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1 Introduction

This paper studies the stochastic wave equation in spatial dimension d = 3

(a&ﬁ - A) u(t,x) = o (u(t,2)) P(t,x) + blut,z)), (1.1)

w(0.0) = w(e),  ou(0.7) = (),

where t €0, T for some fixed T' > 0, z € R* and A denotes the Laplacian on
R3. The coefficients ¢ and b are Lipschitz continuous functions, the process
F is the formal derivative of a Gaussian random field, white in time and
correlated in space. More precisely, for any d > 1, let D(R%*1) be the space
of Schwartz test functions (see [25]) and let I" be a non-negative and non-
negative definite tempered measure on R?. Then, on some probability space,
there exists a Gaussian process F' = (F(cp), € D(Rd+1)> with mean zero
and covariance functional given by

E(FQ)FW)) = [, ds [ Ddr)(e(s) »d(s)(x), (1.2)

where ¢(s)(x) = (s)(—x).

We are interested in solutions which are random fields, that is, real-valued
processes (u(t,z), (t,z) € [0,T] x R?), that are well defined for every fixed
(t,z) € [0,T] x R3. We want to study their sample path regularity, both in
time and space, and check the optimality of the results.

There are different possible approaches to giving a rigourous formula-
tion of the Cauchy problem (1.1). However, in all of them the fundamental
solution associated to the wave operator £ = g—; — A naturally plays an
important role. Since its singularity increases with the spatial dimension d,
the difficulties in studying regularity of the solutions of the stochastic wave
equation increase accordingly. Moreover, keeping the requirement of obtain-
ing random field solutions amounts to adjusting the roughness of the noise
to the degeneracy of the differential operator which defines the equation.
It is only for d = 1 that it is possible to take a space-time white noise as
random input to (1.1), while in higher dimensions a non-degenerate spatial
correlation is necessary [6, 12].

For d = 1,2, the stochastic wave equation driven by space-time white
noise, and noise that is white in time but spatially correlated, respectively,
is now quite well understood. We refer the reader to (3], [4], [5], [12], [14],
[16], [17], [19], [20], for a sample of articles on the subject.



For d = 3, the fundamental solution of the wave equation is the measure

defined by

G(t) = 4171_tf7t, (1.3)

for any t > 0, where o, denotes the uniform surface measure (with total mass
47t?) on the sphere of radius ¢ € [0,7]. Hence, in the mild formulation of
equation (1.1), Walsh’s classical stochastic integration theory developed in
[32] does not apply. In fact, this question motivated two different extensions
of Walsh’s integral, given in [6] and [7], respectively.

The stochastic integral of [6], written

[ Gt = 5.9) 2(s.9) M(ds. ),

requires a non-negative distribution G, a second-order stationary process Z
in the integrand, and the integrability condition

/OT ds [ n(de)|[FG1)(E)P < oo, (1.4)

where 1 = F~1T", among other technical properties. As is shown in Section 5
of [6], with this integral one can obtain existence and uniqueness of a random
field solution to (1.1), interpreted in the mild form (4.2), in the case where
the initial conditions vanish. In this framework, results on the regularity of
the law of the solution to the stochastic wave equation have been proved in
[21] and [22] (see also [27]).

In [7], a new extension of Walsh’s stochastic integral based on a functional
approach is introduced. Neither the positivity of G nor the stationarity of
Z are required (see [7], Theorem 6). With this integral, the authors give
a precise meaning to the problem (1.1) with non vanishing initial condi-
tions and coefficient b = 0 and obtain existence and uniqueness of a solution
(u(t), t € [0,T]) which is an L?(R3)-valued stochastic process (Theorem 9
in [7]). This is the choice of stochastic integral that we will use in this paper
to study the stochastic wave equation (1.1).

We consider the particular case of a covariance measure that is absolutely
continuous with respect to Lebesgue measure, with density given by

f(@) = ¢(x) ks(), (1.5)

where ¢ is a smooth positive function and kg denotes the Riesz kernel kg(x) =
2|78, with 3 €]0,2[ (see Assumption 2.4). Riesz kernels are a natural class
of correlation functions and are already present in previous work on the
stochastic heat and wave equations, for instance in [5], [6], [12], [16]. They
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provide examples where condition (1.4) is satisfied: for these covariances,
(1.4) is equivalent to the condition 0 < § < 2 (see Example 2.5).

Related questions for an equation that is second order in time but with
fractional Laplacian in any spatial dimension d and general covariance mea-
sure I have been considered in [8], in the setting of an L*-theory (see [24]).
The results there are shown to be optimal in time. We adopt here a similar
strategy, but we work in an Li—framework (see [13]), for any ¢ > 2. Indeed,
the particular structure of the wave equation in dimension d = 3 makes it
possible to go beyond the Hilbert space setting and to obtain sharp results,
both in time and space.

The main result of the paper is Theorem 4.11, stating joint Holder-
continuity in (¢,z) of the solution to (1.1), together with the analysis of
the optimality of the exponents studied in Section 5. The optimal Hdélder
exponent is the same for the time and space variables: this is an intrinsic
property of the d’Alembert operator. Moreover, this result shows how the
driving noise F contributes to the roughness of the sample paths, since it
expresses the optimal Holder exponent in terms of the parameters § and ¢
appearing in Assumption 2.4 on F (see Section 2.2).

Notice that for the stochastic heat equation with Lipschitz coefficients in
any spatial dimension d > 1, joint Holder-continuity in (¢, x) of the sample
paths of the solution has been established in [26]. Unlike the stochastic wave
equation, the Holder exponent in the time variable is half that for the spatial
variable. This is also an intrinsic property of the heat operator. However, it
turns out that effect of the driving noise F' on the regularity in the spatial
variable is the same for both equations (see Theorem 4.11 and Remark 4.8).
Similar problems for non-Lipschitz coefficients have been recently tackled in
[18].

We should point out that despite the similarities just mentioned, estab-
lishing regularity results for the solution of the stochastic wave equation
requires fundamentally different methods than those for the stochastic heat
equation. Indeed, taking for simplicity b = 0 and vanishing initial conditions,
equation (1.1), written in integral form, becomes

u(t,z) = /Ot /Rd G(t — s,z —v)Z(s,v)F(ds,dv),

where Z(s,v) = o(u(s,v)). A spatial increment of the solution is

u(t,z) —u(t,y) = /Ot /Rd(G(t —s,x—v)— Gt — s,y —v))Z(s,v)F(ds, dv).

When the fundamental solution G is smooth, as in the case of the heat



equation, one uses Burholder’s inequality to see that

E([u(t, x) = u(t,y)[") (1.6)

t
< C’E( ; ds/Rddu Rddv(G(t—s,x—u)—G(t—s,y—u))Z(s,u)

p/2
X flu—v)Z(s,v)(G(t —s,2 —v) = G(t — s,y — v)) :

Then, the smoothness of G, together with integrability of Z, leads to regular-
ity of u(t, ). For the wave equation, G(t) is singular with respect to Lebesgue
measure (see (1.3)), so this kind of approach is not feasible.

