtration (%#,, 0 < u < t). Notice that

MO = 07 My = ﬂ(t,$) - ’LNL(S,y).
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Moreover, by hypothesis P1 and Lemma 6.1,

s 1 d
= [ [ Grorte) = Gosly ) S (ot 0)? drde
0o Jo =
d
//GterQZam 2 drdv
7j=1

< C/OT /Ol(g(v",v))2 drdv

< Or(Jt = 5| + |z — y)).

By the exponential martingale inequality NUALART [N95, A.5],

. . L S 02

We will now treat the case b # 0 using Girsanov’s theorem. Consider the random

variable
L = exp(— /0 t /O o () blu(r,v)) - W(dr do)

_ ;/Ot/ol Ha_l(u(r,v))b(u(r,v))Herdv).

The following Girsanov’s theorem holds.

Theorem 6.4. [NP94, Prop.1.6] E[L;] = 1, and if P denotes the probability measure on
(Q,.7) defined by )

dP

@) = Luw),

then W (t,z) = W(t,z) + fg Jo o (u(r,v)) b(u(r,v)) drdv is a standard Brownian sheet
under P.

Consequently, the law of w under P coincides with the law of @ under P. Consider now
the random variable

Jt:exp(— /Ot/olal(a(r,v))b(a(r, v)) - W(dr,dv)
+;/Ot/01 ||0l(ﬂ(r,v))b(ﬂ(r,v))||2drdv>.
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Then, by Theorem 6.4, the Cauchy-Schwarz inequality and (6.5),
P{\uz‘(t,m) —ui(s,y)| > |21 — Zé} =Ep [1{|ui(t,x)—ui(s,y)|>z;'—z;|}Lt_1]

_ . -1
= Ep [1{ﬂ"(t,x)—ﬁ"(svy)blzi—Z§|}Jt ]

] ) ) ) 1/2 1/2
< (P{mt,x) (s, y)] > |4 - zaw}) (Epm)

2 — o)’
<2 — EplJ,~ .
< eXp( cT<|t—s|1/2+|x—y|>>< ol ])

Now, hypothesis P1 and P2 give

Ep[J; % < Ep [exp </Ot /01 201 (a(r,v)) b(a(r, v)) - W (dr, dv)
- % /Ot /014!!01(ﬁ<nv>)b(a(r,v))umrdv)

x exp(/ot /01 o= (@(r, v) b(aa(r, v))]|? drdv)}

since the second exponential is bounded and the first is an exponential martingale.
Therefore, we have proved that

<C,

i i Si 2
P{’ui(ta r) —ui(s,y)| > |2} — 22’} < Cexp<—CT(‘t _‘ 31‘1/2 42_| |z — y!))’

from which we conclude that

d

H(P{wz-(t,m)—ui(s,yﬂ>\zi—z§\})§dgcexp(— o=l ).

paley Cr([t — s|*/? + |z — yl)

This proves (6.2). O

Proof of (6.3). As in (3.1), using the continuity of the Skorohod integral ¢ and Hoélder’s
inequality for Malliavin norms, we obtain

d

1Hor.50(Z Dlloz < ClHe..o0-1)(Z 1)l (Z 117124,

lLs 1D(Z7)]|1,8

Jj=1
2d

+ > vz eallis 1D(2Z7)

)
j=d+1

1,8
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Notice that the entries of 7, that appear in this expression belong to sets (3) and (4) of
indices, as defined before Theorem 6.3. From Theorem 6.3(a) and Propositions 4.1 and 6.2,
we find that this is bounded above by

d 2d
1 C1—dpt !
CTHH(l,...gd_l)(Z,l)\1,4<Z(lt—8|1/2+!w—y!) I Y (s ey d’”?),
j=1 j=d+1

that is, by o o
OrllHq,..2a1)(Z, Dllallt = s/ + |z — y) 71270,

Iterating this procedure d times (during which we only encounter coefficients (’ygl)mvl for
(m,1) in blocs (3) and (4), cf. Theorem 6.3(a)), we get, for some integers mq, ko > 0,

_ _J2
1H,...20)(Z: Dllo2 < CrllH,....a)(Z: 1) llmo ko ([t = 51" + & — y[) =424,
Again, using the continuity of 6 and Hoélder’s inequality for the Malliavin norms, we obtain

d
IH,..a)(Z, Dllmp < ClHq,....a-1)(Z Dllmy k <Z 1Yz dgllma s 1D(Z7) [l ks
=1

2d
3 1607 sk ||D<Zf>rm5,k5),
Jj=d+1

for some integers m;, k; > 0, ¢ = 1,...,5. This time, the entries of 721 that appear in this
expression come from the sets (1) and (2) of indices. We appeal again to Theorem 6.3(a)
and Propositions 4.1 and 6.2 to get

1H,.a)(Z. Dllmge < CrllHa, a1y (Z, Dl g (1t = 5112 + [ = )=,

Finally, iterating this procedure d times (during which we encounter coefficients (vgl)ml for
(m,1) in blocs (1) and (2) only, cf. Theorem 6.3(a)), and choosing 1’ = 4d*n, we conclude
that

1H,...20)(Z, Dllo2 < Cr(lt = s/ + |z — y|) "1/,

which proves (6.3) and concludes the proof of Theorem 1.1(c). O

Proof of (6.4). In order to prove (6.4), we proceed exactly along the same lines as in the
proof of (6.3) but we appeal to Theorem 6.3(b). This concludes the proof of Theorem
1.1(d). O
6.4 Proof of Theorem 6.3

Let Z as in (6.1). Since the inverse of the matrix vz is the inverse of its determinant
multiplied by its cofactor matrix, we examine these two factors separately.
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Proposition 6.5. Fix T > 0 and let I and J be compact intervals as in Theorem 1.1.
Assuming P1, for any (s,y), (t,xz) € I x J, (s,y) # (t,z), p> 1,

cpr(lt —s|"? +la—yD? if (m,1) € (1),
E(A2)maP1'? < S epr(ft = s + e =y 2 if (m,1) € (2) or (3),
cpr([t = s+ Jz =yt if (m,l) € (4),

= N
~—
m

where Ay denotes the cofactor matriz of ~vz.

