Second-order hyperbolic s.p.d.e.’s

driven by homogeneous Gaussian noise on a hyperplane
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Abstract

We study a class of hyperbolic stochastic partial differential equations in Euclidean space,
that includes the wave equation and the telegraph equation, driven by Gaussian noise concen-
trated on a hyperplane. The noise is assumed to be white in time but spatially homogeneous
within the hyperplane. Two natural notions of solutions are function-valued solutions and
random field solutions. For the linear form of the equations, we identify the necessary and
sufficient condition on the spectral measure of the spatial covariance for existence of each
type of solution, and it turns out that the conditions differ. In spatial dimensions 2 and 3,
under the condition for existence of a random field solution to the linear form of the equa-
tion, we prove existence and uniqueness of a random field solution to non-linear forms of the
equation.
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1 Introduction

Stochastic partial differential equations (s.p.d.e.’s) driven by spatially homogeneous Gaussian
noise that is white in time, first studied in the parabolic case by Dawson and Salehi [8], has
recently been the subject of several papers, beginning with the work of Mueller [22] and Dalang
and Frangos [7] on the wave equation in two spatial dimensions, and continued in several recent
papers, such as Dalang [5], Millet and Sanz-Solé [20, 21], Peszat [25] and Peszat and Zabczyk
[26].

In this paper, we are interested in equations that might arise when modelling situations such
as the following. Rain falls on the surface of a lake, producing a sound wave that propagates
under water. This noise is produced by a large number of small contributions (the rain droplets).
After suitable rescaling, the noise can be considered to be spatially homogeneous on the surface
of the lake, propagating through a three-dimensional medium. Hence, the noise is concentrated
on the two-dimensional boundary of a three-dimensional domain.

There have been several studies of equations driven by noise concentrated on manifolds. The
noise is generally taken to be a stochastic boundary condition. Many of these are carried out
in spatial dimension one, so the boundary noise is a pointwise noise, as in [2, 10, 18]. There
are also results for parabolic s.p.d.e.’s in higher dimensions [19, 29]. Since parabolic equations
exhibit regularizing properties, the noise can be taken to be concentrated on a rather general
manifold, but there is no reason to expect that similar methods or results will apply to hyperbolic
equations, for which the results are quite different (see Remark 4.10).

In this paper, we fix a,b € R and consider the following non-linear s.p.d.e. and some gener-
alizations of it:

0%u ou

W(t,x) + 2a E(t,x) +bu(t,z) — Au(t,z) = g(u(t,z1,0)) do(z2) L)

+ h(u(t,z1,0)) F(t,x1) do(z2), teR,, x=(x1,29) € RI-1 x R,

where g and h are real-valued functions satisfying standard conditions and F' is a Gaussian noise
whose covariance is formally given by

E(F(t,x1) F(s,y1)) = 0o(t — s) T'(w1 — y1).

Note that the variable x1 represents coordinates in the hyperplane R4~! x {0} on which the the
noise is concentrated, and x5 is the coordinate in the direction perpendicular to this hyperplane.

There are at least three interesting special cases of this equation. When a = b = 0, this is
the wave equation. When a > 0 and b = 0, this is the wave equation with damping, also called
the telegraph equation when d = 1. And finally, when ¢ = 0 and b # 0, this is the Klein-Gordon
equation.

Given the irregularity of the noise, the first issue is to give a rigorous meaning to this equation.
We do this via Walsh’s theory of martingale measures [30], using an appropriate extension of his
stochastic integral, in the spirit of [5]. The linear case g = 0 and h = 1 is already of considerable
interest. Indeed, it is only in spatial dimension 1 that equation (1.1) will have a real-valued
solution for all choices of the covariance I'; in higher dimensions, the solution exists in general
only in the space of random (Schwartz) distributions. Our first objective is to characterize those
covariances for which the linear form of (1.1) has a real-valued solution.

In this context, a surprising distinction appears. Indeed, there are at least two natural ways
to define real-valued solutions. One of these is the notion of function-valued solution (see Section
4.1), in which, essentially, the solution is at each time ¢ a random function of the space variable
x. Another is the notion of random field solution (see Section 4.2), in which the solution is a
random field defined for every (t,x) € Ry x R with an L2-continuity requirement. It turns out



that these notions are distinct, and we give in Theorems 4.5 and 4.8, respectively, the necessary
and sufficient conditions on the spectral measure of the covariance for existence of either notion
of solution.

In the case where the linear form of equation (1.1) has a random field solution, it is natural to
consider the non-linear form of the equation. We show in Theorem 5.1 that in spatial dimensions
2 and 3, the non-linear equation has a solution under the same conditions on the covariance as
those obtained for the linear equation.

The outline of this paper is as follows. In Section 2, we consider equation (1.1) with a
slightly more general form of driving noise, which contains the situation of noise concentrated
on a hyperplane, and we construct an extension of Walsh’s martingale measure stochastic integral
following [5]. In Section 3, we analyze the Green’s function of the equation (which is in fact
not a function in dimensions greater than 2) and in particular, the integrability properties of
its Fourier transform in the xi-coordinates. These somewhat technical estimates are the key
to the results of Section 4, in which we establish the necessary and sufficient conditions on the
spectral measure of the noise for existence of the two kinds of real-valued solutions. In Section
5, we establish existence and uniqueness for the non-linear form of the equation. Finally, three
appendices provide some background information: Appendix A contains a reformulation of the
conditions on the spectral measure directly in terms of the covariance function, following the
approaches of [17, 27]; Appendix B contains explicit formulas for the Green’s function of the
equation in spatial dimensions 2 and 3, and Appendix C recalls the properties of Bessel functions
that are needed in this paper.

2 A linear equation driven by Gaussian noise
Let a,b € R. We consider the following linear form of (1.1):

0?u ou 0 d
W(t,x) + 2a E(t,x) +bu(t,x) — Au(t,z) = F°(t, x), (t,xz) € Ry x RY,
(2.1)
ou

u(0,x) = ug(z), 5

(0,2) = vo(x), r € RY,
where ug, vy are two given (Schwartz) distributions on R and FO = {FO(t,z), (t,z) € Ry x R%}
is a generalized centered Gaussian process whose covariance is informally given by

E(Fo(t,x) FO(S,y)) = do(t — s) To(x,y),

where &g is the standard Dirac measure on R and I'g is a non-negative definite measure on
R? x R%, in a sense that will be made precise below.
In order to give a meaning to this equation, several preliminaries are necessary.

2.1 Preliminaries

Fix a positive integer d. Following Schwartz [28], let S(R?) be the space of complex-valued
C>-functions on R¢ with rapid decrease, Oy;(R?) be the space of complex-valued C* functions
on R? with polynomial growth, S’(R?) be the space of tempered distributions on R? (the dual of
S(RY)), OL(R?) be the space of distributions with rapid decrease on R? (this is not the dual of
On(RY)). The duality form between T' € S'(R?) and ¢ € S(RY) is denoted (T, ). The Fourier
transform Fo of ¢ € S(RY) is defined by

Fo(&) = /Rd dz p(z) e*,  £eRY



and the Fourier inversion formula reads

Flol0) = g Fol-€), €eRY (22)

We will also use the notation FT for the Fourier transform of a tempered distribution T' € S’(R?).
By [28, Chap. VII, Thm XV],

T € O4(RY) if and only if FT € Oy (RY). (2.3)

For ¢ € RY, we denote by ¢ the standard Dirac measure at point £ and x¢ the function defined
by xe(z) = €%, z € R? (note that Fde = x¢, so Fyxe = (2m)? 6_¢ by (2.2)).

2.2 Gaussian noise

In order to define the noise process FY rigorously, we assume that I'¢ is a signed Borel measure
on R? x R? (with total variation measure |Tg|) which is non-negative definite on R% x R, that
is,

m
> i To(Aix A;) >0,  forallm>1, c1,....cm €C, Ay,..., Ay € By(RY),
i,j=1

where By(R?) denotes the set of bounded Borel subsets of R?. In particular, T'g(-, -) is symmetric
(see [4, p. 68]). Furthermore, we assume that there exists a non-negative Borel measure 1 on
R? x R?, which is also non-negative definite, which dominates |T¢|, that is,

ITo|(A x B) <up(Ax B),  forall A, B e By(R%),

and which is tempered, that is, there exists r > 0 such that

dx, d
/ VO( €z, y) - < oo,
rixrd (1 + [z] + [y])
Note that in general, |I'g| is not non-negative definite even if I'y is.
By the Kolmogorov extension theorem (see [23, Prop. 3.4]), there exists a probability space

(©2,G,P) and a centered Gaussian process F? = {F2(p), t € Ry, ¢ € S(R?)} defined on this
space, whose covariance is given, for all t,s € Ry, ¢,¢ € S(R?), by

B () FI) = (1) [ Tolde.dy) ola) T, (2.4
X
The Gaussian field F© is informally related to the noise FO(t,z) in (2.1) by the formula

F2(p) = /0 ds /Rd dx FO(s,z) ¢(z), te Ry, ¢ € S(RY). (2.5)

2.3 Stochastic integral

Since equation (2.1) is linear, it always has a solution in a space of Schwartz distributions. In
order to get an explicit expression for this solution, we shall define a stochastic integral with
respect to FY. This section refers directly to [30, Chap. 2] and [7, 5], so some details will be
omitted. Consider the filtration

G) =a{F2(p), s€ 0,1, pe SRH} VN,  teRy,



where A is the class of P-null sets in 2. As in [7], the field F extends to a worthy martingale
measure M? = {MP(A), GY, t € Ry, A € By(R%)} (see [30, Chap. 2] for a precise definition)
with covariation measure Qg and dominating measure K given respectively by

Qo([0,t] x Ax B) =tTg(Ax B) and Ky([0,t] x Ax B)=t1y(Ax B),

for t € R, and A, B € By(R?). Further,
FOo) = [ ola) MO(ds,da),
[0,t] xR

Let £° be the space of elementary integrands, that is, functions ¢ : R. x R x Q — C such
that

¢(t7x7w) = 1]a,b} (t) 114('7;) X(w)v

where 0 < a < b, A € By(R?) and X is a bounded G%-measurable random variable. For such an
element ¢ of £°, its stochastic integral with respect to the martingale measure M is defined by

(6- MO)(B) = X (MD,(ANB) — MO,(ANB)),  teRy, B e ByRY.
One easily checks the following isometry property:

E((¢ - M°)¢(B) (¢ - M),(C)) = (¢ 15,¢ 1c)10, (2.6)
for all ¢,9 € £°, B,C € By(R%), where

@10 1oho = ( [ ds [ Tulde.dy) ols.2) 0G0 2.7)

We denote by || - ||¢,0 the semi-norm induced by the semi-inner product (-, ).