A different idea is to pass the increments on G in (1.6) onto the factor
Z(s,u)f(u —v)Z(s,v), using a change of variables; the right-hand side of
(1.6) becomes the sum of

/ ds/ (s,du) / G(s,dv)D?*f(v—u,z—y)E(Z(t—s,v—u)Z(t—s,z—v)),

(1.7)

where D?f(u,z) = f(u+x) — 2f(u) + f(u — ), and of three other terms of

similar form (see the proof of Lemma 3.2 for details). Focussing on the term
(1.7), one checks that in the case where f(x) = |x|=” is a Riesz kernel,

1D f(u,2)| < el f"(w)] |2 < clu| =72 2], (1.8)

where f” denotes the second order diferential of f. This would lead to the
following bound for (1.7):

|z — y|? / ds/ (s,du) / G(s,dv) [v — u|~PF2. (1.9)

The factor |z — y|* looks too good to be true, and it is! Indeed, the triple
integral is equal to the left-hand side of (1.4), and we have already pointed
out that this is finite if and only if the exponent 3+ 2 is less than 2. However,
this is not the case since 3 €10, 2[!

Even though the bound (1.9) equals 400, this approach contains the
premises of our argument. Indeed, instead of differentiating f twice as in
(1.8), we shall estimate D?f by using a fractional derivative of order -,
where v < 2 — 3. It turns out that for f(u) = |u|~?, the fractional derivative
FO(u) =~ |u|~#*7). This leads to the following bound for (1.7):

|:L'—y|7/ ds/ (s,du) / G(s,dv) ‘U_u‘f(ﬂﬂ)_

The triple integral is now finite since f+7 < 2 and this gives the correct order
of regularity for u(t,-). The precise properties of Riesz kernels and rigorous
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use of their fractional derivatives (or rather, their fractional Laplacians) are
given in Lemma 2.6 (with a there replaced by 3 — 3 —+, b replaced by , and
d=3).

In short, there are mainly three ideas which have been central to obtaining
the results of this paper. First, the smoothing in space of the fundamental
solution by means of a regularisation procedure based on time-scaled ap-
proximations of the Dirac delta—function (see (2.1)), and the study of the
corresponding smoothed equation, to which we can successfully apply stan-
dard techniques of stochastic calculus. Secondly, at the level of the smoothed
equation, increments of stochastic integrals, whether in space or in time, ini-
tially expressed in terms of increments of the fundamental solution, can be
reexpressed in terms of increments of the covariance density of the noise.
Using the semigroup property of Riesz potentials (see for instance [30]), we
implement the ideas concerning fractional derivatives described above (see
Lemma 2.6). With these results, we are able to obtain bounds on one and
two dimensional increments, in space and in time, of certain generalized Riesz
potentials of a smoothed version of the fundamental solution of the wave
equation. The sharp character of these estimates leads to the optimality of
our results.

The paper is organized as follows. In Section 2, we define the smoothing
G, of the fundamental solution G and prove some of their basic properties.
Then we describe precisely the type of stochastic noise we are considering in
the paper and prove the above mentioned fractional derivative properties.

In Section 3, we study the path properties of the indefinite stochastic
integral introduced in [7]. Briefly stated, we prove that if the sample paths
of the stochastic integrand belong to some fractional Sobolev space with a
fixed order of differentiability, then the stochastic integral inherits the same
property with a related order of differentiability (Theorem 3.1). This fact,
together with Sobolev’s embeddings and LP-estimates of increments in time
of the integral (Theorem 3.5), complete the analysis.

Section 4 is devoted to the study of equation (1.1) itself. The idea is
to transfer the properties of the stochastic integral obtained in Section 3 to
the solution of the equation. First, in Section 4.1, we give a more general
version of existence and uniqueness of a solution and its properties than in
[7], allowing non vanishing initial conditions and an additive non-linearity b.
We also show how the L9—moments of the solution depend on properties of
the initial conditions (see Theorem 4.1).

Next, in Section 4.2, we go beyond the L9%—norm in the space variable.
We see in Theorem 4.6 how the assumptions on the initial conditions and
on F imply that the fractional Sobolev norm in the space variable of the
solution of equation (1.1) is finite. The analysis is carried out at the level
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of the s.p.d.e. driven by the smoothed kernel G,,, and then transferred to
the solution of equation (1.1) by means of the properties on the fractional
Sobolev norm of the contribution of the initial conditions (Lemma 4.4), an
approximation result proved in Proposition 4.3 and Fatou’s lemma. With the
Sobolev embedings, we obtain the Holder continuity property in the space
variable of the sample paths.

In Section 4.3, we prove regularity in time using the classical approach
based on Kolmogorov’s continuity criterion. We fix a bounded domain D C
R3 and we first study the Holder continuity in time, uniformly in z € D, of
the contribution of the initial conditions (Lemma 4.9). Secondly, we find up-
per bounds for the L7(£2) norm of increments in time of the solution of (1.1),
uniformly in € D (Theorem 4.10). We end up with the joint Hélder conti-
nuity in space and in time stated in Theorem 4.11. In particular, these results
are non-trivial even for the deterministic inhomogeneous three-dimensional
wave equation (see Remark 4.12).

In Section 5, we check the sharpness of the results proved in Section 4 by
considering the most simple example consisting of an equation with vanishing
initial conditions and coefficient b, and constant coefficient . In this case,
the solution is a stationary Gaussian process and all the information about
the sample paths is contained in the covariance function. From the results
of Section 4, we already have upper bounds on L?-norms of increments of
the solution. We complete the analysis by obtaining sharp lower bounds for
these increments; this requires precise estimates of integrals related to (1.4).

The last section of the article, Section 6, gathers the somewhat technical
but crucial sharp estimates on integrals of increments of a class of generalized
Riesz potentials that also involve the smoothed version of the fundamental
solution of the wave equation.

2 The fundamental solution of the wave equa-
tion and the covariance function

The first part of this section is devoted to introducing the smoothing of
the fundamental solution of the wave equation used throughout the paper.
We prove some of its properties as well as some of the properties of the
fundamental solution itself. In the second part, we obtain expressions for
first and second order increments of the covariance function. Informally,
these express the covariance function as a fractional integral of its fractional
derivative; they are proved by applying the semigroup property of the Riesz
kernels.