Proof. We consider the four different cases.

o If (m,l) € (1), we claim that

d-1
[(Az)mal < C’Z{HD(u(s,y))”i’; x || D(u(t,z) — u(sjy»‘@gpd—l—k)
. (6.6)

< [ D(uls, )15 x [ D(ut, ) _u@,y)”@gm}

Indeed, let A?’l = (ag’é)m,zﬂ,...,qu be the (2d — 1) x (2d — 1)-matrix obtained by removing

from vz its row m and column /. Then

— m’l i : m,l . m,l
(Az)my = det (A7) = Z sign () @ w1) " Y2d—1,7(2d—1)°
7 permutation of (1,...,2d—1)

where sign(m) € {—1,1} denotes the signature of the permutation 7. Each term of this sum
contains one entry from each row and column of A?’l. If there are k entries taken from bloc

(1) of vz, these occupy k rows and columns of A?’l. Therefore, d — 1 — k entries must come
from the d — 1 remaining rows of bloc (2), and the same number from the columns of bloc
(3). Finally, there remain k + 1 entries to be taken from bloc (4). Therefore,

d—1

|(AZ)m,i| < CZ Z{(product of k entries from (1))
k=0

x (product of d — 1 — k entries from (2))

x (product of d — 1 — k entries from (3)) x (product of k + 1 entries from (4))}

Adding all the terms and using the particular form of these terms establishes (6.6).
Regrouping the various factors in (6.6), applying the Cauchy-Schwarz inequality and
using (4.1) and Proposition 6.2, we obtain

d
E[KAZ)m,np] < OZE[|1D<u<s,y>>Hi;f"”p x [ D(u(t, ) - u(s,ym@?]
k=0

< Or(Jt = 52 + [ — y|)®.
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o If (m,l) € (2) or (m,l) € (3), then using the same arguments as above, we obtain

[(AZ)m,]

<CZZ{HD u(s, y) |5 < D (s, )5 % [D(u(t,z) = uls, )5
% | D(uls, )51 % [ D(ult, 2) — uls, y)|I5" < | D(ult,z) — uls,y)) % " k)}

d—1
< O IDtule ) < DGult2) ~ ulss ) .
k=0
from which we conclude, using (4.1) and Proposition 6.2, that

E|:|(AZ)m,l’p:| < CT(‘t — 8|1/2 + ‘ZL’ . y‘)(d_i)p

o If (i,7) € (4), we obtain
(AZ)mal < czz{ 1D(u(s, g)IPE x [ D(u(s, )2
x |D(u(t,z) — D(u(s,y))II %~ x | D(u(t, ) - D(u(&y)))\@’%}

SCZ{IID s )2 x || D(ult, 2) — u(s, ) |24 }
from which we conclude that
5 [|<Az>m,z|p] < Op(Jt = 5|/ + |2 — y]) 1

This concludes the proof of the proposition. O

Proposition 6.6. Fizn,T > 0. Assume P1 and P2. Let I and J be compact intervals as
in Theorem 1.1.

(a) There exists C' depending on T and n such that for any (s,y), (t,x) € I x J, (s,y) #
(t,z), p>1,
E[(detyz) PP < (|t — sV + |a — y[) =40+, (6.7)
(b) There exists C only depending on T such that for any s =t € I, x,y € J, © # y,
p>1
E[(detvz) *]"" < C(lx — y)) ¢

Assuming this proposition, we will be able to conclude the proof of Theorem 6.3, after
establishing the following estimate on the derivative of the Malliavin matrix.
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Proposition 6.7. Fiz T > 0. Let I and J be compact intervals as in Theorem 1.1. As-
suming P1, for any (s,y), (t,x) € I x J, (s,y) # (t,z),p>1 and k > 1,

Ckvva Zf (m’l) € (1)a
17 < et —s|V2 4 |z —y)V2 if (mil) € (2) or (3),
ckpr(|t —s/Y2 + |z —y|) if (m,l) € (4).

Proof. We consider the four different blocs.

E[|1D*(vz)mall”

e If (m,l) € (4), proceeding as in DALANG AND NUALART [DN04, p.2131] and appealing
to Proposition 6.2 twice, we obtain

B[ D (v2)m.pen]

=E HDk / dr/ dv Dy (um (t, ) — um(s,y)) - Dyoy(w(t, z) — Ul(&?/)))Hgf@k]

g(k:+1)p‘1i(];> E[H/O dr/o dv DI Dy (i (£, ) — (s, 7))

=0
) Dk_jDr,v(Ul(t’ z) —w(s, y))‘ I;f@k]
- . M kNP , % 1/2
< Cr(h + 1) Z(j) {(E[| D9 Dt (t,2) — (5, [Zooi])
=0

x (B[| D D(ui(t,x) — wi(s, )| o sin]) 7}

o If (m,l) € (2) or (m,l) € (3), proceeding as above and appealing to (4.1) and Propo-
sition 6.2, we get

E{||D*(v2)m|["per]
r(k+1)P~ 12( > ‘DJD (U (t, ) — um(s,y)) Hf@(ﬁl)])lﬂ

x (B[|| D" D(w(s, p)||Deesin])*}
< Cr(jt — sV + |z — y|)P2

e If (m,l) € (1), using (4.1), we obtain

B[ D*(v2)m.5pn]

(k+1)P~ 12( > E[||D? D(um(s,y)) H%@(J“)])W

% (B[] D" D(wr(s, )| o sin])
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Proof of Theorem 6.3. When k = 0, the result follows directly using the fact that the
inverse of a matrix is the inverse of its determinant multiplied by its cofactor matrix and
the estimates of Propositions 6.5 and 6.6.

For k > 1, we shall establish the following two properties.

(a) For any (s,y), (t,x) € I x J, (s,y) # (t,z), s <t,k>1and p> 1,

Chpmr ([t — sV + |z — y[)~" if (m,1) € (1),
B[ D" (77 ) mallP o] P < 3 crpmr(t — s[Y2 4+ |z —y|) Y28 if (m,1) € (2), (3),
chpnr([t = sV + [z —y))717M if (m,]) € (4).

(b) Forany s=tel,z,ye J,x#y, k>1and p>1,

Ckava lf (m7l) E (1) b
B[ D* (v P o] P < R crprlz —y|7V2 if (m,1) € (2) or (3),
ClpT|T — y| =1 if (m,l) € (4).