Let P° be the predictable o-field generated by the functions of £°, and term predictable
functions the functions which are P%-measurable. For ¢t € R and predictable ¢ : [0, ] x R x Q —
C, let us define

t
ol o =B ([ ds [ valaesd) 106s.2) o0s.0)]).

Moreover, set
Hiio=1{¢:[0,t] xR x Q — C: ¢ is predictable and [|@||;+0 < oo}

It is well-known (see [30, Chap. 2]) that the stochastic integral (¢- M°);(B) extends to elements
of Hy 40, in such a way that the isometry property (2.6) remains satisfied. In the following, we
will adopt the notation (¢ - M%), = (¢ - M?);(RY).

Note that for a deterministic integrand ¢, the stochastic integral process (¢ - M%) = {(¢
MY),, t € R, } is a Gaussian process. Furthermore, for deterministic integrands ¢ and 1, the
isometry property becomes

(o M 300 = [ds [ Lol d) 665,0) Vo) (28)



2.4 Noise on a hyperplane

Let d > 2 be an integer. For z € R? = R4™! x R, we write 2 = (21,22), where z; € R?!
and x5 € R. For ¢ € S(R?), let Fip (resp. Fap) denote the Fourier transform of ¢ in the
coordinates 1 (resp. 2):

Frp(&r, x2) :/

L, 4o o(x1,72) Xe; (1) and  Fop(w1,&) = / dza p(r1,22) Xe (22).
-

R
These Fourier transforms extend to T' € S’(R?) by the relationship (F1T, ) = (T, Fi¢). Note
that F = F1 o Fo = Fo 0 Fi.

We want to consider the situation of noise concentrated on the hyperplane R4~! x {0} and
spatially homogeneous within this hyperplane. Therefore, we shall assume that the measure I'g
is given by
Lo(z,y) = T'(z1 — y1) do(2) do(y2),

or, in other words, for all ¢, € S(R?),
[, Toldedy) o) 6(w) = [ | T(d=) (00) 41 5,01, (2.9)
RAxRd Ra-1

where *; denotes the convolution product in R4 and o(x1) = p(—x1) for 1 € R4-1,
We assume that T is a signed Borel measure on R4, which is non-negative definite on R4,
that is,

/ [(dz1) (p*1 9)(z1) >0, for all ¢ € S(RY). (2.10)
Rd—1
This implies that T" is symmetric (cf. [28, Chap. VII, Thm XVII]). Moreover, we assume that

there exists a tempered non-negative Borel measure v on R%~! which is non-negative definite
and which dominates |T'|, that is,

IT|(A) <v(A),  for all A€ By(RYY).

Example 2.1. (a) If ' is a non-negative, tempered and non-negative definite Borel measure on
R?, then v = T satisfies the required assumptions. This non-negativity assumption was taken
as a basic assumption in [5, 27] (in the case of spatially homogeneous noise on RY) but we will
only adopt it in our analysis of non-linear equations (see Section 5).

(b) For certain non-negative continuous functions f on |0,00[, covariances of the form
I'(dz1) = f(|z1|) dzy satisfy (2.10). Examples of such f are

f(r)y=r"", where ~€]0,d—1].

(c) Let A be Lebesgue measure on R9~!. Suppose I' is a non-negative definite tempered
Borel measure on R? for which there exists C' > 0 such that

I + C\ is a non-negative measure on R%!, (2.11)

Then v = ' + 2C\ satisfies the required assumptions: v is non-negative definite, being the
convex combination of two non-negative definite measures, and

| =0 +CA—CA < T+ CA +[CA| =T + 20\ = 1.

Note that (2.11) was taken as a basic assumption in [25, 26] (in the case of spatially homogeneous
noise on RY).



As in Section 2.3, we associate a Gaussian process FO with I'°. On the other hand, we can
consider the centered Gaussian process F' = {Fy(¢), t € Ry, » € S(RY™1)} whose covariance is
given for all ¢,s € Ry and ¢,¢ € S(R!) by

BUF(o) L) = (t19) | | T(d2) (o1 D))

By the Kolmogorov extension theorem (see [23, Prop. 3.4]), this process is well defined on some
probability space (£2,G,P), and (2.9) implies that

FY(¢) L Fi(6(-,0)), forallteR,, ¢ € S(RY),
where £ stands for equality in distribution. Setting ug = vg = 0, since we are mainly interested

in studying how the regularity of the solution depends on the regularity of the noise, equation
(2.1) may then be formally rewritten as

2 .
%(f,x) + 2a %(t,x) +bu(t,z) — Au(t,z) = F(t,z1) do(x2), (t,z) € Ry x RY,
(2.12)
u(0,z) = 0, %(O,x) =0, r € RY

2.5 Section 2.3 revisited

We particularize the definitions of Section 2.3 to the noise F' on a hyperplane defined in Section
2.4. Let {G;} denote the natural augmented filtration of the noise F', £ the space of elementary
integrands (which are now functions on Ry x R%~! x Q) and P the predictable o-field; the noise
F' extends naturally to a worthy martingale measure M and we can define a corresponding
stochastic integral (¢ - M), for integrands belonging to the set H; y of predictable ¢ : [0,t] x
R x 0 — C such that

ol =5 (([[ads [ otda) ot =1 s, D)) <

using the isometry

B0 M) @300 = b =5 [as [ Tlan) @) s Ne) . @1y

Let || - || denote the semi-norm induced by the semi-inner product (-, -);.
We will adopt the following notation for the stochastic integral of a predictable integrand
$:[0,] x R* x R x Q — C restricted to the hyperplane x5 = 0:

(6(+,-,0) - M)y = / M(ds,dx1) ¢(s,x1,0). (2.14)

[0,¢] xRd—1

2.6 Extension of the stochastic integral

The first technical step towards the study of the regularity of the solution of (2.12) consists in
extending the stochastic integral to distribution-valued integrands, since the processes that will
appear in the following will be expressed as stochastic integrals of such integrands.
Following [5], let Z = {Z(t,z1), (t,21) € Ry x R¥71} be a real-valued predictable process
such that for all T > 0,
sup E(Z(t,x1)?) < oco. (2.15)
(t,21)€[0,T] xRd—1



By [30, Chap. 2], MZ = {(Z - M){(B), Gi, t € Ry, B € By(R?1)} defines a worthy martingale
measure with covariation measure

Q%([0,t] x Ax B)=E </Ot ds /Rd_l D(dz1) ((Z(s,-) 14) %1 (Z(s,-) iB))(zl)>

and dominating measure

KZ%([0,t] x Ax B)=E </0 ds /}Rd_1 v(dz) ((|1Z(s,-)] 14) %1 (|Z(s,-)] 13))(,21)) .

This implies that we can define the stochastic integral (¢ - M#); of a Borel-measurable function
¢ :[0,t] x R9~1 — C such that

o1z =5 ([ s [ vl (0(6) 20,0 1606) 26 )) ) <o

and let us denote by H; ; 7z the space of such (deterministic) integrands. Note that if ¢ € Hy 4
and ¢ is deterministic, then

ol 4.2 < sup E(Z(s,21)*) |97+ < o0,
(s,1)€[0,t] xRd—1

so ¢ € Hy 4+ 7. Moreover, the following isometry property holds:
E((¢ - MZ)t (- MZ);) = (9, V).,

where

t - -
ez = ([ ds [ T (006 2605 () Ze)G) . (210)
Let us also denote by || - ||,z the semi-norm induced by the semi-inner product (-,-); z.

We can now proceed to the extension of the stochastic integral. If we assume that Z satisfies
E(Z(t,z1) Z(t,y1)) =E(Z(¢t,0) Z(t,z1 — 1)), for all t € Ry, xy, 4y € RT, (2.17)
then the function v : Ry x R¥1 — R defined by
v(t,z1) = E(Z(t,0) Z(t, z1)), (t,z1) € Ry x RT L

is symmetric and non-negative definite in z; and for deterministic ¢,¢ € Hy 4 7z, (2.16) can be
rewritten as

t
(0,9)1,2 =/ dS/ [(dz1) v(s, 21) (8(s,-) #1 9(s,-))(21)- (2.18)
0 Rd-1
Notice that for s € [0, 1], the measure I'Z defined by
I (d21) = T(d21) (s, 21)

is a non-negative definite measure on R¢~1, since this property is conserved by multiplication of
non-negative definite functions/measures.

By the Bochner-Schwartz theorem (see [28, Chap. VII, Thm XVIII]), there exists a non-
negative tempered Borel measure pZ on R4~! such that IT'Z = F;uZ. Moreover, pZ is symmetric
on R4 since T'Z is real-valued. Let us now consider the following subspace of H;

Hiog = {6:[0,t] x R¥! — C Borel-measurable such that
[@le+ < oo and ¢(s,-) € S(RT),  for all s € [0,¢]}.



If ¢, € Hyp, then F1¢, F19 are Borel-measurable functions and we obtain the following
expression for ||¢||s,z, using basic properties of the Fourier transform:

ol = [ as [ wf(de) imots. P (2.19)

Note that this formula defines ||¢||;, 7 even for ¢ : [0,¢] — O (R9~1) such that (s, &) — Fié(s, &)
is Borel-measurable. We now define a larger space, which contains (deterministic) distribution-
valued integrands:

Hiz = {¢:[0,t] = OL(R¥1): (s,&) — Fié(s, &) is Borel-measurable,
ll¢lle,z < oo and 3(¢p,) C Hyp such that |[¢ — ¢y |l¢,z R 0}.