2.1 Some properties of the fundamental solution and
its regularisations

Let d > 1 and ¢ : R? — R, be a function in C*(R?) with support included
in B1(0) and such that [pa ¥ (z)dx =1 (B,(x) denotes the open ball centered
at x € R? with radius r > 0). For any ¢ €]0,1] and n > 1, we define

it = (3 (2

Gn(t, ) = (nlt, ) * G(1)) (), (2.1)
where “x” denotes the convolution operation in the spatial variable. Observe

that [ga ¥n(t,x)dx =1 and

and

supp Gy(t,-) C Bt(1+%)(0)'

The following elementary scaling property plays an important role in the
study of regularity properties in time of the stochastic integral. Its proof is
included for convenience of the reader.

Lemma 2.1 Let d = 3. For any s,t € [0,T] and vy € C(R?),

/R (s, du) volu) = ; /R G(t,du) v0<§u), (2.2)
and for any x € R3,
Gh(t, z:zc) = (i)an(s,w). (2.3)

Proof. The first equality follows from the fact that the transformation u — Ju
maps G(t,-) onto £ G(s,).
The change of variables y — & v yields

Gnlt, zx) = /R3 G(t,dy), <t, ix - y)
= /Rd G(s, dy)ion <t, i(w - y))



it follows that
2
Galt, 2) = [ Glos.dy)n(s.a—y) (3)
s R3
2
= (j) Gn(s, ).
This proves the lemma. U

We recall the following integrability condition of the fundamental solution
of the wave equation, valid for any § €]0,2[:

[FGH)(©)? 2
5[131;]/ €S CO T, (2.4)
Indeed,
FG(t)(€) = [¢] sin(tle]) (2.5)

(see [31]), and therefore

[FG)(©)P
/Rd Wdf < Li(t) + La(t),

where

2

t d§
L(t) —/5|<1 P de < O\T?, L) :/5 B <o

g1>1 [§]H2F
A similar property holds for G,,. In fact, since |F1),(t)(&)| < 1,
[FGn()(©)] = [Fn®)OFC@)E)| < [FCR)(E)) (2.6)

and therefore

sy [ IFOOOP

d¢ < C(1+T?). 2.7
n>1 tef0, 7] /R? |45 . ( ) (27)

The next statement gives a more precise result than (2.4).

Lemma 2.2 For any t € [0,T] and § €10,2],

IFG(s)
/ /]R s B FGEEE je o oo (2.8)



Proof. By Fubini’s theorem, and using the change of variables w = t&, we

see that
| FG(s) B d¢ t 1 — cos(2s[¢|)
fs g md e @k 2

B de (t sin(2t]5|>

T e Jg2A 2 4]

=39
where
J dw 1 sin(2|w])
e |w|dr2=0 1\ 2 4wl '

Note that J < co. Indeed, J < J; 4+ J5, where

7 _/ dw J _/ dw 1 sin(2|wl)
T s [w] 2R 27 iz JwlH2A\2 T dw| )

Clearly, J; < oo. For Jy, since sin(2|w|) = 2|w| — %—Tcos((ﬂw]?’, with ¢ €
10, Jwl];

JQSC d7w<00.

wj<1 w]d=8

This establishes (2.8). O

Lemma 2.3 For any b > 0 and (5 €10, 2] such that 3+ b €]0, 3],

tdS/ |FG(s)(©)I*
su d < 00. 2.9
teo%] 0 sbJre |g|d- [’ : (2:9)

Proof. The change of variables £ — s{ shows that the integral in (2.9) is

equal to
t in2
2—(B+b) sin” [¢]
/Odss /Rd ‘5’d+2—ﬁd€'

The inner integral is finite for 5 €10, 2[. Therefore (2.9) holds when f+b < 3.
O




2.2 The covariance function and Riesz kernels

We assume that the covariance measure of the noise is absolutely continuous
with respect to Lebesgue measure, that is, ['(dz) = f(x)dz. In addition, we
suppose that f satisfies the following assumption.

Assumption 2.4 There is  €]0,2[ and § €]0,1] such that

f(x) = p(x)ks(x),

where kg(z) = |z|77, x € RI\{0}, and ¢ is bounded and positive, p € C*(R?)
and Vi € C(R?) (the space of bounded and Hélder continuous functions with
exponent 0 ).

Example 2.5 (a) The basic case is when ¢ = 1. In this case, f = kg is
termed a Riesz kernel. We recall that kg = cqpFka—p [30, Chapter V.

(b) Another possibility is o(x) = exp(—c?|z[*/2). In this case, f(z)
is indeed a covariance function, since f = F(kq_p * V), where Y(§) =
(2m0?) 32 exp(—|€|2/(20%)). The parameter § in Assumption 2.4 can be set
to 1. Condition (1.4) is satisfied since 3 €10,2]. Indeed,

L€ (a0 IFCOO = [ dz(z) [ d€ kapl©) IFG)(E +m)P

< sup | d€kap(&) [FG()(E +n)l*,

neRd R4
and the right-hand side is finite when 5 €0,2]: see [7, Lemma §].
The Riesz potentials 1, associated with the function kg(z) are defined by

(L)) = =25 [ e = sl c(w)dy,

for ¢ € S(R?), a €]0,d[ and y(a) = 7¥/?2°T(%)/T(%%). Riesz potentials can
be interpreted as fractional integrals and have the semigroup property

Loy = L(Iyp), ¢ € S(RY), a+bec]o0,d]

(see [30, p.118]). This property implies in particular that

|£B - y|7d+(a+b) _ /Rd dz ’3: _ Z‘fd+a’2 o y‘fder’ (2_10)
provided a4+ b €10, d[. This equality can be informally interpreted by saying
that | - |79+ is the fractional integral of order a of |- |74**  which is
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natural since (—A)%/2(| - |74F@+)) = | . |79+ 35 can be checked by taking
Fourier transforms.

We will make heavy use of properties of first and second order increments
of Riesz kernels. For a function f : R? — R, we set

Df(u,x) = f(u+x) - f(u),
D*f(u,x) = f(u—x) = 2f(u) + f(u+ =),
D*f(u,z,y) = fluta+y) — flutaz)— fluty)+ f(u). (2.11)

Notice that D%f(u,z) = D*f(u — x,z, ).

Lemma 2.6 Fizu,r,y € R a+b€]0,d[. The following properties hold:

(a) For any c € R,

Dky_oq_p(u,cx) = |c]b/Rd dwkg_q(u — cw)Dkg_p(w, x).

(b) For any b €10, 1] and any vector e € R? with |e| = 1,

/ dw |Dky_p(w, €)] < o0.
Rd

(c) Sete =L, x € R Then

mz

|D?kgq_p(u, z)| < |:1c|b/Rd dw kq_q(u — |z|w)|D*kq_y(w, €)).