Since

—1 — -1 D i J(~—1 p ) 1/17
1z malley =  BIOZ DmalP) + D END (v Dmallypesl p

j=1
(a) and (b) prove the theorem.
We now prove (a) and (b). When k =1, we will use (3.3) written as a matrix product:

D(v;") =7;'Dlvz)vz" (6.8)

Writing (6.8) in bloc product matrix notation with blocs (1), (2), (3) and (4), we get that

_|_
(7)) = ()WDY + () DG g
( (YD),

It now suffices to apply Holder’s inequality to each block and use the estimates of the
case k = 0 and Proposition 6.7 to obtain the desired result for ¥ = 1. For instance, for
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(m, 1) € (1),

1/p
E[H(<vgl><2>D<w§”>(v;)“))m,lH’;f]

} 1/(2p) 1/(4p)

< sup E[‘ ((751)(2))m1,11 |2p

my,ly

sup E[|(DO5),.,1,1 %

ma,l2
PR
X sup E[‘((’Yz ) )m3,l3‘ ]

ms,l3

_1_ _1_ —
<t = s[4 lw—y)) T2 = e (jt = s 4 |2 -y )R,

For k > 1, in order to calculate DkH(’yg)), we will need to compute D¥ (v, D(vz)v,").
For bloc numbers i1, 142,13 € {1,2,3,4} and k > 1, we have

Dk(('721)(“)D('yg2))(721)(1'3))
= E B ) pa (2@ piz (D (~2)Y) pis (421 ()
<.71.72.73> (7)) D= (D) D% ((v7)™)
Jtie+is=k
Ji€{0,....k}

Note that by Proposition 6.7, the norms of the derivatives D72 (D(fygz)) of W(Zh) are of the
same order for all jo. Hence, we appeal again to Holder’s inequality and Proposition 6.7,
and use a recursive argument in order to obtain the desired bounds. O

Proof of Proposition 6.6. The main idea for the proof of Proposition 6.6 is to use a pertur-
bation argument. Indeed, for (¢, z) close to (s,y), the matrix 7 is close to

v b0
v =
0 0

The matrix 4 has d eigenvectors of the form (5\1,0), ey (S\d,O), where \',...,\% € R are

eigenvectors of ,)/(Zl) = Yu(sy), and 0 = (0, ..., 0) € RY, and d other eigenvectors of the form

(0, ) where e, ..., e is a basis of R?. These last eigenvectors of 4 are associated with the
eigenvalue 0, while the former are associated with eigenvalues of order 1, as can be seen in
the proof of Proposition 4.2.

We now write
2d

detyz = [J(€)"v2¢", (6.9)

=1

where £ = {¢!,...,£2?} is an orthonormal basis of R?? consisting of eigenvectors of v7. We
then expect that for (¢,z) close to (s,y), there will be d eigenvectors close to the subspace
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generated by the (A, 0), which will contribute a factor of order 1 to the product in (6.9),
and d other eigenvectors, close to the subspace generated by the (0,e?), that will each
contribute a factor of order (|t — s|*/2 4|2 —y|) =177 to the product. Note that if we do not
distinguish between these two types of eigenvectors, but simply bound below the product
by the smallest eigenvalue to the power 2d, following the approach used in the proof of
Proposition 4.2, then we would obtain C(|t — s|'/2 4 |z — y|)~2% in the right-hand side of
(6.7), which would not be the correct order.

We now carry out this somewhat involved perturbation argument. Consider the spaces
By ={(\0): A€ R0 € R} and Ey = {(0,u) : u € R4 0 € R?}. Note that every &' can

be written as
€=\ ph) = ai(N,0) +4/1— a2 (0, i), (6.10)

where X', i € R%, (\,0) € Ey, (0,/i") € By, with ||| = ||Z']| =1 and 0 < a; < 1. Note
in particular that ||€%]|? = [|A\¥]|% + ||#?||?> = 1 (norms of elements of RY or R?¢ are Euclidean

norms).

Lemma 6.8. Given a sufficiently small ag > 0, with probability one, there exist at least d
of these vectors, say €1, ..., &%, such that o, > ag, ..., @, > Q.

Proof. Observe that as £ is an orthogonal family and for i # j, the Euclidean inner product
of € and & is

I3 {J—ala] \/l—a \/1—a (@' - i’y = 0.

For ag > 0,1et D ={i € {1,...,2d} : a; < awp}. Then, for i,j € D, i # j, if ap < %, then

2
OZZOZJ ] 5\]‘ <

)
M|_ =712
\/1—a\/1—a o

Since the diagonal terms of the matrix (i’ - i’ )ijep are all equal to 1, for ag sufficiently
small, it follows that det((fi’- @/); jep) # 0. Therefore, {fi%, i € D} is a linearly independent
family, and, as (0, i) € E», for i = 1,...,2d, we conclude that a.s., card(D) < dim(Fs) = d.
Therefore, there exists a set of indexes {i1, ...,iq} C D¢ and so o, > «ao,...,q4, > Q. d

[ 1
[A[A]] < ga?)-

By Lemma 6.8 and Cauchy-Schwarz inequality, one can write

s 2 (oo () )"

Kc{1,...,2d}, |K|=d icK
—2dp 6.11
1/(2p) ( )
X (E inf  &Tyz¢ ) :
£=(

=(\,p)ER??:
[P+l =1
where A = ﬁieK{ai > Oé()}.
With this, Propositions 6.9 and 6.13 below conclude the proof of Proposition 6.6. [
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6.4.1 Small Eigenvalues
Let I and J two compact intervals as in Theorem 1.1.
Proposition 6.9. Fixn,T > 0. Assume P1 and P2.

(a) There exists C depending onn and T such that for all s,t € I, 0 <t—s <1, z,y € J,
(s,y) # (t,x), and p > 1,
—2dp

E inf  Tue < O(|t — s|V? 4 |z — y|) 2P0+,
E=(\p)ER?:
A2+l 1 2=1

(b) There exists C depending only on T such that for alls=t € I, z,y € J, x # y, and

p>1,
—2dp

E inf  €Tyze < C(|z —y|) 2.
£=(A,u)€R2%:
A2+l 2=1

Proof. We begin by proving (a). Since 7z is a matrix of inner products, we can write

§Ts = k}ij [ [ (i (NDE w5, 9) + (DB st ) — D) s, y)))))z-

From here on, the proof is divided into two cases.