The stochastic integral (¢ - M?%); extends then by isometry to elements of H; 7. We continue to
use the notation (2.14) for stochastic integrals even in the case where ¢(s, -, x2) is a distribution
in z1 for each x5 € R.

Note that for the linear equation, we will only need the definition of the stochastic integral
when Z = 1, in which case we denote the space of integrands by H; and the isometry property
(2.13) becomes

B((6- M) 300 = (00 = [ as [ tae) Fiols.s) FoG&). (220)

Notice that since ¢ is deterministic, the process (¢ - M) = {(¢ - M);, t € Ry} is a Gaussian
process.

The following theorems will also be useful (cf. [5, Thms 2 and 3] and [6] for proofs, noting
that Theorem 2.3 is a slight variation on the result of [6]). Before stating them, let us denote
by Og(Rd_l)Jr the space of non-negative distributions with rapid decrease on R4~

Theorem 2.2. Let Z be a process satisfying (2.15) and (2.17). If T is a non-negative measure
on R ¢ :[0,t] — OL(RYY), is such that Fi¢ is a Borel-measurable function and ||¢||; < oo,
then ¢ € Hy 7 and

Bl MAP) = [as [ p(ae) iR q)P
< /Otds sup E(Z(s,m)z)/RdlM(dfl) |F1o(s,&1) %

CElERd_l

Theorem 2.3. If ¢ : [0,t] — OL(R*Y) is such that Fi¢ is a Borel-measurable function,
o)l < oo and

t

lim [ ds / W(de)  sup |F(rE) — Fio(s, &) =0, (2.21)
h10 Jo Rd—1 s<r<s+h

then ¢ € H;.

3 The Green kernel and its properties

Let G be the solution of

02G oG oG
S T2 G AG =0, G(0)=0, Z1(0)=d. (3.1)

G is termed the Green kernel of equation (2.1). Note that in the following, the dependence on
a or b of the Green kernel or other objects will be omitted in order to simplify the notation.



3.1 Fourier transform of the Green kernel

The Fourier transform of G in x satisfies

2
P70 1.9 +2 2 e + b+ ) PO =0, 1eR g,

(3.2)
FO0. =0, SFGOE=1, Eer!

For ¢ fixed, this is an ordinary differential equation in ¢, whose solution yields the following
expression for FG, which is valid for all dimensions d:

sin (t €2 +b— a2)
—at

EP+b—a

FG(t, &) =< e 9, if a2-b>0 and [£]?=a%—, (3.3)

sinh (t,/a2 - |5|2>
et , if a®>=b>0 and [¢? <a?—b.

Note that the first of these three expressions contains the other two. From these, we observe that
FG(t,-) is an even real-valued function on R?. Moreover, it is a well known fact (see for instance
[16, Thm 12.5.1]) that for fixed t € Ry, G(t,-) is a distribution on R% compactly supported in
By(0,t) (the ball in R? centered at 0 with radius t), so G(t, ) € OL(R?) and FG(t,-) € On(R?)
by (2.3).

Let us also define H = %—? + 2a G. Then

if |¢? > a? -,

O*H OH OH

—+2a—+bH—-AH=0, H(0)=9$ —

oz o T - HO) =00,
Indeed, the first two equalities follow directly from the definition of H and (3.1), and the third
inequality is obtained by computing FH(t,&) from (3.3).

(0) = 0. (3.4)

3.2 Fourier transform in z; of the Green kernel

We first need to establish some properties of the restriction (or trace) of the solution G of
equation (3.1) to the hyperplane R4! x {z3} and of its Fourier transform in the first d — 1
coordinates of 2. For (t,£1,29) € Ry x R¥™1 x R, set

Li(t, &, m0) = Fy (FG(t, &, ) (x2) = % /Rd& FG(t,&1,€) X—s(82),

by (2.2). Using (3.3) and [24, formulas 1.5.83 and 1.7.61], we see that

Ly (t, &1, 12)
o (VIEET = E=) 1 it Q2> a2 —b
5~ Jo (V& +b—a®) (2 —a3)) 1z, <y i 1G] 20" =,
_ (3.5)
e_atl <\/(a2—b—|§ |2)(t2—x2)) 1 if a?—b>0and || <a®—b
2 0 1 2 {’fI,'Q’ St}a 1 ;

where Jy and Iy are respectively the zero order regular and modified Bessel functions of the
first kind (see Appendix C). In particular, L; is a real-valued function, which is bounded on

10



[0,7] x R x R for all T > 0 and symmetric in &;. Further, the element of S'(R¢Y) associated
with the function (&, 29) + Ly (t, &1, 22) is F1G(t)(-). Indeed, for ¢ € S(RY),

/Rd1 dfl/RdOEQ Li(t, &1, 22)p(&1,22) = /}Rd1 dfl/Rdm/Rdfsz(t,&,ﬁz)X12(52)80(51,562)

= / dfl / dfg FG(t,gl,SQ)J:Q_lso(glax2)
Rd-1 R
= (FAG), ). (3.6)

Proposition 3.1. For (t,z2) € Ry X R, define G1(t,-,z2) = ]-'flLl(t, -, x9), or, equivalently,
Fi1G1(t, -, x9) = L1(t,,x2). Then Gi(t,-,z2) € Ox(RI¥™Y) and for ¢ € S(RY),

(G(1), ) :/Rdm (G1(t, - z2), (-, 2)). (3.7)

Proof. Using the definition of G; and (3.6), we see that the right-hand side of (3.7) is equal to

/Rdm /d1 dé1 L1 (t, &, 20) Fyto(€1,m2) = (FIG@E), File)

= (G(1),9).
This establishes (3.7), and so Gy(t,-,x2) is a distribution on R?~! with compact support in
By—1(0,t). Therefore, G(t,-,x2) € O’C(Rdfl), and this completes the proof. O

According to Proposition 3.1, for fixed t € Ry and z5 € R, Gy (t,-,x2) can be interpreted as
the restriction (or trace) of G(t,-) to the hyperplane R4~! x {z5}.

Example 3.2. In the case a = b =0, (3.1) is the wave equation, and it is well-known [15, Thms
5.15 and 5.17] that the Green kernel is given, for d even, by

N(d)
G(s)¢) = Cq (laﬁ) [sdl /B d(oﬁl)%djfw w(sy)]
1

1o\N@O [ ! ( )
= Oy <——> s / dy2/ dy; w(sy1,sy2)| »
5 0s -1 By (0/1=3) V1 —y3—|n?

while for d odd, it is given by

N(d)
(G(s),p) = Cy G%) [s“ /(9 Bd(oﬁl)a(d)(dy)w(sy)]

¢ <18)N(d) 8 Y L R P
= _— S y o y @Sy’sy ’
d s 0s -1 ? 0Bg4_1(0,4/1-¥3) ' 1 i

where N (d) = [(d—2)/2] (vesp. [(d—3)/2]) when d is even (resp. odd), 0% is (d—1)-dimensional
Hausdorff measure, and Cy is a constant. Therefore, for |x3| < 1 and d even,

N(d)
(G1(s, -, s22), (-, 522)) = Ca <12)

s \ sOs

_ 1
54 1/ dy > = p(sy1, s2) |
By1(0/T=23) /1 —25— |y1]

and for d odd,

(G (5, 522), (- 872)) = 22 (12)%) s | o4 (dyy) plsy, 522)
1\25 2)s 3 2 s 368 9B (0, 1_3%) 1 1, 2 .
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Our main results will be based on the estimates in the next three lemmas.

Lemma 3.3. For all t > 0, there exists C(t) > 0 such that for all s € [0,t], & € R! and
Ty € R,
C(t) 1
2
< .
.7:1G1(S7§17.%'2) > \/1+|€1|2 \/32—1'% 1{‘.%,2’ <$}
Proof. For fixed t > 0, for £&; bounded and for all s < t and x9 € R with |z3| < s, the right-hand
side of (3.8) is bounded below by a positive constant and the left-hand side is bounded above.

Therefore, it suffices to prove (3.8) for |¢;] sufficiently large, all s < ¢t and z9 € R with |z2| < s.
In this case,

(3.8)

—2as
2 _ ¢ 2
flGl(S,gl,xz) = 1 l]0 <\/(|§1|2 +b— a’2) (82 - ‘T%)) 1{’1‘2‘ < S}
62(1_t C 1

< 1
T4 P rb-a® s ag el <}

by (C.2), where a~ = max(—a,0). The conclusion is now clear, since 24/|&]?> +b—a? >
V14 |2 for |&| sufficiently large. O

Lemma 3.4. (a) For all t > 0, there exists C(t) > 0 such that for all & € R¥™ and x5 € R¥,

t
/ ds F1G1(s,&1,12)% < ¢

t
o m arccosh <@> 1{|IE2| < t} (39)
(b) For all t > 0, there exists C(t) > 0 such that for all & € R*™1 and x5 € R,

1+1n(1+ &)%)
VIHERE

Proof. (a) We obtain (3.9) by integrating in s both sides of (3.8).