(d) For any b €]0,2[ and each e € R with |e| =1,

/ dw | D?*kg_p(w, €)| < oco.
Rd

(¢)
D?kg_q_p(u,cx, cy) < |c|b/d dw kq_q(u — cw)|D*kq_y(w, z, y)|.
R

11



Proof. (a) From (2.10), we obtain
Dkyqp(u,cx) = /Rd dz kg_o(u — 2)Dkg_p(2, cx).
Set z = cw to see that this is equal to
|c|? /Rd dwkg_q(u — cw)Dkg_p(cw, cx)
= |c|” /Rd dw kq_o(u — cw)Dkyg_p(w, ),

which proves (a).
We now check (b). Set

1:/ dw | Dkg_y(w, ¢)|
Rd

and consider the decomposition I = I+ I, where I; (resp. I5) is the integral
of the same expression but over By(0) (resp. Bz(0)¢) instead of RY. Then

3
I < 2/ dw |w|_d+b < C/ pb_ldp < 00,
B3(0) 0
if b > 0. As for I, we write

14
1:/ d /dA— ~ |t
2 lw|>2 w| 0 d/\(|w 6| )

1
§/ d\ dw|w — \e| =401
0 Jw|>2

1 00
<C / X / 2dp,
0 1

which is finite if b < 1.

The proof of (c) is analogous to that of (a). It suffices to apply the identity
(2.10) twice, since D?ky_o_4(u,z) = Dkg_q3(u, z) + Dkq_o_p(u, —z), and to
use the change of variables z = |z|w.

Let us now prove (d). Observe that D?*ky_p(w, €) = kq_p(wte) —2ky_p(w)
and that the integrals

/ dw |w|~ ", / dw |e + w| =4,
lw|<2 lw]|<2

converge for each b > 0.
We next study [, so dw|D?ka_p(w, e)|. Set

(I)()‘nu) = ka—b (w - ()‘ - “)6)7 A€ [Oa 1]'

12



Then

Dk p(w,e) = /d/\/dua)\a ).

Elementary computations lead to

82
|M O u)| < Chaen (w— (= p)e).

Therefore, by Fubini’s theorem,

1 1
/| | dw |D2kd_b(w,e)| < C/ d)\/ du dw |w — (A — M)erdﬂkz.
w|>2 0 0

|w|>2

The integral [,sq dw [w — (X — p)e| "2 converges for any b < 2. Conse-
quently, (d) is proved.

The proof of (e) is analogous to that of (a). It suffices to apply the identity
(2.10) four times, and to use the change of variables z = cw. O

Lemma 2.6 is the basis for the main technical estimates of this paper,
whose statements and proofs are deferred to Section 6.

3 Holder-Sobolev regularity of the stochastic
integral

In this section, we consider the extension of the stochastic integral given in
Section 2 of [7] in the particular case where G is the fundamental solution
of the wave equation in spatial dimension d = 3, defined in (1.3). More pre-
cisely, let {Z(s), s € [0,T]} be an Fy-measurable, L*(R?)-valued stochastic
process that is mean-square continuous. Let F' be the Gaussian process with
covariance measure I' and covariance functional as in (1.2). Assume that its
spectral measure = F T satisfies condition (1.4).

As it has been proved in [5], the process F' can be extended to a worthy
martingale measure in the sense given in [32]. We shall denote by M =
(M,(A), t >0, A€ By(R?)) this extension. The relationship between F and
M is

F@)= [ b(ta)M(dt, o)
R4 xR3

for all ¢» € D(R*™!). The covariance measure ) and dominating measure K
of M are

QA X Bxst]) = (t=s) [ dv [ dyla@)f(—y)ia(y)

13



and K = Q.
Then, following Theorem 6 in [7], the stochastic integral

’ t
vy = [ [ G =5 = y)Z(s.5)M(ds, dy)

is well-defined as a random vector in L?(2; L?(R?)) and has the isometry
property

B (o6 olFae) = [ ds [ dsE(IFZ()OF) [ ntam) |FGE=s)E=n)
(3.1)
It also satisfies the bound

t 2 ! 2 2
5 (vt 2 o) < ) ds B (120 o) sup [, () |FGE = s)(6 = P

Let O be a bounded or unbounded open subset of R?, p € [1, 00[, v €]0, 1].

Define
lg(z) = g\’
19llyp0 = (/ dx/ dy |a?— |3+'yp

When O = R?, we write ||g]|,, instead of ||g||, »rs-
We denote by W7?(O) the Banach space consisting of functions g : R* —
R such that

lgllw2©0) = 9]l ri0) + [19llp.0 (3.2)

is finite. The spaces W7P(O) are the fractional Sobolev spaces (see for in-
stance [1], [28]).
Given a bounded set K C R? and € > 0, we let K¢ be the open set

K®={r € R’ : 3z € K such that |z — 2| < ¢}.

3.1 Regularity in space

The following result concerns the Sobolev regularity of the stochastic integral
in the space variable. We assume that I'(dx) is of the form I'(dz) = f(x)dz,
where f(z) is as in (1.5), and there is § €]0,2[ and 6 €]0, 1] such that
Assumption 2.4 is satisfied.

Theorem 3.1 Fiz T > 0, q €]3,00[ and a bounded domain O C R3. Sup-
pose that 7,(3,06) = (352 A LE0) —g > 0 and firy €]0,1], p €10, 7,(5,0) Al
Consider a stochastic process Z such that for some fized t € [0,T],

[ s B (1265} lraors) < o (3.3)

14



There is C' < oo (depending on p but not on Z) such that

B (ot 2lipnaor) < C [ a5 B (1Z6)iyoniors)- (3.4)

The main ingredient in the proof of this theorem is the next lemma, which
will also be used in the proof of Theorem 4.6 in the next section.

Lemma 3.2 Fiz q €]3,00[ such that 7,(3,6) > 0. Fiz p €]0,7,(8,9)], a
compact set K C R® and a bounded domain (9 C K. Let G, be given in

2.1). For any o €)0,(2 — B) A 1] satisfying § — 3 < p, there is a finite
q

constant C = C(T, p, a, K) such that for every t €[0,T] andn > 1,

(HUGnZ”PqO < C/ dS( ||Z ||?/qu((9(1& s)(1++ )))

+ (BOZON, oo ENZON, o i)

In addition,

=

). (3.5)

t
B (b, 2ligo) < C [ dsE(IZG), | enieny)- (36)

Proof. Set p = q/2 and fix t €]0, T]. Note that vy, ,(z) is a Walsh stochastic
integral and

(v)

Uth,Z( ) — UGn
—/ als/RS Wt —s,x—u)—Gu(t—s,y—u))Z(s,u)M(ds,du).