Case 1. In the first case, we assume that t —s > 0 and |z — y|? <t — 5. Choose and fix an
e€ (0,(t—s)A (%)2/77). Then we may write

ETyzE > 1 + Jo,

where

d . 1 d 2
Jl = Z/Se dT/O dv <Z()\z - Nz) [Gs—r(:%v)o'ik(u(rvv)) + ai(k:,r,v,s,y)] + W> ;

Jo _Z/ dr/ dv W2,

ai(k,r,v,s,y) is defined in (4.3) and

d
W = Z HzGt r :L' % Uzk( ( )) +Miai(karvv’tax)] .
i=1

Therefore,

inf ¢T~z¢ > min < inf Ja, inf Jl) .
l€l=1 ll€ll=1,[lpll>en/2 I€11=1,l|ul|<en/?

33



We are going to prove that

inf , Jo > ezt Yie,
= en/2
€=l =em o
inf Ji 2 61/2 - }/2767
l€ll=1,l|ull<en/2
where, for all ¢ > 1,
E [|Y1,€|q] S Cl(q)ﬁq a,nd E HY2’6|(1:| S Cz(q)eq(%_i_n) (613)

We assume these, for the time being, and finish the proof of the proposition in Case 1. Then
we will return to proving (6.12) and (6.13).
We can combine (6.12) and (6.13) with Proposition 3.5 to find that

—2pd 1\ 2/ —2pd(3+n) )
E [<”§nf §T’YZ§) ] <c ((t —s)A (4> ) < C’(t — 3)—2pd(§+77)
=1

—2pd(1+2
<ef-92 ey

)

whence follows the proposition in the case that |z — y|?> <t — s < 1. Now we complete our
proof of Case 1 by deriving (6.12) and (6.13).
Let us begin with the term that involves Js. Inequality (4.4) implies that

inf Jo > ?176 - Y1,€7
ll€1=1 || >en/2

where

- 1 d 2
=g ot S ar [a (Zumw(m))) G2 (2,v),
k=17t—¢ 0 i=1

[|ul|>en/2
d . 1 d 2
Yie:=2 sup Z/ dr/ dv Zpiai(k,r,v,t,x) )
llul|=en/2 p—q Jt—e 0 i=1

In agreement with hypothesis P2, and thanks to Lemma 7.2,

Vie>c inf |p)?e/? > ce ™,
[l al| > en/2

Next we apply Lemma 6.11 below [with s := ¢] to find that E[|Y7 ¢|9] < ce?. This proves the
bounds in (6.12) and (6.13) that concern J; and Y .
In order to derive the second bound in (6.12), we appeal to (4.4) once more to find that

inf Ji > Yo — Yo,
lEl=1,||ul|<en/?

where

d

s 1 d 2
Yo = g inf Z/ dT/ dv (Z()\i — i) ok (u(r, U))) G2, (y,v),
s—e¢ 0 i=1

n/2
lull<enr2 =
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and
Y27€ =6 (Wl + Ws + Wg) ,

where

Wi:= sup /S Edr/ dv <ZﬂzGt r(x, )0 (u(r, v))>2,

llll<en/2 g —

2
9 = sup / dT/ dv ( ,uz-)ai(k:,r,v,s,y)> )
I€]=1 .= v/ s—e

Ws3:= sup / dr/ dv <Z,ulal (k,rv,t :E))
lll<en/2 o=y 7 s—e

Hypothesis P2 and Lemma 7.2 together imply that ?276 > ||\ — MH€1/2- Therefore, because
I+ 2 = 1 and Jlu] < €2 < 1,

Next, we apply the Cauchy—Schwarz inequality to find that
E[W1]7] < sup [ul*? xE

inf J1 > 561/2 —6(W1 +W2—|—W3). (6.14)
o Z/dddv S (on(ulr, )" G (0.0
pl||<en S—€

lel=L lull<en/
q]
Z/ dT'/ d’U Gt r Jf ’U

thanks to hypothesis P1. In light of thls and using the change of variables v’ = t — r,
Lemma 7.4 implies that E [|[W7]|7] < cel(z .
In order to bound the g-th moment of |Ws|, we use the Cauchy—Schwarz inequality
together with hypothesis P1, and write
7

< cel 7

dr

1 S—€

1 d
dea?(k,r,v,s,y)

d s 1 d q
Z/ dr/ dea?(k,r,v,s,y) ] .
k=1757¢ 70 =

We apply Lemma 6.11 below [with s := ¢] to find that E [|[W3|?] < ced.
Similarly, we find using Lemma 6.11 that

E[Ws|] < sup [A—pl?xE
R

<CE

dr

1 S—€

1 d a
E[|Ws|] < sup ||u|2qu[ dea?(k,r,v,t,w)]
lul|<en2 =

< cet (t — 5+ €)1/2€9/?

< CGQ( 1)
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The preceding bounds for Wi, Wy, and W3 prove, in conjunction, that E[|Y3¢|?] <

cz(q)eq(%+’7). This and (6.14) together prove the bounds in (6.12) and (6.13) that concern
J1 and Y ., whence follows the result in Case 1.

Case 2. Now we work on the second case where |z —y| > 0 and |z —y|?> >t —s > 0. Let
¢ > 0 be such that (1 + a)e'/2 < 1|z — y|, where a > 0 is large but fixed; its specific value
will be decided on later (just before (6.27)). Then

gT’YZé- > -[1 + -[27

where
d S 1
I ::Z/ dr/ dv (<71—i—5ﬂ2)27
k=17 s—¢€ 0
d t 1
I ::Z/ dr/ dv .72,
=1’ (t—€)Vs 0
and
d
= (i = ) [Gomr (Y, 0)0 1 (u(r, 0) + ai(k, 7,0, 5, 9)]
i=1

d
Sy = Z i [Ge—r (2, v)oi (u(r,v)) + a;(k,r,v,t, )] .
=1

From here on, Case 2 is divided into two further sub-cases.