(b) For fixed t > 0, the left-hand side of (3.10) is a continuous function of &;, which is
therefore bounded above for all z3 and [£;| bounded. On the other hand, the right-hand side is
bounded below by a positive constant for |£;] bounded. Therefore, it suffices to check (3.10) for
|€1| sufficiently large. In this case,

t t —2as
/ ds F1G1(s,&1,32)° = /0 ds < 1 I3 (\/(|§1|2 +b—a?) (s? —$%)> 1{]3&2\ < s}

0

/t ds .7:1G1(s,§1,x2)2 S C(t) (3.10)
0

C eQa_t t 1
< ds 1 ,
- 4 /“”2 V14 (&2 +b—a?) (52— 22) {lza| <t}

by (C.2). Using the formula

1
/\/ﬁdt?:ln(s—i- Oé+82), (311)
we find that
CeQa*t t—i—\/m—kﬂ—x%

t
ds .7:1G1(8 51 IE2)2 S n 1 .
Sb SER b — a2 1 {l2| <t}
0 &P +b—a | 2] + €12 +b—a2

This last expression is maximum when xo = 0, in which case it is bounded above for |£;| large
by the right-hand side of (3.10). O
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Lemma 3.5. (a) For allt > 0 and xo € R such that |zo| < t, there exists C(t,z2) > 0 such that
for all & € R~1,

¢ C(t 1‘2)
ds .7:1G1($,§1,.%'2)2 Z %. (3.12)
/o V1+[&l
(b) For all t > 0, there exist C(t) > 0 such that for all & € R,
' In(1 + |&[%)
ds F1G1(s,£1,0)? > O(t) —— (3.13)
/0 V1+lal

Proof. (a) For fixed t > 0 and x9 € R, the left-hand side of (3.12) is a positive and continuous
function of |£;|, which is therefore bounded below by a positive constant for |£;| bounded. On
the other hand, the right-hand side is bounded above. Therefore, it suffices to prove (3.12) for
|€1| sufficiently large. In this case,

t t —2as
/ ds F1G1(s,&1,m2)% = /0 ds 1 Jg <\/(|51|2+b—a2) (s —$%)> 1{\902! < s}

0
—2att gt
[ (VisE - ).

2|

where a = max(a,0). Use the change of variables r = /(|¢1]2 + b — a?) (s2 — x3), so that

rdr rdr

ds = > ,
TSPt —ad) T t(aP+b—a?)

and set R = /(|&1]2 + b — a?) (2 — 22) to see that

t ) 672a+t 1 R )
> .
/0 ds F1G1(s, &1, )" > yraR T /0 drr J5(r)

Since R > 1 for large |£1|, we obtain using Lemma C.1 that for such &,

Ce 2t JIGP+b—a?) (2 - 13)
4t €112 + b — a?
C(t7 .’L'Q)

VI+IaP?

A\

t
/ ds F1G1(s,&1, 1)
0

This completes the proof of (a).

(b) For fixed t > 0, the left-hand side of (3.13) is a continuous and positive function of &1,
which is therefore bounded below by a positive constant for |{1| bounded. On the other hand,
the right-hand side of (3.13) is bounded above. Therefore, it suffices to check (3.13) for ||
sufficiently large. In this case,

—9q71
eQat

/tds JZ (3 \/W)
0

efzaﬂ t \/|€1|2+b—a?
= dr Jg(r),
4GP +b—a* Jo

t
/ ds f1G1(37§170)2 Z
0

by the change of variable r = s4/|&1]? + b — a?. By Lemma C.2, the integral is bounded below
by
cIn(t \/|&1]? + b —a?),

which yields (3.13). O
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4 Solutions to the linear s.p.d.e.

The most classical notion of solution to (2.12) is the notion of weak solution: a weak solution
of (2.12) is an adapted process (u(t), ¢ > 0) with values in S’(R?) such that for all + > 0 and
¢ € C(RY),

O?u(t) ou(t)
< oz ()T,

() + bu(t)() - Au<t><->,so> — (Bt ). 0(-0)),  P—as.

It is well-known (see for instance [7, 30, 32]) that the unique weak solution to (2.12) is given by
the formula

(u(t), ) = /[0 . M(ds,dz1) (G(t — s) * ¢)(z1,0), teRy, ¢ € S(RY), (4.1)

where G is the Green kernel of equation (3.1), whose properties are listed in Section 3.

Remark 4.1. Note that we could intepret the noise term as a boundary term, and therefore
consider that (4.1) is the weak solution of the following equation in the upper half space:

0%u ou de1
W(t,x)—i—?a E(t,x)—i—bu(t,x)—Au(t,x) =0, (t,z) e Ry x R x Ry,
with the stochastic boundary condition
ou .
—(t 0)=F(t .
axQ ( , L1, ) ( ) fI,'l)

Indeed, this problem leads to the same weak formulation as (4.1).

In many contexts, stronger notions of solution than that in (4.1) are useful. We shall examine
two such notions defined in Sections 4.1 and 4.2 below: function-valued solutions and random
field solutions. We shall see that the conditions for existence of a function-valued solution and
of a random field solution are not the same!

4.1 Function-valued solutions

A function-valued solution to (2.12) is an adapted process (u(t), t > 0) with values in L2 (R9)
such that

o / dru(t)(z) plz), e CPRY, £20,
Rd

coincides with the weak solution (4.1) of (2.12). This type of solution is often considered in [9].
Note that for fixed ¢t > 0, u(t)(z) need only be defined for almost all z € R?. We shall show
that a function-valued solution exists if and only if the following condition is satisfied.

Assumption Bj.
p(d&r)

0l
Ri-1 /1 + [ ]2

A refomulation of this condition into a condition on the covariance of the noise is given in
Appendix A. Note that this condition is stronger than that needed for the equation driven by
spatially homogeneous noise on R (see [5, 17], or even [11]), for which the square root does not
appear. This is to be expected since our noise is concentrated on a hyperplane, which makes
it more singular than noise spread out over R¢. We point out that Lebesgue measure on R%~!
(which is the spectral measure of white noise on R%~1) does not satisfy this condition for any
dimension d > 1.

We begin by establishing two lemmas.
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Lemma 4.2. Under Assumption By and for (t,z1,72) € Ry x R R* | the function ¢t 4y 2, :
[0,t] — OL(RI~1) defined by

¢t,m1,x2(8) == Gl(t — 5,71 — ',.’I,'Q), ENS [Ovt]v
belongs to Hy.

Proof. Notice that
F10t,21,25(5,61) = FaG1(t — 8, €1, 72) Xz, (§1)-

Thus, for all s € [0,t], Fi¢ru,z(5,-) € Op(RI71) (see Section 2.1) and this implies that
Gtw1.w0(8,) € OL(RTY), by (2.3). Moreover, Fi¢;q, ., is a Borel-measurable function and
using Lemma 3.4(a) and Assumption By, we obtain

t
onnalt = [ uder) [ ds FiGi( 5. ~6a?
C(t :U’(dgl)

t
s h(— ) 1 < 00, 4.2
[ i o () Ml < <= 42

since xg # 0. With the change of variables s — t — s, (2.21) is implied by

IN

t
lim ds/ ,U,(dfl) sup |.7:1G1(T, —51,562) —f1G1(8,51,$2)|2 =0. (43)
h10 Jo Rd-1 s<r<s+h

Fix & and s # |za|. If s < |z2|, then for h sufficiently small and r € s, s + h[, 7 < |z2|, so the
integrand in (4.3) vanishes. For s > |z3| and r € s, s + h[, 7 > |x2|, so the integrand is equal to

2

sup
s<r<s+h

)

ea (el + oo =) - e (Viar+o- e - o))

where J(r) is either Jy(r) or Iy(ir). By uniform continuity of J, this expression converges to 0
as h | 0. Therefore, the integrand in (4.3) converges pointwise to 0, for a.a. £ and s.
In order to apply the dominated convergence theorem, we note from Lemma 3.3 that

sup | F1Gy(r, —&1,w9) — F1Gy(s, —&1,m2)]?

s<r<s+h

C 1 1

—1 sup +

JIHER = (w — a3 V- mar)
C 2 1

VITGR /52— [ag] telsh

By Assumption By, this last expression is ds x p(d&;)-integrable, so the dominated convergence
theorem applies and (4.3) is proved. The conclusion now follows from Theorem 2.3. O

Lemma 4.3. Let M be the worthy martingale measure defined in Section 2.5. Under Assumption
By, the real-valued process X = {X(t,x1,22), (t,r1,22) € Ry x R4~ x R*} defined by

X(t,z1,22) = / M(ds,dyy) G1(t — s,x1 — y1,x2), (t,z1,22) € Ry X R x R*,
[0,4] xRd~1

is a centered Gaussian process whose covariance is given by
E(X(t,z1,22) X(s,41,92))

tAs
= /Rd—l H(dé-l)/o dr FlGl(t -7, —51,562) FlGl(S -, —fl,yg) Xz1—11 (fl), (44)

and such that the map (t,1,x2) — X (t,21,22) is continuous from Ry x R4~1 x R* to L(9).
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Remark 4.4. This result and [23, Prop. 3.6 and Cor. 3.8] imply that the process X admits a
modification X such that the map (¢, z1,z9,w) — X(t,21,x2,w) is jointly measurable. We will
implicitly consider this modification in the following.

Proof of Lemma 4.3. By Lemma 4.2, the process X is well defined. The fact that X is a centered
Gaussian process with the covariance given in (4.4) follows easily from the isometry (2.20), and
since p and F1G are symmetric in &1, (4.4) is equal to

tAs
/Rdl H(dfl)/o dr F1G1(t —r, =&, m2) F1G1(s — r, —&1,92) cos(&r - (21 — y1)),

so X is real-valued.

In order to show that the map (t,x1,22) — X (t,21,2) is continuous from R, x R4 x R*
to L%(Q2), we show that for all T' > 0, it is continuous from [0, T] x R~1 x R* to L?(f2), showing
first that the map xo — X (¢, 21, x2) is continuous in L?(Q) uniformly in (¢,z1) € [0,T] x R41,
then that for fixed xo € R*, the map x1 — X(¢,21,22) is continuous in L?(Q) uniformly in
t € [0,T] and finally that for fixed (z1,z2) € R¥™! x R*, the map ¢ +— X (t,21,22) is continuous
in L2(92).

Let x2, yo € R*. Using the isometry (2.20) (or (4.4)), we obtain

(t,21)€[0,T) x RI—1

T
< / ,u(dgl)/ dr (F1G1(r,—&1,y2) — F1G1(r, €1, 22))°. (4.5)
Rd—1 0

We will show that this expression converges to 0 as ys — xo. First note that for each & € R4~!
and 7 # |z2|,
(FiG1(r, =&, y2) — F1Gi(r, =&, 22))> — 0.