Burkholder’s inequality yields

E@@Z@ — v, ()]

<| Otds R3 du R3de flu—v)Z(s,v)
X (Gt — 5,0 —u) = Gyt —s y—u))
< (Gult = 5,2 = v) = Gult = 5,y — V)P

p
= CB(I1k e ) ~ It{w.v) — To(y,2) + Lyl )

15



with
t
Lwy) = [ ds [ du [ dvga(t,s,z,y,u0)Z(s,uw) f(u—v)Z(s,0
0 R3 R3

and
gn(t7 s,x,y,u,v) = Gn(t - 5T — u)Gn(t —S5Y— U)‘

After the change of variables s — t—s and the spatial transformation (u, v)
(x — u,y — v), we obtain

t
I :/d/d dGnaGnaht77777>
o) = [ ds [ du [ dvGuls )Gls, o)At 5.7, 9,1,0)

where

ht,s,z,y,u,v) =Z({t —s,x —u)f(r —y—u+v)Z(t— s,y —v).

Using these expressions and rearranging terms, it is straightforward to check

that
4

Ifz(xvx) - ]Z("Evy) - ]Z(y,%) + Ii(yvy) = Z Jin(l',y),

=1

where, for e =1,...,4,

¢
an(x,y) :/ ds/ du dv G (s,u)Gp(s,v)hi(t, s, x,y,u,v),

’ 0 R3 R3

and, using the notation in (2.11),

hi(t,s,z,y,u,v) = fly—x+v—u)(Z({t—sx—u)—Z({t—sy—u))
X (Z(t—s,x—v)—Z(t—s,y—v)),

h2(ta37x>yau>v) :Df(v—u,x—y)Z(t—s,m—u)
X (Z(t_SwT_U)_Z(t_S?y_U))J

h3(t,37$7%%v) :Df(v—u,y—x)Z(t—s,y—U)
X (Z(t—s,x—u)— Z(t—s,y—u)),

ha(t, s, 7, y,u,v) = —D*f(v —u,x —y) Z(t — 8,0 —u)Z(t — 8,0 —v). (3.7)
Consequently, setting p = p + 2 and
T.(t,0) = E (v, 2l 40)
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we have

4
T,(t,0) < C Y T(t,0),

=1

i E(J} (2, y)[P)
Tn(t,O):/de/ody PR

where

Set

g (x,y) = sup du | dvG,(s,u)G,(s,v)f(y —x +v—u).
se[0,T] /R3 R3

Notice that, since f(z) = p(z)ks(x) with ¢ bounded (see Assumption 2.4)
and G,, > 0,
[FG(s) (I

€137

sup f1,, (2, y) < /RB d¢ < oo,

n,Z,Y

for any 3 €]0,2[ (see (2.4)).
Therefore, Holder’s inequality implies that
p—1
E (17,2, 9)l") < (Tul ()
t
X E</ ds/ du/ dv Gy (s,u)Gp(s,0)f(y —x + v —u)
0 RS RS
X |Z(t—s,x—u)—Z({t—s,y—u)lf
X |Z(t—s,x—v)—Z(t— s,y—v)|p).

The function (s, x,y, u,v) — Gp(s,u)Gp(s,v)f(y—x+v—u) is the density
of a finite measure on [0,7] x O x O x R? x R3. Indeed,

sup d:z:/ody ” du/R3 dv G, (s,u)Gp(s,0)f(y —x +v—u)

se€f0,1] /O
< |0 sup pp(z,y) < C,

n,z,y

where |O] denotes the volume of O.
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Applying the Cauchy-Schwarz inequality with respect to this measure,
we see that T (t,0) < C (TH(t, O) T (t,0))?, with

TH(t,0) :/Otds/odx/ody/m alu/]RB dv G (5,u)Gr(3,0)f(y — 2 + v —u)

XEUZ@—&x—UW—Z@—&y—UWﬂ
|z — y|oP ’

¢
1,2 _
T,~(t, 0) —/0 ds/odx/ody L, du/R3 dv Gy (s,u)Gp(s,0)f(y —z+ v —u)

E(|Z(t—s2—v) = Z(t =5,y = v)|*)

X —
|z — y|o

Consider the change of variables defined by 2 = x —u, ¥y = y — u. We
notice that for any s € [0,7] and n > 1, the support of the function G, (s)
is included in the ball centered at zero with radius sk,, where k,, = 1 + %
Therefore, the domain of the new variables 7z, 4 is included in O**». Hence,

)

t Z(t—5,7) — Z(t — 5,7
T (1, 0) g/ ds/ d:z/ g B (|2 =5t = 2t =5y)
0 Oskn Oskn |gj — y|P

x/ du | dvGp(s,u)G,(s,v)f(y—Z+v—u)
R3 R3

)

: Z(t—5,2) - Z(t— 5,
x/ ds/ df/ g E (|20 =52 =2t =sy)
0 Oskn Oskn |x — y|p

t
<C [ asE (1), 00 )

We deal with the term T}%(¢, O) similarly, using the change of variables
T=x—v §=y—v. We obtain the same upper bound as for T."'(¢, O).
Summarising,

Tl(t,0) < c/ot ds E (||Z(s)||z (3.8)

7Q7O<ts>(1+711)) '
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Set

p2(z,y) = sup du/ dv Gp(s,u)Gp(s,v)|Df(v —u,x —y)|.
sef0,7] /R3 R3
By Lemma 6.1,
sup iy (,y) < Clo —yl?,

n>1

for any o €10, (2 — 5) A 1[.
By Holder’s inequality, for any o €10, (2 — 3) A 1],

PO (o TiS0)

|z — y|oP nay |2 —y|*

|Df(v—u,x—y)|
|z —y|*

t
></O ds/R3 du » dv Gp(s,u)Gp(s,v)

xE(|Z(t—s x_u)|p|Z(t—8,$—v) — Z(t — s,y — )P
’ |z — y[p2o—) .

For cach s € [0, T}, the function (z,y, u, v) — G (s,u)G,(s,v) 2Lyl

lz—y|=

is the density of a finite measure on the set O x O x R? x R?. In fact,

]Df(v—u,x—y)]
/Odzr;/ody/R3 du/Rs dv Gp(s,u)Gy(s,v) P—

2
< (0P sup 2288 < ¢
n,T,Y ‘l’ y‘

By the Cauchy-Schwartz inequality,

Ts(t, O) < C/Ot ds (TSJ(S’ O) T3:2<3, O))% ,
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with the terms T>!(s, O) and T??(s, O) defined as follows:

]Df(v—u,x—y)]
|z —yl|~

2,1 _
T>"(s,0) /de/ody/u@ du/Rs dv G, (s,u)Gp(s,v)
X E(|Z(t — s,z —u)|’),

]Df(v—u,a:—y)]
[z —y|*

2,2 _
T:7(s,0) —/Odar/ody » du/Rg dv Gp(s,u)Gp(s,v)

q)
Introducing the change of variables & = x — u, §y = y — u yields

2,1 _ _
T, (s,0) < o dz /Oskn dy » du /RB dv Gp(s,u)Gp(s,v)