Sub-Case A. Suppose, in addition, that € > ¢t — s. In this case, we are going to prove that

Hiﬁlf Tz e > ce'/? — e, (6.15)
¢|l=1

where for all ¢ > 1,
E[|Z1"] < c(q)e”. (6.16)

Indeed, we apply (4.4) to find that

where
) d . 1 d 2
A= Y[ [ (Z[w—wasr<y,v>+matAm)]oik(u(r,v))) ,
k=17s7¢ /0 i=1
d s 1 d
B = Y [ dr [Cav Y adhres), (617)
k=1757¢ 0 i=1

d P 1 d
B = 4‘”’\22/ dr/o do 3 a2(k, 0,1, 7). (6.18)
k=1v5"¢ i=1
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Using the inequality
(a+b)? > a® +b* — 2|abl,

we see that 3
Ay > A+ Ay — |B§3)’7

d s 1 d 2
A = dr | dv (N — 1) Gs—r(y,v)0; (Mﬁ”))) )
o2 Lo f oS-t
d S 1 d 2
Ay = dv iGir(z,v)0; (U(Tav))) )
=g L Gt

d s 1 d
Bg?’) = 22/ / dv <Z )\ _Mz s—r y7 )Uik(u(rav))>

=1

where

€

d
X ( wiGi—p(x,0)0(u (r,v))) i

i=1

We can combine terms to find that

(A1 + 4) — (BY + B 1+ |BI)).

OJ\[\D

Finally, we appeal to (4.4) to find that
2
>-A3 - B
=3 3 25

where

ZL$B/J%ZM%mw%u ﬁi

By = 22/ /dv(Z,u,alkrvt:c)>2.

=1

By hypothesis P2,

s 1
At Ayt oz g (Ia= P [ ar [ ave2 o)
s—e€ 0

s 1
WW/M/M%Mv
s—e 0
t 1
+MVW/M@MM)
s 0

37

(6.19)



Note that we have used the defining assumption of Sub-Case A, namely, that € > ¢ — s.
Next, we group the last two integrals and apply Lemma 7.2 to find that

t 1
Ar+ Ay + Ay 20<HA—MH261/2+ Il / dr / dmax,v))
t—e 0

> ¢ (||A = pl® + [|p?) €/

> 061/2.

(6.20)

We are aiming for (6.15), and propose to bound the absolute moments of BY), 1=1,2,3
and By, separately. According to Lemma 6.11 below with s = t,

E | sup |Ba|?| < c(q)ef. (6.21)

ll€ll=1

Next we bound the absolute moments of BY), 1 = 1,2,3. Using hypothesis P1 and

Lemma 6.11, with ¢ = s, we find that for all ¢ > 1,

E | sup )B%l)’q < ce. (6.22)
l1€ll=1
In the same way, we see that
E | sup ‘BP’q <t — s+ €)V2e1/?, (6.23)
llgli=1

We are in the sub-case A where t — s < e. Therefrom, we obtain the following:

E < cel. (6.24)

sup )Bf)

‘q
l1€l1=1

We can combine (6.22) and (6.24) as follows:

E | sup (Bg) +B§2)>q < c(q)et. (6.25)

l€ll=1

(

Finally, we turn to bounding the absolute moments of Blg). Hypothesis P1 assures us
that

s 1
‘ng)‘ < C/ d?"/o dv Gs—r(yav)Gt—T(x’v)

= C/ dr Gt+8—27’(x7 y)7
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thanks to the semi-group property WALSH [W86, (3.6)] (see (6.40) below). This and Lemma
7.1 together prove that

€ d 2
‘BP)‘ < C/ " exp <_ | — vl >
0 t—s—|—2u 2(t — s+ 2u)

since |z —y| > 2(1+a)e'/2 > ael/Q. Now we can change variables [z := 2(t — s +2u) /(a2¢)],
and use the bounds 0 <t — s < € to find that

6/a?
‘Bf}’)‘ < ce'?U(a), where U(a):= a/ 21272 gz (6.26)
0
Now, by (6.20), (6.21), (6.26) and (6.25)

Héﬁlfl& ¥z > 5 (A1 + Ay + A3) — (BP +BP + B+ 32)

> cpe /2 _ ¥ (a)e 1/2 _ e,

where Z; ¢ = B%l) + B§2) + By satisfies E[|Z1 |7 < c1(g)e?. Because lim, .o, ¥(v) = 0,
we can choose and fix « so large that coWU(a) < ¢1/4 for the ¢; and ¢y of the preceding
displayed equation. This yields,

H%ﬁlflé vz€ > ce'/? — 7y, (6.27)

as in (6.15) and (6.16).

Sub-Case B. In this final (sub-) case we suppose that ¢ <t — s < |z — y|?. Choose and fix
0 < e <t—s. During the course of our proof of Case 1, we established the following:

HgﬁlflfT'VZf > min < 2t Yy el /? - Y2,5> : (6.28)

where

B[V Y < c(g)e? and E[|Ya |9 < ¢(g)etzH,
See (6.12) and (6.13).

Combine Sub-Cases A and B, and, in particular, (6.15) and (6.28), to find that for all
0<e<i(l+a)?|z—y[

”éﬁlf 5 Yz§ = min <C€2+n Yie, cetl? — Yo — Zl,el{t—s<e}) )
1

Because of this and (6.16), Proposition 3.5 implies that

—2pd L
( inf §T7Z§> ] < c’([; — y’Q(_de)(f'H?)
lI€ll=1

E

< C(‘t—s‘lﬂ—i— ‘LL’ D 2dp 1+2n)
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This concludes the proof of Proposition 6.9(a).
If t = s, then Sub-Case B does not arise, and so we get directly from (6.27) and

Proposition 3.5 that
—2pd
: [<||§T|1f £T725> ] S clrmal
1

This proves (b) and concludes the proof of Proposition 6.9. O

Remark 6.10. If ¢ and b are constant, then a; = 0, so 1 can be taken to be 0. This gives
the correct upper bound in the Gaussian case, which shows that the method of proof of
Proposition 6.9 is rather tight.

We finally prove a result that we have used in the proof of Proposition 6.9.