Y2—I2

Moreover, since F1G1 is bounded on [0, T]x R*~! xR, we obtain from the dominated convergence
theorem that

T
/ dr (FiG1(r, =&, y2) — FaG1(r,—&1,22))> — 0.
0

Y2—I2

But for € € ]0, |x2|[ and |y2 — 2| < €, we obtain by Lemma 3.4(a) that

T
/0 dr (FiG1(r,—&1,92) — FiGi(r, =1, 22))? (4.6)
2 O(T) T T
< NP RIE e (arccosh (@) 1{\y2] <7}t arccosh (m) 1{‘352‘ < T}>

2 O(T)

T T
———— (arccosh| — ] 1 _ 71 tarccosh ( — ) 1 ™
TP ] —z) Heal—e <7} eal) Mioal <7}

since |ya| > |x2| — €. Therefore, by Assumption By and the dominated convergence theorem,
(4.5) converges to 0 as y2 — xa.
Now, let x1, y1 € R%"! and 2o € R*. By (4.4), we have

sup E((X(t,y1,22) — X (t, 71, 22))?)
te[0,7

T
< /Rd—l M(dfl)/o dr F1G1(r, —51,x2)2 2 (1 —cos(&1 - (y1 — x1))). (4.7)

16



The integrand in (4.7) converges to 0 as y; — 1, so for fixed & € R9~! the inner integral
does too since F1G is bounded on [0,T] x R4 x R. By Lemma 3.4(a), which applies since
xo # 0 and Assumption By holds, we conclude from the dominated convergence theorem that
the expresssion in (4.7) converges to 0 as y; — 7.

Finally, let t,h € Ry, #1 € R%! and 2o € R*. ;From (4.4), we obtain

E((X(t+ h,21,72) — X(t,21,72))?)

t
= /Rdl N(dfl)/o dr (flGl (r+h,—¢&1, x2) — F1G(r, —51,.%‘2))2 (4.8)

h
+/Rd_lu(d£1)/0 dq F1G1(q, —&1, 22)>. (4.9)

By (4.3), the expression in (4.8) converges to 0 as h — 0. On the other hand, from Assumption
By and Lemma 3.4(a), which applies since z2 # 0, the integral in (4.9) converges also to 0 as
h — 0, and this shows the right-continuity in ¢ of the process X (in L?(£2)). The left-continuity
follows in the same way and this completes the proof. O

With these two lemmas in hand, we can now prove the following theorem.

Theorem 4.5. There ezists a function-valued solution (u(t), t > 0) to equation (2.12) if and
only if Assumption By is satisfied. In this case, u(t)(z1, 1) = X (t,x1,22), T2 # 0, 1 € R™Y
is the function-valued solution, where (X (t,x1,x2)) is defined in Lemma 4.3.

Proof. Let us first suppose that Assumption By is satisfied. Let X be the process defined in
Lemma 4.3: it is continuous in L?(Q) on Ry x R~ x R* and is a centered Gaussian process
whose covariance is given by (4.4). Set u(t)(z1,r2) = X(t,21,22), 2 # 0, 21 € RL Observe
that for fixed ¢ € R, we have by (4.4),

t
E(X(t,:l?l,zl?z)Q) = /d1 u(dfl)/o dS flGl(t — S, —51,562)2.

R

By Lemma 3.4(a) and Assumption By, this is bounded above by

t 1
C(t) arccosh (@> 1{|:c2| <t} .7 In (@> . (4.10)

This is integrable in the neighborhood of zo = 0, so a.s., u(t) € L} (R?).
We now prove that for ¢ € S(R%),

(u(t),p) = /Rd dx u(t)(z) ¢(z), P—a.s., (4.11)

where (u(t), ¢) denotes the right-hand side of (4.1). By Lemma 4.3 and Remark 4.4, the integral
on the right-hand side of (4.11) is well defined. We show that both sides of (4.11) are equal
P-a.s., by showing that both their variances are equal to their covariance. By (4.1) and (2.20),

2

E([(u(t),p)P) = E /[O p— M (ds, dxy) (G(t = 5) * @) (21,0)

- / u(dgl)/ds [FL(G(t = 5) * 9) (€1, 0)[%.
Rd—1 0

Since Fy = F5 ' F and F(G x H) = FG - FH,

Fi(G(t = 5) % 9)(£1,0) = Fy '(FG(t —s) F)(£1,0)
1

= 5 déy FG(t — 5,61, &) Fo(&r, &), (4.12)
™ JR
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SO

1 2
o / dés FG(t — s,61,&) Fe(&1,&)| - (4.13)
R

s

B(w®). ) = [ e [ as

On the other hand, by Fubini’s theorem and (4.4),

2
_ / di / dy E(X(t,2) X(t,9)) o(x) o(y)
R4 R4

= /]Rd—l H(dfl)/ot ds

By definition of G, the double integral inside the modulus is equal to

/R dr X(t,2) ()

2
/d ) dxy / dry F1G1(t — 5, =1, m2) Xe, (1) p(w1,22)| .(4.14)
Rd- R

/ dry F1Gy(t — 5, —&1,22) Fro(&r,x2) = 2i / dés FG(t — 5, —&1, &) Fe(&1,&2), (4.15)
R T JR

which is equal to (4.12), so (4.13) and (4.14) are equal. It remains to compute, using Fubini’s
theorem, (4.1) and (2.20),

E <(u(t), o) - /R e X(t,2) <p(ac)> (4.16)

- / M(d&)/ ds <F1(G(t—s)*s0)(£1,0)
Rd—1 0

-/Rd de F1Gi(t — s, —&1,22) Xfl(‘rl) SO(CC)) )

Using calculations (4.12) and (4.15), we obtain that the two factors in the last integrand are
equal, so (4.16) is also equal to (4.13) and (4.14). This proves (4.11) and therefore the sufficiency
of Assumption Bj.

Let us now prove the necessity of Assumption By. We assume that there is a process
(u(t), t > 0) with values in L? (R?) that satisfies (4.11). For (t,z1,22) € Ry x R¥™1 x R such
that |xa| < ¢, let @&?),m = O(z1,00) * Yn € S(RY), where (v,) is a sequence of non-negative and
compactly supported approximations of dy in R%. The assumptions made on u and Fubini’s
theorem imply that

)

= /d dyy dya /d dz1 dza E(u(t) (y1, y2) u(t)(z1, 22)) @0, (y1,y2) 81k (21, 22) (4.17)
R R

E(|{u(?), SOS;?)MHQ) =E ( /Rd dy1 dyo u(t)(y1,y2) ., (Y1, 2)

By the Lebesgue Differentiation Theorem [31, Chap. 7, Exercise 2], this converges as n — oo
for a.a. x to E(u(t)(z)?) < oo.
(n)

On the other hand, replacing ¢ by ¢gz,’z, in (4.13) gives

2

B (0. o)) = [ nlacy) [ as

% /Rdf? FG(t = s,61,6) Fol,, (1,6)
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Let us then compute

1

5 | dé FG(t = 5.61,6) Fel,, (61.62) (4.18)
T JR

= / dys FiG1(t — s,&1, —y2) fl@i??xg (&1,92)
R

= /Rd dy /Rdy2 FiGi(t — .61, —y2) xe, (1) O, (y1, 92)
—  FiGi(t —s,&1,—22) Xz, (1),

n—oo
for all (s,&;) € [0,t] x R¥! such that s # ¢ — |x5|. Fatou’s lemma and Lemma 3.5(a) then imply
that

lim inf E(|(u(t), o{™. }[2)

)
N— 00 Soxl s L2

v

t
/ p(d€r) / ds FiG1(t — s,&1, —12)?
Rdfl 0

p(d€r) .
Ri-1 /14 [&1]2

Since the above liminf is a finite limit for a.a. (z1,x2) by (4.17), Assumption By is satisfied and
this completes the proof. ]

2 CG(t,fEQ)

Remark 4.6. If E(X(¢,71,22)?) behaves as ln(|ml—2|) for x9 — 0, as (4.10) suggests, then the
process X cannot be continuously extended to the hyperplane 2o = 0. In the next section,
we shall see that a stronger assumption on the spectral measure p is needed to ensure that a

continuous extension to the hyperplane x5 = 0 is possible.

4.2 Random field solutions

In this section, we consider a third notion of solution: a random field solution to (2.12) is an
adapted process (u(t,z), (t,xz) € Ry x R%) such that (¢,z) — u(t,z) is continuous from Ry x R?
into L2(2) and
o | dxu(t,z) o(x), @ € CRY), t >0, (4.19)
R
coincides with the weak solution of (2.12).

Note that if (u(t), t > 0) is a function-valued solution, then wu(t)(x) is only defined for a.a. x,
and there is no continuity requirement on the map = +— wu(t)(x), whereas such a continuity
requirement is specified in the notion of random field solution. We shall show that the existence
of a random field solution is equivalent to the following condition on the spectral measure p,
which is stronger than Assumption By.

Assumption Bj|.

In(1+ &%)
d I S e
/Rdlu( ¢1) TP < oo

Note the extra logarithmic factor in this assumption compared to Assumption Bjy. In Ex-
ample 4.9 below, we give an example of a spectral measure p which does not satisfy Assumption
B{, but does satisfy Assumption By.

We shall need the following lemma, which is analogous to Lemma 4.2. The crucial distinctions
are that Assumption By is replaced by Assumption B{, and the conclusion is now valid even for
To = 0.
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Lemma 4.7. Under Assumption B} and for (t,21,22) € Ry x R¥™L x R, the function ¢ty o, :
[0,t] — OL(RI~1) defined by

¢t,$1,x2(8) == Gl(t — 5,71 — ',.’I,'Q), ENS [Ovt]v
belongs to Hy.

Proof. We shall show that ¢; 4, 4, € H; by using the definition of this space (see the end of
Section 2.6). Fix therefore (¢, 21, 75) € Ry x R x R. As in the proof of Lemma 4.2, note that
for all s € [0,1], & € R4,

F1¢t,x1,x2(5)£1) = flGl(t - S, _gl)xQ) Xz1 (51))

and that ¢, 2,(s,") € On(RI1). Moreover, Fi¢;yz, s, is a Borel-measurable function and
using Lemma 3.4(b) and Assumption By, we obtain

t
| ml? = / () / ds FLGi(t — 5, —&1,20)°
Rd-1 0
1+In(1+ &%)

V1+[&l?