 E Z(t—s,x—v)—?(t—s,y—v)
|z —yl?Pe

% |Df(v—u,§:—gj)|
[z — gl

E(|Z(t —s,2)|)

w(z,y
< s (15 B (1200 )y

nag \|T — g|*

For the term T2 (s, O), we consider the new variables Z = r—v, § = y—v.
We obtain

T2 0</ d—/ d‘/d/dGn Go(s,
=2(s,0) < o xoskn yRS uRS v Gp(s,u)Gp(s,v)

|Df(v—u,j—?j)\ E<|Z(t—8,i‘)—Z(t—S7g)
|z — g |z —g|*r-e

)

2
po (2, ) .
< ¢ Sup < T — g|a> E (HZ(t - S)“Qp_a_27q705kn> .
Hence, we have obtained

t
Tz(t’ (9) < C/O dS(E(HZ(S)”iq(O(t5)(1+,1l)))

1

2
<E(IZGIL L van)) 39

20



With the same arguments, one can find an identical upper bound for the
term T3(t, O).
We continue with the analysis of T2(¢, O). Set

o (r,y) = sup du | dvG,(s,u)G,(s,v) |D*f(v—u,z —y)|,
selo,T] /R3 R3

: : - 2— 5
where D?f is defined in (2.11). By Lemma 6.2, if p €]0, 252 A 122,

sup 1, (2,y) < Clo =y

Then, Holder’s inequality yields

AU (g T80

|z — y|?PP nay |2 —y|*P

t
></ ds/ du | dvG,(s,u)Gp(s,v)
0 R3  JR3

|D2f(v—u,x—y)|
|z —y[*

X E(|Z(t — s,z —u)P|Z(t —s,x —v)[P),

Therefore,

t
THt, 0) < C’/ ds/ d:p/ dy | du | dvG(s,u)Gy(s,v)
0 o Jo 7Jrs s

% |D2f(U_U,QJ—y)’E
|z —y|*

(|1Z(t —s,x —w)|P|Z(t — s,z —v)P).

|D? f(v—u,z—y)|

Since the function (s, z,y, u,v) — G, (s, u)Gy(s,v) P ) is the density

of a finite measure on the set [0,7] x O x O x R x R3  we can apply the
Cauchy-Schwarz inequality with respect to this measure to obtain

Ti(t,0) < C (T, O)T2(t,0))*
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with
t
T, (t,0) Z/ dS/ dm/ dy du/ dv G (s,u)Gy(s,v)
0 (@) O R3 R3

MW= =Y gz,

|z — y|?

T+ (t,0) = /Otds/od:z:/oaly/R3 du/RS dv Gp(s,u)Gp(s,v)

D2f (v — u,z —
G u]i y)lE(]Z(t—s,x—v)|q).

|z —y

Using the new variables £ = x —u, ¥ = y — u, one can handle these terms as
follows:

t
T4’1t(’)</d/ d—/ d‘/d/dGn G,
ot 0) < ; soskn xoskn ng uR3 v Gy(s,u)Gp(s,v)

|\D?*f(v —u, T — )|
gl

E(|Z(t = s,7)%)

< C|O0*| sup —2L ta2 / ds/@k Az E(|Z(t — s,7)|9)

n,xr,y |ZL’ — |2,0

t
q
<C [ dsE(1Z()200 )

In the same way, with the change of variables z = x — v, § = y — v we obtain
a similar upper bound for the term T*%(¢, ©). Consequently,

T(t, 0) <0/QmEQw(m (3.10)

Lq(o(i S)(1+ )))

With (3.8)—(3.10), we obtain (3.5).

The inequality (3.6) is a consequence of (3.5). Indeed, take o = p + %,
which clearly satisfies the requirements of the statement. Hence, the proof
of the lemma is complete. O

With these ingredients, we can now proceed to the proof of Theorem 3.1.
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Proof of Theorem 3.1: Set p = ¢/2 and fix t €]0,7]. Fix m € N and let
Op ={r € O: Byp(x) C O}, where By, () is the closed Euclidean ball
centered at x with radius 1/m. Then {O,,,, m € N} is an increasing sequence
of open sets and U,en O, = O. Forn € N, let £, =1 + . Observe that for
n € N such that T'/n < 1/m, O~k C(’)t 31f0<3<t<T

We start by showing that for such m,n € N,

t
E vk ollinion) <C [ ds It =9 E (126,00 o) (1D
<0 [ asE (1267, g, ) (3.12)
where, for 0 < s <t <T,

J(t—s)=sup | p(dn)|FG(t—s)(E—n)* (3.13)

£ER3 R3

Consider the (Walsh) stochastic integral v, , with G, given in (2.1). Set

pnlts ) = [ ds [ dy 1) (Gals,o =)+ Gl o =) (),

By (2.5), (2.6), (2.7) and Assumption 2.4,

sup_ o (fa) <sup [ ds [ (a9 |G < C.

n,z,t<T

Burkholder’s inequality yields
(HUGnZ“qu ) </ d:r;(/ ds/ du/ dv f(u —v)
™ Om
X Gp(t —s,x —u)Gp(t — s,z — )

P
X Lo (W) Z(5,0) Lyo-on (0) Z s, v))
(note that the presence of the indicator functions does not change the value

of the integral, since G, (t — s,z —u) = 0 if u ¢ O¢~9%). Holder’s inequality
yields

B (It 2to,) < [ o)y E( [ds [ dysio) [ dz

X Gp(s,x — 2)Gp(s,x —y — 2)
Xt = 5,2) P\ Zunalt = 5,2+ p)P), - (3.14)
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where Z, n(t — 5,2) = 1 @-om (2) Z(t — 8, 2).
Assume first that for any s € [0, T], Zmn(t — 8) € C(OL=9kn) In this

case, Gn(8,7 — )| Zman(s, )| € C(OL=)kn), so the last integral is bounded
by

ce( o /Ot ds [, 1ldn) |FGuls 2 = )| Zualt = )P 0)F) . (3.15)

We now apply the arguments of the proof of Lemma 1 of [7] (in particular
(2.5) there), as follows. Since the Fourier transform of a product is the
convolution of the Fourier transform of the factors, we have

FlGu(s,x = )N Zmnlt —s,)["|(n)
- / 4€' e FGo(s, ) = ) Fl| Zuat = 5, I,

where « - £ denotes the Euclidean inner product in R? of the vectors x and
¢’. By Plancherel’s identity,

/O | FIGu(s,2 = )| Zmalt = 5, )N 0)]
< /R dz | FGo(s, 1 — )| Zpn(t — 5, )7 (n)
= /RS A€ |FGo(s,) (1 = &) F (| Zn(t — 5,)I7) (€.