Lemma 6.11. Assume P1. For all T > 0 and q > 1, there exists a constant ¢ = ¢(q,T) €
(0,00) such that for every 0 < e <s<t<T andzx € [0,1],

d s 1 d q
E [(Z/ dr/ dv Za?(k,r,v,t,az)) ] <t — s+ €)%,
k=1757¢ 70 =g

Proof. Define

d s 1 d
A= Z/ dr/ dv Za?(k,r,v,t,l’).
k—1VS—€ 0 i=1

Use (4.3) to write
E[lA1] < c(E[JA] + E[|42]7),

Z/Sedr/dv

i,j,k=1

d S 1
= Z / dr/ dv
ik=175"¢ 70

We bound the ¢-th moment of A; and As separately.
As regards A1, we apply the Burkholder inequality for Hilbert-space-valued martingales
(Lemma 7.6) to find that

E[|A1]1] <e¢ ZlE[

i,5,k=

where

)

/ / Grolrm) D) (o35 u(0,m)) W9 )|

and
2

t 1
/ a0 /0 dn Gy, ) D) (bi(u (8, m)))

1 1 q
do | dn dr [ dv©? ] , (6.29)
0 0

where

O .= 1{9>T}Gt—9(x777) ‘ 7(11;) (Uij(u(eﬂn)))‘

d
Z ulé?n
=1

< lpsryGro(z,m)
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thanks to hypothesis P1. Thus,

t 1 SN0 1 d 24
/ d9/ dn G?_a(xm)/ d?“/ dv | Y DH) (w(0,7)) :
S—e€ 0 S—E€ 0 =1

We apply Holder’s inequality with respect to the measure Gf_e(a;, 1) df dn to find that

t 1 q—1
B[4 < c ( [ dnG?e(w,'n)>
S—€ 0
d

A <) B

d
k=1

(6.30)

)

sAO 1 q
/ dr / dv Y2
s—e 0

where T := Zle Dﬁkv) (u;(8,7m)). Lemma 7.3 assures us that

t 1 q—1
</ d@/ dn Gf_e(af,n)) <t —s+e)lab/2, (6.31)
s—e 0

On the other hand, Lemma 7.5 implies that
d sNO 1
Y E / dr / dv Y2
k=1 s—e 0
where ¢ € (0,00) does not depend on (6,7, s,t,€,x). Consequently,
t 1 E 1
/ d@/ dnG%_g(w,n)ZE / dr/ dv Y2
s—e 0 k=1 s—e 0

t 1
< ce?/? / e /0 dn G¥_g(x, 1)

< cel?(t — s+ €)%

t 1
x/ d9/ dn G} p(z,m)> E
S—e 0

k=1

q
2
< cell?,

d q

(6.32)

Equations (6.30), (6.31), and (6.32) together imply that
E[|A1]7] < c(t — s + €)¥/%e1/2, (6.33)

This is the desired bound for the ¢g-th moment of A;. Next we derive a similar bound for
As. This will finish the proof. By the Cauchy—Schwarz inequality
]

s 1 t 1
/ dr/dv/d&/dn@Q
s—e 0 r 0

where ¢ := G;_¢(x, n)]Dfnkv) (bi(u(#,m))) |. From here on, the g-th moment of A, is estimated
as that of A; was; cf. (6.29), and this yields E[|A3]9] < c(t — s + €)39/2¢9/2. This completes
the proof. O

d
E[|A2|Y <c(t—s+¢€)? Z E [
k=1

2y

Remark 6.12. It is possible to prove that E[|A;|] is at least a constant times (t—s+¢)/2¢!/2.
In this sense, the preceding result is not improvable.
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6.4.2 Large Eigenvalues

Let I and J be two compact intervals as in Theorem 1.1.

Proposition 6.13. Assume P1 and P2. Fiz T > 0 and p > 1. Then there exists C =
C(p,T) such that for all s,t € I with 0 <t—s< %, x,y € J, (s,y) # (t,x),

L (TL€72¢') v

1€ K

E <, (6.34)

where Ak is defined as in (6.11).

Proof. Let 0 < ¢ < s < t. We fix iyp € {1,...,2d} and write Nio = (5&0,...,5\2‘)) and
flo = (@0, ..., ). We look at (£0)Tyz¢&% on the event {a;, > ag}. As in the proof of
Proposition 6.9 and using the notation from (6.10), this is bounded below by

é/ dr /Oldv(gKaiOX;OGs_r(y,v)
9 1= 02 (Giorw,0) — sy 0) )am(r, )

+ aioﬁﬁoai(lﬂ,r, v, 8,Y)

2
+ ﬂ;ommi(k, ru,t,x) —ai(k,r 0,8, y))]> (6.35)
d st

S afw ( > [t y/1 =, Guostovioatutr)

k=1 i=1

2
+[L§0 /1—04?0 ai(k‘,r,v,t,az)]> .

We intend to use Proposition 3.5 with €9 > 0 fixed, so we seek lower bounds for this
expression for 0 < € < gg. In the remainder of this proof, we will use the generic notation
a, A and fi for the realisations a;,(w), A (w), and " (w).

Case 1. t — s < e. Then, by (4.4), the expression in (6.35) is bounded below by

2 T To.
g(fl(svtv 6,0(,)\,#,.’1),3/) + f2(57ta€7aa>\7#7$7y)) - 2167

where, from hypothesis P2,

s 1 _ 2

fi> cp2/ dr/ dv ||aAGs—r(y,v) + V1 — a2 (G (z,v) — Gs_r(y,v))‘ ,  (6.36)
s—e€ 0
t 1 2

fo > Cpg/ dr/ dv ||pV1 — a? Gi_p(z,0)]| , (6.37)
sV(t—e) 0
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and I = 3(11 ¢ + Iz + I3,¢), where

Wi/g o[ dv(
Z/Hdr/ dv(

2
Ige:—Z/ dr/ dv (Zﬂ 1—a? ai(k,r,v,t,x)> )

There are obvious similarities between the terms /7  and B(l) m (6.17). However, we must
keep in mind that o, A and [t are realisations of oy, Nio and [1*°. Therefore,

d g d 2
L, = Z/ dr /1 dv (Z [aiOS\ZO - /120 VA aQ} ai(k’,r,v,s,y)> ,
s—e 0 -

/dr/dv a?(k,r,v,s,y).