< et [ ) (4.20)

Let us now define

O s (5:91) = (Brarea(s) ¥1 ) (1), s €[0,8], y1 € RV, (4.21)

where (¢,,) is a sequence of non-negative approximations of dy in R~ compactly supported
in By_1(0,1) and which satisfy fRd—l dzy ¢¥n(x1) = 1. In particular, lim,, . F1¢,(£1) = 1 and
|Fion(&1)] < 1, for all & € R,

For each n,

7:1¢§,7;)1712(8, §1) = F1dbt,zq,22(5,61) F1vn(&1),
which implies that

| brer s — 6 I = / s / H(dEL) |Fitan s (5,€0) % 11— Frbu(€1) >

Using the dominated convergence theorem, which applies since the integrand converges to 0,
|1 — Fiion(&1)] < 2 and ||¢tz1,:v2Ht < 00, we conclude that limy, o ||#t,2, 25 gbt xl,xQH 0

It remains to check that ¢t azs € Hio for each n. By (4. 21) and definition of gbt e
flgbml 2, 15 a Borel-measurable function and for all s € [0,1], gbtzl o2 (s,-) € S(RI1), since
Bt 1,22 (8, ) € O (RI™ 1) The last condition to be verified is that Hgbt It < 00

The definition of gbt ., implies that for all s € [O t], qbt . (s ) is compactly supported,

and therefore belongs to C$°(R?~1) and so does ¢t o w( \) *1 gbt o w( -). Moreover, since
supp G(s,x1 — -,x2) C Bg_1(0,|x1]| +t) for all s € [O t] and x2 € R, we obtain that for R =
2(|za] +t+ 1),

sup \gbtzl 12(3 )| *1 "7515,7:?1,12(37 I (z1) =0, for all z; € R*! with |z1] > R.
5€[0,1]

This implies that

160 2, = / ds / v(dzr) (6 L (5,0 #1168, (5] (1) < o0,

which completes the proof. U
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Theorem 4.8. There exists a random field solution (u(t,x), (t,r) € Ry x RY) to (2.12) if and
only if Assumption B{ is satisfied. In this case, u(t,x1,x2) = X(t,x1,x2) is the random field
solution to (2.12), where X is defined as in Lemma 4.3, but for all (t,xr) € Ry x R,

Proof. Suppose that Assumption B(, in satisfied. Then the statement of Lemma 4.3 remains
valid for all x5, though the proof must be modified as follows. First, by Lemma 4.7, the process
X is well defined for all 2o € R and z; € R and (4.4) holds.

The L?-increments of X can be estimated as follows. Let us first consider zo, y2 € R. We
express

sup E((X(t,21,y2) — X (t, 21,22)))
(t,z1)€[0,T)xRd—1
as in (4.5). Using twice the dominated convergence theorem as in the proof of Lemma 4.3,
but applying this time Lemma 3.4(b) and Assumption B{ for (4.6), we obtain that the above
expression converges to 0 as yo — Zo.
Now, let 1, 11 € R*! and 25 € R. We express

sup E((X(t’ Y1, 562) - X(ta xq, ‘TQ))Q)
t€[0,T
as in (4.7). Once again, using twice the dominated convergence theorem jointly with Lemma
3.4(b) and Assumption BY), we obtain that this expression converges to 0 as y; — ;.
Finally, let t,h € Ry, z; € R%! and x5 € R. We write

E((X(t+ h,21,72) — X(t,21,72))?)

as in (4.8) and (4.9). Since F1G; is bounded on [0,7] x R?~! x R, the inner integral in these
equations converges to 0 as h — 0. We then use Lemma 3.4(b) and Assumption B, to conclude
via the dominated convergence theorem that these expressions converge to 0 as h — 0.

A similar argument allows us to prove the left-continuity. Summing up these results gives
us the L?-continuity of the process X on R, x R? then the existence of a jointly measurable
modification.

One now verifies that (4.19) coincides with the weak solution of (2.12): this is identical to
the proof of (4.11). Therefore, Assumption By, implies the existence of a random field solution
to (2.12).

In order to prove that Assumption B is necessary, we also follow the proof of Theorem 4.5.
Assuming that there is a random field solution (u(t,x)) to (2.12), we have

o0 > E(u(t,21,0)%) = lim E(|(u(t), {)0) P, (4.22)

z1,0

where 30(”)0 — 640 in S'(RY). Using (4.13), we obtain
n—oo

X1,

t 2

B, ) = [ ntae) [ as

1 n
%/l\%déé fG(t_S,gl,é-Q) Fspz(rl),(](gl)éé)

So by the same calculations as in (4.18) and using Fatou’s lemma, we obtain

n—~oo

t
lim_ (| (u(t), o\7) > > / u(dér) / ds FiGa(t — 5,61,0)%.
Rd-1 0

By Lemma 3.5(b),
In(1 + |&1[%)

t . , In(1+ 162
/R ulder) /0 ds FiGr(t — 5,61,0)2 > /R M) O T (4)

Using (4.22), we conclude that Assumption B is satisfied, and this completes the proof. U
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Example 4.9. We give here an example of a spectral measure that satisfies Assumption By
but not Assumption By, for which the function-valued solution to (2.12) cannot therefore be
extended continuously to xo = 0.

Let d =2 (so that u is a measure on R) and describe p by its density ¢ given by

o(r)=3— Zr if r €[0,¢], o(r) =1In"2(r) if r € [e,o0],

and ¢(r) = ¢(—r) for r < 0. One can easily check that p satisfies Assumption By, but not
Assumption Bj).

We now check that the corresponding covariance I' = Fjp is a non-negative and non-negative
definite measure. Clearly, u is a non-negative tempered Borel measure on R, so I' is a tem-
pered non-negative definite distribution by the Bochner-Schwartz theorem [28, Chap. VII, Thm
XVIII]. In order to show that I' is a non-negative measure on R, observe that ¢ is continuous,
decreasing and convex on [0,00[, so by Polya’s criterion (see for example [13, §2.3.d]), ¢ is a
(symmetric) non-negative definite function on R. By the classical Bochner theorem, this implies
that I' is a non-negative finite measure on R. Therefore, the spectral measure p defined above
is indeed a relevant example.

Remark 4.10. One can ask about existence of function-valued solutions or random field solu-
tions to the stochastic heat equation driven by noise on a hyperplane, that is,

@(t,x) — Au(t,z) = F(t,z1) do(x2), teRy, x = (x1,29) € RS xR,

ot (4.24)
u(0,z) =0, x € RY,
For this parabolic s.p.d.e., the conclusions are completely different from those of Theorems 4.5
and 4.8 (this contrasts with the spatially homogeneous case [5, 26]). Indeed, in this case,

G(t,z) = e P/ Gty w0) = G(t, 1),

(27t)4/2
and

F = 1 2
G(t, 7t|£|2/27 Fi1G1(t, &, I o —x3/(2t)
( 5) € 1 1( & $2) e 5 e

Defining ¢; 4, 2,(s) as in Lemma 4.2, one sees that the integral arising in (4.2) is equal to

¢
1
/ w(déy) / ds e~slal” —_ =3/, (4.25)
Rd—1 0

2rs

When [£;| > 1, we have

t 2 1 2 e 2 1 2 1

/ ds e 16" —emm2/s < / ds e 161" —— o772/ = = Ko(2 |z |€1]),
0 2ms 0 2ms m

by [3, formula 1.5.34] (where Kj is the zero order modified Bessel function of the second kind

defined in Appendix C). When [£;| <1 and z2 # 0, we have

¢ 2 1 2 | 2
/ ds e~ sI6l" _—_ g=w3/s < / ds — e 2/ < .
0 TS 0 TS

Using these two estimates, (C.6) and the fact that u is a tempered measure, it is not difficult to
see that (4.25) is finite for z9 # 0 and therefore that a function-valued solution to (4.24) always
exists. This is compatible with the result of Sowers [29].

On the other hand, carrying out the computation in (4.23), one finds that the left-hand side
of (4.23) is infinite, no matter the measure p, because the ds-integral is already infinite. It is
not difficult to conclude from this that a random field solution to (4.24) never exists.
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5 Non-linear equation driven by noise on a hyperplane

In this section, we shall extend the result of Theorem 4.8 to establish the existence of a random
field solution to a non-linear form of equation (2.12). We shall need the following assumption.

Assumption Cj.
(i) The covariance T' of the noise is a non-negative measure on R4,
(ii) d € {2,3} and a? > b.

Part (ii) of this assumption implies that the “hyperplane” xo = 0 is either a straight line
or a plane, and from the expressions of GG listed in Appendix B, we see that for all t € R,
and z9 € R, G1(t,-,x2) (defined in Proposition 3.1) is a non-negative measure on R41. These
non-negativity assumptions are needed to use Theorem 2.2, which we shall do repeatedly in the
following.

Consider the following formal non-linear equation:

2
%(t,x) +2a %(t,x) +bu(t,x) — Au(t, )
= g(u(t,x1,0)) do(x2) + h(u(t,x1,0)) F(t,xl) do(x2), teRy, z € RY (5.1)
_ Ou _ d
\ U(O,IE)—E(O,CC)—O, z € RY,

where g and h are real-valued functions and F is the noise concentrated on the hyperplane
x9 = 0 considered in Section 2.4. Note that we consider vanishing initial conditions, but this
can be improved: see Remark 5.3.

The integral formulation of (5.1) is

t
u(t,x1,x9) = / ds . Gi(s,dz1,x2) g(u(t — s,x1 — 21,0))
0 Ra—

+/ M(ds,dz) h(u(s,21,0)) G1(t — s, 21 — 21, x2), (5.2)
[0,] xRd—1

P-a.s., for all (t,z1,29) € Ry x R¥™! x R, where M is the worthy martingale measure defined
in Section 2.5. The stochastic integral is interpreted as in Section 2.6. A jointly measurable
adapted process u = {u(t,z), (t,z) € Ry x R} which satisfies (5.2) is termed a mild solution
of equation (5.1).