Consequently, (3.15) is bounded by

C [ asE ([ d€1F(Znalt = 5. INOF) [ nldn) | FCals)(E ~ )P
(3.16)

<C [LasB ([ dzlZnalt ~ 5.2 ) sup [ utdn) | FG)E - n)f

£ER3

< C’/Ot ds E (HZm,n(S)”([I,q(RS)) ?élﬂg /R3 w(dn) | FG(t — s)(€ — 77)'2‘ (3.17)

Since supp Zy,(s) C OL % we can replace || - || Lags) by || -
(3.17).

Without the smoothness and compact support restrictions on Z,,, ,(t —s),
we can check, by regularizing |Z|1 oli-9)kn by means of convolution and using

||Lq(0$—s)kn) in
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Fatou’s Lemma, that the inequality

E (1%, A4ao.)
t
< C/O dsE (HZ( )Hqu olt- s)kn)> sup/ (dn) |FG(t —s)(€ — 77)|

_ c/ot ds J(t = 5)E (122, o o)) (3.18)

holds for any process Z satisfying the assumptions of the Theorem. This
proves (3.11).
Lemma 8 in [7] and (2.4) yield

sup_J(t—5) < [ pldn)FGE-)@F <. (319)

0<s<t<T

This establishes (3.12).
As in [7, Lemma 5], one checks that, for any fixed m € N,

Tim sup E (ol » — b 4720, (3.20)
t€[0,T

< lim sup B (|[vh, » — v 4ll}20,)
t€[0,T]
= 0.
By Fatou’s Lemma, this yields
B (106 2ll%s(0,)) < liminf E ([lvg,, llfe,))

for some subsequence (ny)g>1-
Since O¢=9)k» < O~ for any n,m € N satisfying % < %, we deduce
from (3.18) and (3.20) that

B (b 2Mnio,) < C [ ds B (126 ors) -

Let m — oo. Using the monotone (increasing) convergence theorem, we
obtain

B (vt 2lho)) < € [ ds B (12() o) (3.21)
Fix p €]0,7,(8,9) A v|. By Fatou’s Lemma and (3.6),

E (vt 2lpq0,) < liminf B (oG, 2Ilh0,)

SC’liminf/ dsE(HZ(s)Hq e ) (3.22)
=00 0 Wp,q(@m " )
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. t-l)
for some subsequence (ny);>1. Since Om C O for a < o We

obtain "
t q ! q
B (o6l 00,) < C [ ds B (1Z(3)naors)-

Let m — oo. Using monotone convergence, we obtain

t
E (o6 2l1500) < C | ds B (I1Z(5) o)) - (3.23)

The inequalities (3.21) and (3.23) together establish (3.4). This completes
the proof of the theorem. O

Remark 3.3 Fix a bounded domain O C R? and assume that the stochastic
process Z in Theorem 3.1 is such that the right-hand side of (3.4) is finite
for any t €]0,7T]. By the Sobolev embedding theorem (see for instance [28,
Theorem E.12 p.257]), Theorem 3.1 yields that, for each ¢ € [0,T], a.s.,
T vg 5(x) is a-Hélder continuous, with a €]0, (7 A 74(8,9)) — 2[ Indeed,
for any bounded or unbounded domain O C R, W#4(O) C CP(0), for each
B<p—1.

3.2 Regularity in time of the stochastic integral

This section is devoted to the analysis of the Holder continuity in time of the
stochastic integral process {vg 4 (), t € [0, T}, when x is fixed. Throughout
this section, @ denotes a bounded domain in R? and we shall make the
following assumption on the integrand process Z:

Assumption 3.4 For some fized q €]3,00[ and v €10, 1],

sup E (|1 ZON4.ar0r—1 ) < 00,
tmﬂ(nwm(wg

Notice that Assumption 3.4 implies (3.3). Therefore, by Remark 3.3, it
makes sense to fix the argument € O in the stochastic integral process. In
addition, by the above mentioned Sobolev embedding, there is C' < oo such
that the Holder norm || - ||ce(oy is bounded by a constant times the Sobolev
norm | - [[w~a(o), provided p €10, — 2[. In particular, for any stochastic

process Z satisfying Assumption 3.4, one has

sup E(|Z(t,l‘) - Z(tay”q) < C|$ - y|pq‘
te[0,7)
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By Hélder’s inequality, we deduce that for g €10, ¢,

sup E(|Z(t,x) — Z(t,y)|") < Clz — y|*", (3.24)
te(0,7)

for any x,y € OT7t p €]0,v — 2[, g €10, q], with a positive constant C' not
depending on z, y or g. Moreover,

sup sup E(|Z(t,z)|?) < 0. (3.25)

te[0,T] zeOT—1

Theorem 3.5 Let 7(3,0) = 52 A 1+5 and let Z be a stochastic process
satisfying Assumption 3.4 for a ﬁxed q €13,00[ and ~ E]g,l[. Then the
stochastic process {vg z(x), t € [0,T]} (x € R?) satisfies

sup B (|vf 7 () — vg, 4 (0)|7) < Clt =177, (3.26)
xzcO
for each t,t € [0,T], any G €]2,q[ and p €10, (y— %)/\T(ﬁ, d)[. Consequently,

the process (vtqz(a:),t € [0, T]) is a.s. a-Holder continuous in t, for any a €

10, (v = 2) AT(8,6)) -

Proof. Let O,, be the open sets defined at the beginning of the proof of
Theorem 3.1 and set k,, = 1—1—%. Recall that (9,(72_5)’“" COif0<s<t<T
and % < %

Set p=q/2,p €]1,00] and fix 0 <t <t < T. The first part of the proof
is devoted to showing that there is C' < oo such that for all m € N,

al

sup sup E (|UG z(@) — Uth,Z(m)Fp) < Clt -7, (3.27)

n>mT €Oy,

with p €]0,2((y — 237)) A T(5,0))[, where the G, n > 1, are defined in (2.1).
Indeed, for x € O,,, consider the decomposition

E (|G, 4(x) = vl £(2)[) < C(T7(t,F,2) + T} (1, 1,2))
where
TV (¢, ¢, @) ( / /R3 — 5, —y)Z(S,y)M(d&dy))?p),
Ty (t.,2) (//ﬂ@ — s —y) = Gult = 5,2~ y))

X Z(s,y)M(ds, dy))2p>.
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Burkholder’s inequality yields

Tt ) < C E(/ttds/RS dy/RS dz Gl — 5,7 — §)Golf — 5, — 2)
x fly=2)Z(s)20s,2))
:C'E</ttds/dey/3den(s,x—y)Gn(s,x—z)
X fly—2)Z(F—s, y)Z(t‘—s,z)>p.
Set
pt(z,t,t) = /Ot_tdS/Rs dy/RS dz Gp(s,x — y)Gu(s,x — 2) f(y — 2).