Thus, we apply the same method that was used to bound E[|B§1) 9] to deduce that E[| I ¢|7] <
c(q)e?. Similarly, since I is similar to B§2) from (6.18) and t — s < ¢, we see using (6.24)
that E[|Z2,¢|7] < ¢(g)e?. Finally, using the similarity between I3 and By in (6.19), we see
that E[|13]9] < ¢(q)ed.

We claim that for every ag > 0, there exists ¢g > 0 and ¢y > 0 such that

2
,Ufz V 1- 062:| (li(k,?",’l),S,?/)) )

Mg

1

%

2
iV 1—a? az(krvt:r)> ,

Sy ||M&

IN

f1+ fo > cov/e forall a € [ag, 1], € € (0,¢], s, € [1,2], 2,y € [0,1]. (6.38)
Using this for the ag from Lemma 6.8, this will imply in particular that for e > ¢ — s,

(€0) 206" > coel’ -2,

where E[|I]?] < c(q)el.
In order to prove (6.38), first define

pi(z,y) == (471'75)_1/26_@—?!)2/(41%).

In addition, let g1(s,t,¢, , S\,ﬂ,x,y) and gQ(s,t,e,a,S\,ﬂ,x,y) be defined by the same ex-
pressions as the right-hand sides of (6.36) and (6.37), but with Gs_,(x,v) replaced by
ps—r(z —v), and fol replaced by fj;o
Observe that g1 > 0, go > 0, and if g1 = 0, then for all v € R,
|apomrly = A+ V1= a2 (i = ) = po-iy = v)i]| = 0. (6.39)
If, in addition, A = i, then we get that for all v € R,

<O‘* \/1*052)]93 r( )+ 1*O‘2ptfr(l’*v):0'
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We take Fourier transforms to deduce from this that for all £ € R,
(a T on) e = —\/1 — a2erels—0E
If x = y, then it follows that s =t and o — V1 — a2 = —v/1 — a2. Hence, if a #0, z =y

and \ = fi, then g1 > 0. We shall make use of this observation shortly.
Because ||| = ||z]| = 1, f1 is bounded below by

S 1
2 2G? —a? t—r\Z,V) — Gs—(Y,V 2
cp /Sedr/o dv(a G5, (y,v) + (1 )(G (z,v) = Gs_r(y,v))

+2aV1 — a2Gs— (y,0)(Gi—r(x,v) — Gs—r(y,v)) (A - [L))
= cp? /:6 dr /01 dv((a —V1- a2)2 G2_,.(y,v)) + (1 — o®) G7_,(2,v)
+2 (a —V1- a2> V1= a2Gy_,(y,v)Gi_p(,v)

+ 20V 1 — a2Gs_ (y, V) (Gi—r(x,0) — Go_r(y,0)) (X - i — 1)>

Recall the semigroup property

1
/ dv Gs—r (Y, v)Gi—p(2,v) = Gopp—2r(T,Y) (6.40)
0

(see WALSH [W86, (3.6)]). We set h :=t — s and change variables [ := s — r| to obtain the
following bound:

f1>cp? /06 dr((a —V1- a2)2 Gor(y,y) + (1 — a2) Gopyor(x, 1)
+2(a=V1-02) V102G (,y)

+207/T= 02 (Chiar(w.) — Gary9)) (- i — 1)).

Recall (W86, p.318]), that

Gt(xa y) = pt(l', y) + Ht(x7y)7

where H;(z,y) is a continuous function that is uniformly bounded over (¢, z,y) € (0,00) x
(0,1) x (0,1). Therefore, fi > cp?g1 — ce, where

g1 = gl(h,e,a,j\,ﬂ,a:,y)
=/E dT((Oé A 062)2p2r(y,y) + (1 - o) panyor(z, )
0
+2 (a — \/1 — a2> \/1 — a?ppiop(,y)
+20VT 02 (s (o) — ) (o1 1) ).
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We can recognize that

exp(—(z — y)*/(4(h + 21))) 1
r (L, P2\, = N <0
Phiar(®,y) = par(y, y) Te(h 1 2r) I (2r)
Also, A+ ji—1 < 0. Thus,
9~1 Z gl?
where
Al - ﬁl(h7 € Q,T, y)
€ 2
= [Car (0= V=) o) + (1= ) pasar (o0
0
+ 2 (a - \/1 - OéQ) \/1 - a2ph+2r(x7 y)) :
Therefore,
€ 1
= dr{ (@ —vV1—a?)?——+ (1 - 0o?) ——
9 /0 <( \/7) 8mr ( ) 8m(h+7)

+2(a— V1-— a2)\/1 — @?ppyor(z, y))

On the other hand, by (6.40) above,

eNn(t—s)

fa dr (1= o?) Gor(y, y)

A\
S—

Y

eNh
o= [ dr (1= 0®) parlyy) ~ Ce
= (I—QQ)W—C&
Finally, we conclude that

fitfa=d1+G2—2Ce

:(a_m)wgﬂgg(m_m)

+2 <a — \/]. — 062) \/1 — a2/ drph—l—QT(xvy)
0

1 —a?
+ veAh—2Ce.
V2T

Now we consider two different sub-cases.

Sub-case (i). Suppose a — V1 — a2 > 0, that is, @ > 27'/2. Then

6_1/2 (gAl + §2) Z ¢1 <a ) h> - 2061/27

€
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where

1 2 1
2) = — —Vi—-a?) +(1-0?) ———+ (1-aH)VIiArz|.
$1(a, 2) m((a a) ( a)\/m+\/g ( a) <
Clearly,
2
(a—\/l —a2) + ¢ (1—a2)
inf inf ¢1(a,2) > inf
a>2-1/2 2>0 a>2-1/2 Vam
> ¢g > 0.
Thus,
inf e 2 (g1 + G2) > 0.

a>2-1/2 h>0,0<e<eq

Sub-case (ii). Now we consider the case where o — v/1 — a2 < 0, that is, o < 272, In
this case,

€2 (g1 +G2) > U (Oz, h) — 202,
€

where

1
(o, z) = oz

S (VIm@ o) VIma

((a—ﬂ)er(l—a?)m

2
\/erf (1 a) 1/\z>.