When g = 0 and h = 1, the solution of (5.1) is precisely the random-field solution of equation
(2.12), which is well defined on R x R (see Theorem 4.8) under Assumption Bj. The following
theorem extends this to the non-linear case.

Theorem 5.1. Under Assumptions B, and Cy, and if g and h are globally Lipschitz functions,
then there exists a unique mild solution u = {u(t,z), (t,x) € Ry x R} to equation (5.1).
Moreover, the map (t,z) — u(t,x) from Ry x R? to L?*(Q) has the continuity property

lim E((u(t + hyy1,y2) — u(t,z1,22))%) =0, (5.3)
hl0,y1—x1, |y2|T|z2]

for all (t,x1,22) € Ry x R™! x R. Further, for all T > 0,

sup E(u(t,z)?) < co. (5.4)
(t,z)€[0,T]x R4
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We will need the following lemma on the behavior of F1Gj.
Lemma 5.2. For all t > 0, there exists C(t) > 0 such that for all s € [0,t] and & € R

C(t)

fG 7 ) S 1
TR P

Ljas| <s}- (5.5)

Proof of Lemma 5.2. Since F1G1(s,&1,22) = el 5271375).7:16’1(\/82 — 13,£1,0), it suffices to
prove (5.5) with 9 = 0. In this case, the left-hand side of (5.5) is a continuous function of
(s,&1), which is therefore bounded above for |£;| bounded and s € [0,¢]. On the other hand, the
right-hand side of (5.5) is bounded below for such &; and s. Therefore, it suffices to check (5.5)
for s € [0,t] and |&;| sufficiently large. In this case, by (3.5) and (C.2),

—as

e

‘flGl(‘g’gl’O)’ -

()| <5

612+ b —a?) s2)5

There is ¢ > 0 such that for |¢;| sufficiently large, [&1|2 + b — a? > c[&|?, and this leads to (5.5).
(]

With this tool in hand, we can now prove the theorem.

Proof of Theorem 5.1. Let us consider v(t,z1) = u(t, z1,0), (t,r1) € Ry x R¥~1. Equation (5.2)
evaluated at x9 = 0 gives the following (closed) equation for v:

t
v(t,z1) = /0 ds i Gi(s,dz1,0) g(v(t —s,z1 — 21))

+/ M(ds,dz) h(v(s,z1)) G1(t — s,x1 — 21,0). (5.6)
[0,t] xRa—1

Although Gi(+,-,0) is not the Green kernel of any “standard” partial differential equation in
R, x R4"1, the above equation is of the type of those studied in [5], and we can therefore apply
Theorem 13 of that paper. This reference applies (see [6]) since for all ¢ € Ry, Gi(t,-,0) €
OL (R 1)y (by (ii) of Assumption Cj), since for all & € R4, the map t — F1G1(t,&1,0)
is continuous (by (3.5)) and, finally, since for all ¢ > 0, there exists hg > 0 and &k : [0,¢] —
O4(R%1) 4 such that for all s € [0,t], h € [0, hg] and & € R4,

|F1G1(s + h,&1,0) — Fi1Gi(s,&1,0)| < Fik(s, &), (5.7)

and .
/ ds/ p(dér) Fik(s,€1)? < oo. (5.8)
0 Rd-1

Indeed, by Lemma 5.2, it suffices to let & be the distribution-valued function whose Fourier
transform is given by

2 C(t)
(1+ (|&]s)2)

Then (5.7) clearly holds, and for all s € [0,t], Fik(s,-) € Om(RI™Y), so k(s,:) € OL(RI1)
by (2.3). Moreover, k(s,-) is a non-negative distribution on R~! since when s = 0, k(s,-) =
2 C(t) 0p(-) which is non-negative, and when s > 0, by (A.2),

Fik(s, &) =

|71

k(s,z1) = C’(t) s(1-2d)/4 ’1‘1‘(37%)/4 K(gd,g)/4 (T) ) d € {2,3},
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where K, is the modified Bessel function of order v of the second kind, which is non-negative
on R, (see Appendix C). By using formula (3.11), we obtain that

/otds [, ) Fikts. 6 = / S 145(('5)1')

< C(t) /R 1u(d€1) H;%‘ ), (5.9)

which is finite by Assumption B(. Therefore, (5.8) is proved.

Theorem 13 of [5] now states that there exists a unique jointly measurable adapted process
v which satisfies (5.6). Moreover, the law of v(t, 1) is stationnary in x; and the map (¢,x1) —
v(t,z1) from Ry x R4! to L?(Q) is right-continuous in ¢ and continuous in x1 (note that the
right-continuity in ¢ is uniform in z; € R"!). Further, for all T > 0,

sup E(v(t,x1)2) < 0. 5.10)
(t,z1)€[0,T]xRa—1

It follows that u(t,x1,0) = v(t,x1) gives the solution of equation (5.2) on the hyperplane
x9 = 0. For 9 # 0, let us now define u(t, z1,x2) by

t
u(t, x1,2) = / ds . Gi(s,dz1,72) g(v(t — 5,21 — 21)) + (G1(t — @1 — -, 32) - MP™)),,
0 R

which is not anymore an equation, since (h(v(t,z1))) is now a given process (note that since
G1(t—-,x1 — -, x2) is non-negative, |G1(t —-, 21 — -, z2)||s < 0o and Z = h(v) satisfies conditions
(2.15) and (2.17), the stochastic integral is well defined by Theorem 2.2).

With u so defined, it is clear that u satisfies equation (5.2) and that it is the unique process to
do so. Moreover, it satisfies (5.4) and admits a jointly measurable modification since it satisfies
the continuity condition (5.3), as we now prove.

To this end, write

u(t,x1,x9) = A(t,x1,22) + B(t, x1, z2),

where

t
A(t,z1,x2) = / ds G(s,dz1,22) g(v(t — s,x1 — 21))
0 Rad-1

and
B(t,x1,29) = (G(t — ;21 — -, x2) Mh(”))t_

We first verify the L2-continuity property (5.3) for the process B. Notice that for x5 = 0, this
reduces to the continuity property of v(¢,z1), which has already been established. For xy # 0,
we assume without loss of generality that 2o > 0, and fix (t, 21, 22) € Ry x R9~! x R such that
o < t. According to the formulas in Appendix B,

t—xo
B(t,z1,72) = / M (ds,dz) h(v(s,z1)) Gy ( (t—s)2—a3, o1 — 21,0) .
0 Rd-1
Therefore, for h > 0 and 0 < ys < x2,

B(t + h7x17y2) - B(tvxlva) - Bl +327
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where

t—x2o
B, = / M (ds,dz1) h(v(s,21)) <G1 (\/(t +h—s)2—y2x1 — z1,0>
0 Rd—1

-Gy ( (t—s5)2 —a22 m —z1,0> ),

t+h—y2
By, = / M(ds,dz1) h(v(s,z1)) Gy \/(t +h—s)2—y3, 21— 2,0 |.
t Rd—1

By (2.19),

t—xo
/ ds / ) (dgy)
RA— 1

flGl (\/(t+ h — 3)2 - ygv _5170>

—.7-"1G1( (t—s)2 — a2, 51,> . (5.11)

2

flGl <\/(t + h— 3)2 - ygv _5170)

t
E(B%) :/O ds Adl :U'];(v)(dfl) 1{t—$2<5<t+h—y2}

(5.12)
The integrand in (5.11) converges pointwise to 0 as h | 0,y2 T x2, and, according to (5.7), is
bounded above by Fik(+/(t — s)2 — 23, —£1). Since k > 0, the inequality in Theorem 2.2 is valid
with ¢ replaced by k, so we conclude that

t—xo 2
| s [ ko) Ak ( (t—s) —a3, —51)
0 Rd-1
t—xo 2
S C/O ds Adl u(dfl) .7:1]{5 ( (t - 8) 51) .

Now proceed as in (5.9) to conclude, by Assumption By, that the right-hand side is finite.
Therefore, the dominated convergence theorem applies and we conclude that E(B?) — 0 as
h | 0 and y2 T x2. The convergence is uniform in x; since the right-hand side of (5.11) does not
depend on z;.

Since G is a non-negative distribution, a similar dominated convergence argument shows
that E(B2) — 0 uniformly in 1 as h | 0 and yo T 22. Therefore, B(t + h,z1,y2) — B(t,x1,2)
in L2, uniformly in 21, as h | 0 and yo T 2.

In order to check (5.3) for the process B, it remains to show that for (¢, x2) fixed, B(t, y1,x2) —
B(t,x1,22) in L? as y; — x1. By (2.19),

t .
E((B(t,y1,32) — B(t,x1,22))?) :/ dS/ phW (dey) |FLGr(t— s, =&, a2)|? - [1 — 11 —2))2,
0 Rd—1

(5.13)
The integrand in (5.13) converges to 0 pointwise as y; — x1 and is bounded above by 4|F;G1(t —
s, —&1,m2)|%. Since G is a non-negative distribution, we use the inequality in Theorem 2.2 and
(5.10) to conclude that

t t
/ ds / $hO) (dE)|F1 Gy (1 — 5,—€1,22)[2 < C / ds / PN\ FLGa(t — 5, — €1, 2)[2.
0 Rd-1 0 Rd—1
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By Fubini’s theorem, Lemma 3.4(b) and Assumption B, the right-hand side is finite. By the
dominated convergence theorem, we conclude that the right-hand side of (5.13) converges to 0
as y1 — x1. This completes the proof of (5.3) for the process B.