Note that ¥1(a,2z) > 0 if & # 0. This corresponds to the observation made in the lines
following (6.39). Moreover, for z > 1, we have 9;(«, 2) > (27)~'/2a? so that

f f > 2m) 120} f f
e [a;nz v gowl(a z) mm{( ) ag, ae[azn2 v Zér[(lJ . (o, z)
Since lim, o1 (ar,2) > (21)"2a? > (2m)71/2a3 and (@, z) > 0, there exists co, > 0
such that

inf inf Y1(a,z)>c
a€lao, 2-1/2] 2€[0,1] vrler, z) 2 cap,

and hence
inf a,z) > 0.
a€lap, 271/2],2>0 wl( )
This concludes the proof of the claim (6.38).

Case 2. t — s > €. In accord with (6.35), we are interested in

: i0) T 10 .
1o (67) 228 = min(Bre B
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where
Ei.:=  inf io io
be ap<a<ly/1—en (§ ) ’YZ&

. T .
by = inf ‘o ‘0,
2,€ —eT<a<1 (6 ) 7Z€

Clearly,

2
El,e > §f2 - 2I3,e-

Since a < /1 — €7 is equivalent to v1 — a2 > €2, we use hypothesis P2 to deduce that

t 1
f2 = Cp26’7/ d’r/ dvG?_ (z,v) > cpze%_'_n_
t—e 0

Therefore,
1
El,e Z CP2€§+77 - 13,57
and we have seen that I3 . has the desirable property E [|I3.|] < c(q)eq.
In order to estimate Es ¢, we observe using (6.35) that

2 - ~ ~ ~ ~
E2,e > gfl - Jl,e - J2,6 - J3,6 - J4,ea

where

i d 1 d 2
fl > O[2 Z / dr dv (Z )\iaik(u(ra ’U))) Ggfr (ya U)a
k=175"¢ i=1

0

d . 1 d 2
he=20-a)) [ ar [ a (Z faos (u(r, v>>) G2 (w,0),
k=175"¢€ 0 i=1
d . 1 d 2
J2 € — 2 (1 - a2) / dr dv <Z ﬂiO'ik(U(T, U))) Gg r(yvv)7
k=1"75"¢ 0 i=1
d s 1 d 2
jgye = 22/ dr | dv (Z (ozj\i — iV 1 - a2> a;(k,r,v, s,y)) ,
k=1"5"¢ 0 i=1

d s 1 d 2
j47€ =92 (1 —OZQ) Z/ d’f'/ dv (Zﬂiai(k;r7v7tu .’E)) :
=1/ s—¢€ 0 i=1

Because a2 > 1—e"and e < t—s < %, hypothesis P2 and Lemma 7.2 imply that fl > cel/?.
On the other hand, since 1 — a? < €, we can use hypothesis P1 and Lemma 7.4 to see that

5[}

q} < c(q)e™Me?? = ¢(q)el3 M,

and similarly, using Lemma 7.3, E[|Jo.c|9] < c(q)e(%+’7)q. The term J3 is equal to 21 ., so
E[| 3.9 < ce9, and Jy. is similar to B§2) from (6.18), so we find using (6.23) that

5[}

q} < cel(t — s+ €)¥/2e8/% < ce(3TMa
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We conclude that when t — s > €, then Fa, > ce'/? — J, where E[|J|9] < ¢(q)elztM1,
Therefore, when t — s > ¢,

1{041‘02(10} (SZO) vz§' 0 2 1{042 >ap} min (Cp 62+n Ie, ce2 — Je) .
Putting together the results of Case 1 and Case 2, we see that for 0 < € < ¢,

i\ T A, ¢l
1{ai02a0} (5 0) 728" > 1{ai02a0} Z,

where . ) 3
Z = min <C:0255+n — I3, ce2 — 21&1{621&—5} - Jel{e<t—8}> .

Note that all the constants are independent of 7g. Taking into account the bounds on
moments of I3, I. and J¢, and then using Proposition 3.5, we deduce that for all p > 1,
there is C' > 0 such that

2 [(1{%2%} (ez‘o)Tvzsio)p] < B Loy 200 27| <E[27] <C.

Since this applies to any p > 1, we can use Holder’s inequality to deduce (6.34). This proves
Proposition 6.13. ]

7 Appendix

On several occasions, we have appealed to the following technical estimates on the Green
kernel of the heat equation.

Lemma 7.1. [BP98, (A.1)] There exists C > 0 such that for any 0 < s < t and z,y € [0, 1],

T FY, ' o yP
T—-Y
Gi—s(z,y) < Cm eXP<—2(t — S)>

Lemma 7.2. [BP98, (A.3)] There exists C' > 0 such that for anyt > e >0 and x € [0, 1],

/ / G? s(z,y)dyds > C/e.
t—eJr—

Lemma 7.3. [BP98, (A.5)] There ezists C > 0 such that for any € >0, ¢ < 3, ¢t > € and

x € [0,1],
/ / G (x,y)dyds < Ce/?71,
t—e

Lemma 7.4. There ezists C > 0 such that for all 0 < a < b and z € [0, 1],
//GQxy)dyds<C —a
Vb+a
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Proof. Using Lemma 7.1 and the change of variables z = L\;gy, we see that

b 1 b © 1 5
G? T,y dydsSC'// e % dzds
[ [ e w5
b

- 1 ~
:c/a %ds:20(\/5—\/5),

which concludes the proof. ]

The next result is a straightforward extension to d > 1 of MORIEN [M98, Lemma 4.2]
for d =1.

Lemma 7.5. Assume P1. For all ¢ > 1, T > 0 there exists C > 0 such that for all
T>t>s>e>0and0<y<1,

d s 1
ZE / dr/ dv
k=1 s—e€ 0

The next result is Burkholder’s inequality for Hilbert-space-valued martingales.

2\ ¢
< Ce?/?,

d
> DY) (ui(t,y))
=1

Lemma 7.6. [BP98, eq.(4.18)] Let Hy; be a predictable L*(([0,t] x [0,1])™, da)-valued
process, where m > 1 and da. denotes Lebesque measure. Then, for any p > 1, there exists
C > 0 such that

|

t rl 2
EH/ </ / H&y(a)W(dy,ds)) do
([0,¢] x[0,1])™ 0 Jo
t ol p
SCEH/ / </ Hiy(a)da)dyds ]
0 Jo ([0,¢] x [0,1])™
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