We now verify the L2-continuity property of the process A. Because of the Lipschitz property
of g, (5.10) and the L2-continuity property of v, there is no special difficulty in checking that
for fixed (t,x1,22), A(t + h,y1,x2) converges in L2 to A(t, 1, x2), uniformly in x5, as h | 0 and
y1 — x1. For fixed (¢, 21, x2), the L?-convergence of A(t,x1,y2) to A(t,z1,x2) as ya — o is more
delicate, since the variable yy appears via the measure G(s,dz1,y2). To handle this problem,

notice by (B.1)-(B.3) that
¢
A(t,x1,y2) = / dsea(VSngs)/ G( 32—x2,dz,0> g(v(t —s,x1 — 2
(t,21,2) " AN 2, d21 (o( 1= 21))
t
_ ds e—0%(s2 — 22 (d—2)/2/ U () 0@ ( 2 — 42 )
/m (2 =) [ D) g (52— a3
g <v (t—s,\/xz—x%(yl —21)>) ,

where (@ and ¢(@ are defined in Appendix B. In this expression, the measure (% no longer
depends on 5. Therefore, the continuity property of ¢(®, the Lipschitz property of ¢ and the
L?-continuity properties of v lead, via technical but straightforward calculations, to the desired
L2-continuity property of yo — A(t, 21, y2).

This completes the proof of property (5.3) for u, and hence the proof of Theorem 5.1. O

d)

Remark 5.3. As in [5], our proof of Theorem 5.1 applies to equation (5.1) with non-vanishing
initial conditions provided they are stationary in ;.

A Reformulation of the condition on the spectral measure

In this appendix, we reformulate Assumption By of Section 4.1 into an explicit condition on the
covariance of the noise (as has been done in [17, 27]). More generally, consider the condition

p(déy)
L R < (A1)

where nn > 0 and d > 2, so Assumption By corresponds to the case n = %

Set
1

i+ \51\2)"> U

By [24, formula 1.2.7] and a (somewhat tedious) iterative application of [24, formula 1.18.29],

Gd—lm(xl) = Ffl <

d—1
Ga-1,9(1) = Ca 11|72 Kaa_, (J21]), (A2)
where K, is the modified Bessel function of the second kind and of order v defined in Appendix

C (this formula appears in [12, Section 56]). If n < (d — 1)/2, then, for definiteness, we set
G4-1,(0) = +00. Let us moreover define the (non-negative) function

Hy15(n) = /d ) I'(dz1) Gag—1n(z1 — y1), y1 € R
R
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Proposition A.1. Assume that the covariance measure T' is non-negative on R 1. Then
condition (A.1) holds if and only if

sup Hg_1,(y1) < oo. (A.3)
yleRd—l

Remark A.2. Note that (A.3) implies

Hd—l,n(o) = /Rd_1 F(d:cl) Gd_lm(azl) < 00, (A4)

which, because of the exponential decrease of Gg_1,(x1) as |r1] — oo (see (C.6)), can be
reformulated in turn (see formula (C.7)) as

no particular condition on T, when n > d;zl,

1
/ I'(dzy) In <—> < oo, whenn= %2,
Bg_1(0,1) |21

1
[(dr)) ————5- < 00, when n < &L,
/Bd_l(o,l) |2q 41720 2

On the other hand, note that since Hg_1, is non-negative definite, the condition “Hgy_1, is
continuous at 0” implies (A.3) (see [28, Chap. VII, p. 276]).

Proof of Proposition A.1. Suppose first that condition (A.1) is satisfied. Let p; = ffl(e_t |§1|2)
denote the heat kernel in R4, Since

(Gag—1 * pe)(x1 — Y1) o Ga—1y(z1 — Y1), for all z; € R,
Fatou’s lemma implies that

del,n(yl) = / F(d.%'l) Gd*l,n(xl — yl) S hmlnf/ F(dml) (Gdflvﬂ *pt)(xl — yl)-
Rd—1 tl0 Rd—1

Now, since

1 - 2 &y
L, T Gy epo@ =) = [ nlae) ey 19T (a)

and
1 1

—t)&1|? Jig1yn -
[t E R [ ma T+ P =™

by assumption (A.1), we obtain that Hy_j, is a bounded function on R4~
In order to prove the converse, assume H,y_1, is bounded and note that since p; is a proba-
bility measure on R?~! for all ¢t € R, we have

sup / dyr pe(y1) Ho—19(y1) < sup Hg_1(y1) < oo.
tERJ,- Rd_l yleRd—l

On the other hand,

/ dyr pe(n) Harp(y) = / D(d1) (Ga_1. * po) 1),
Rd—1

Rd—1
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by definition of Hy_1, and Fubini’s theorem. By (A.5), this expression is equal to

1 —t|&1)?
Am““”uﬂwwe ’

and this converges by the monotone convergence theorem to

1
/Rdl p(dér) arap ast | 0.

The proposition is proved. O

B Green kernel of the hyperbolic equation in R?

When d € {2,3} and a? > b, we have the following expressions for G1(t,-,z2) (which can be
computed using the expression for FG and the Fourier inversion formula). Fix ¢ € Ry and
x9 € | —t,t[. For d =2, we have

Gtz = S0 cosh ( /(@ =) (Z —f 7)) I (B)
1L, 1, X2 - It {|$2|<t} t2 _ IE% _ ZC% {‘x1‘< t2_m%} ’

— ea( tgizgit)Gl <\/ t2 - $%,IE1,0> )

and for d = 3, we have

e—at 1 3
Gultdo,z) = zrmmw< =g 7 ) o g 1)
— n (V@5 @ =3 —ul)
2 _
Ve b 2 — xQ — |x1|2 1{|m1|<@} dwl) (B.Q)

e ale <\/t2 - x%,dw1,0>

where I is the first order modified Bessel function of the first kind (see Appendix C), and o(3)
is 2-dimensional Hausdorff measure as in Example 3.2 (for a = 0, the above formula can be
found in [14, formula (7.3.88)]). These two formulas show that for d € {2,3}, Gi(t,-,z2) is a
non-negative measure.

Observe in addition that for any Borel function h : R¥~! — R,

i G(r,dz1,0) h(21) = 1{r>0}7“d_26_ar /Rd1 VD (dyr) gD (r, 1) hrys), (B.3)

where for d = 2,

d
@) (dy,) =1 1 @) (7, y1) = cosh 2 (1 — o2
V) = Uiy T 9T ma) oS (@® = b)(1—w1) |,
1—wyi
and for d = 3,
v (dy) = o (dyr) Lopon () + Va2 — bl ) ———

T

99 (1) = h0¢w—mu—mm)
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C Bessel functions

The zero order regular and modified Bessel funtions of the first kind are given respectively (see
formulas 9.1.10 and 9.6.10 in [1]) by

\2n
Jo(r) =) (=1)" ((122)!)2 and  To(r) =)

neN neN

(5)*"

(n!)2’

TGRJW

and we have the following integral representations (see formulas 9.1.18 and 9.6.16 in [1]):

Jo(r) = 1 /Oﬂ cos(rsin(t)) dt and Ip(r) = 1 /Oﬂ cosh(rcos(t)) dt, reR;.

7r ™
Therefore, Jy(0) = 1 and Jy is decreasing on [0, 1] since Jj(r) < 0 on this interval. Moreover,
|Jo(r)] <1 for all » € Ry and Jy only has a countable set of zeros [1, Sect. 9.5]. On the other
hand, Ip(0) = 1 and I is increasing on Ry. By formula 9.2.1 in [1], there exists C' > 0 such that

2 T C
I _ D) <« =
Jo(r) =1/ . cos (r 4)‘ < S for all » > 0. (C1)
In particular, there exists C' > 0 such that for all » > 0,
C C
Jo(r)? < < —. C.2
(< == < 5 (€2

Lemma C.1. There exists C' > 0 such that for all R > 1,

1/Rd Jo(r)? > C
RO T T Jo\Tr = C.

Proof. Since the left-hand side of the inequality is a continuous and strictly positive function of
R (for R # 0), it suffices to show that

R—o00

li 1/Rd Jo(r)? ! (C.3)

im — rrJo(r) = —. .
R 0 0 ™

To see this, note that by (C.1) and (C.2),

r Jo(r)? — % cos? (g - r>

Vr Jo(r) — \/g cos (% - r>

‘\/7_“ Jo(r) + \/g Cos (% — r>

C
< . 4
- 1+ (C.4)
This implies that
R ) R T
/ drr Jo(r)* — = / dr cos? (— - r> <C In(1+ R).
0 7 Jo 4
Since R
1 1
k[ o)
(C.3) holds, and this completes the proof. O
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Lemma C.2. There exists ¢ > 0 such that for all R > 0,

R
/ dr Jo(r)? > ¢ In(R).
0

Proof. The left-hand side is a positive and continuous function of R, while the right-hand side
is negative for R < 1 and vanishes at R = 1. Therefore, it is sufficient to check the inequality
for R sufficiently large.

By (C.4), there exists C' > 0 such that for all r > 1,

Therefore, for R > 2,

R ) R 1 T
2 _ 2 Lo2(T
/1 dr Jo(r) - /1 dr ~ cos (4 r>

Elementary computations show that for large R,

R 2(m _
/ o G L,
1

0 1
SC/ drﬁ§02<oo. (C.5)
1

r

and since the expressions on both sides are continuous functions of R, we conclude that there is
c1 > 0 such that for R > 2,

R R
/ dr Jo(r)? > / dr Jo(r)? > ¢; In(R) — ca.
0 1

For R sufficiently large, the right-hand side is bounded below by %cl In(R), and this completes
the proof. O

The modified Bessel function of first order, denoted I; and appearing in expression (B.2), is
defined by I;(r) = Ij(r), r € Ry (see formula 9.6.27 in [1]). It is therefore non-negative, since
I is increasing, and I;(0) = 0.

Finally, for v € R, the modified Bessel functions of the second kind and of order v are given
(see formula 9.6.23 in [1]) by

VT T”/OO —rt (42 -1
K (r) = —" (= dt e (12— 1)V73, R,
=t D (3) , B LT reRy

where I' is the Euler Gamma function, and K_,(r) = K, (r) by formula 9.6.6 in [1]. From this
definition, we see that K, is non-negative, for all v € R;. By formula 9.7.2 in [1], there exists
C > 0 such that

K,(r)<Ce™, for all r > 1. (C.6)

On the other hand, when  — 0, we have by formulas 9.6.8 and 9.6.9 in [1]:
In (%) if v =0,

rll it p #£0.
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