By Assumption 2.4 and Lemma 2.2,

o EGE)
t,t) < / d < Clt—t".
sup sup p" (z,t,t) T ﬁ §<Clt -t

n>1 geR3

Hence, applying Holder’s inequality and using (3.25), we obtain

sup sup T7(t,t,z) < C|t — t[PE=H), (3.28)

n>mT €O,

where C' does not depend on m.

We now study the contribution of T5'(¢, ¢, x). We proceed first in a manner
analogous to the proof of Theorem 3.1. After having applied Burkholder’s
inequality, changed variables (using (2.3)) and rearranged terms, we obtain

4
Ty(t,tx) < CY B (|R™(t £ 2)]),
i=1
where
. _ t _
R (t,t,x) = / ds/ du [ dvG,(t — s,u)G,(t — s,v)r;(t,t,s,z,u,v),
0 R3 R3

and

ri(t, t, s, x,u,v) =f (E_ v —u) t=s <Z(s,a:— i_ Su) - Z(s,x—u))

t—s




ro(t,t, s, x,u,v) = ((i:j) f (i:z(v—u)> - i:jf (i:zv—u>)

t— t—
xZ(s,:z:—t 8u> (Z(s,x—t sv)—Z(s,x—v)),
-5

— S

N (SRR )

t—s

x Z(s,x —v) (Z(s,x— t_su) —Z(s,x—u)>,

_ 2 _ _ _
7“4(75,7?,8,1’,’&,?)) = ((z:i) f(i:j(U—U)> - z:zf (i:zv—u>

IE_5f<v—f_8u>+f(v—u))

_t—s t—s

X Z(s,x —u)Z(s,x —v).

Set
" t—s t—s
vy (s, t,t) = R3du/R3dan(t—s,u)Gn(t—s,v)f U

By Lemma 6.3, we can apply Hélder’s inequality and then Schwarz’s inequal-

ity to obtain

p—1
E (|RY™(t,t,2)]P) < [sup sup v7(s,t,t
1

n>1 0<s<t<t<T

t t—
></ ds/ du [ dvG,(t — s,u)G,(t — s,v)f (t Sv—u>
0 R3 R3 t—s




By (3.24), for p €]0,v — %[, the product of the last two factors is bounded
by

y T 2pp

t—s(t—t

— (t — S) RIS

Since for any t € (0,77, supp Gy(t,) C Byy,1)(0), (Jullv]/[t — s[*)? in the
last integral is bounded by a finite constant. Therefore, by Lemma 6.3,

sup sup E (|R1’"(t,f, 3:)|p> <Ot =t sup  sup  (v(t, 1))
n>mT x€0m n>1 0<s<t<t<T

< Ot — t]**, (3.29)

with p €10,7 — %[ and C' does not depend on m.

Taking into account the result proved in Lemma 6.4 and using the quan-
tity v (t,t) defined in that lemma, we apply first Holder’s inequality, then
Schwarz’s inequality, to obtain

E (R (04 o)) < (v (6 D) /Ot ds [ du [ dvGolt — 5. 0)Glt — 5.0)
(=) s (Fom) - = ()
X (E (‘Z (s,:c - i: iu) QP))I/Q

X (E (‘Z (s,x— z: iv> — Z(s,x — )

Then, by Lemma 6.4, (3.24) and (3.25),

X

)

sup sup E (|R2’”(t,t_, x)|p> < Ot — f|Plete), (3.30)

n>mT €O,

for any o €]0,1[ with a4+ 8 €]0,2[, p €]0,v — %[, and C' does not depend
on m. The same result holds for the term R>"(¢,t, x).
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Using Lemma 6.5 and the quantity v (¢,t) defined in that lemma, we can
apply Holder’s inequality to obtain

E (R (t,5,2)F) < (4D /Ot ds [ du [ dvGolt = 5,0)Gult — 5.v)

x| A2 f (s, .8 u,0)| B (1Z(s, 2 = u)l"| Z(s,2 = v)"),

where A?f(s,t,t,u,v) is defined in (6.15).
Finally, by Schwarz’s inequality, property (3.25) and (6.16), we reach

sup sup E (|[R™(t.6,2)]") < Cosup(5(t,0)" sup sup E(|Z(t,)|)

n>mT €0y, n>1 te[0,T] zeOT—t

< Clt—t|*?, (3.31)

with @ €10, (2 — 8) A (1 +0)[ and C does not depend on m. Hence, (3.28)-
(3.31) establish (3.27).

The second part of the proof consists in deducing (3.26) from (3.27). To
this end, we first prove that for any fixed m € N and t € [0,T7, (vg, , n >
mT) is a sequence of bounded and equicontinuous functions defined on O,,
with values in LI(Q2), for any g € [1,¢]. Indeed, from (3.18) and (3.6) together
with Assumption 3.4 and the inclusion O(=*%» C O'=* we see that

sup sup sup E (||anZ||W,Jq Om)) < 00 (3.32)
meNn>mT te[0,T)

for any p €10, pol, with pg = v A (T(ﬁ, J) — %) Therefore, the Sobolev
embedding yields

sup sup sup E(HUG zllén Om)) < %0,
meN n>mT te[0,T]

for any p €10, po — 7[ Consequently, for any z,y € O,,,
sup E ([vf, 5(x) = v, 2(9)|7) < Cla —y|™, (3.33)
n>mT’

for every ¢ € [1,q], where C' does not depend on m. This establishes the
desired boundedness and equicontinuity properties.

We now establish a uniform convergence result. The convergence (3.20)
implies the existence of a subsequence (ny, k£ > 1) and a Lebesgue-measurable
subset N C O,, with null Lebesgue measure such that for any x € O,, \ N,

lim E (|og;,, 4(2) = v 2(@)) = 0.
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The property (3.33) yields sup,,s,,» E(|vg, z(2)|?) < oo. Hence, by uniform
integrability, for any x € O,, \ N and for any ¢ € [1, q],

lim E (Jog,, ,(2) = v 4(2)|7) =0. (3.34)

Thus, we have proved that the bounded and equicontinuous sequence
(Ug% 2, k > 1) of functions converges pointwise in L4(€2), on a dense subset
Om \ N of O,,. Therefore, since vg , is LI(2)-continuous (see Remark 3.3),
we have

lim sup F (|UthkZ(.l’) — Uth([E)lq) =0. (3.35)

k—oo 4cO,,
(see for instance [9, Ch. VII]), that is, (Uthkz, k € N) C C(O,, L1(Q))
converges uniformly to vg ;.
Clearly, for any m € N and ¢,¢ € [0, T,

sup B (ut;2(2) = v £(2)|7) < C3- Ailt, D), (3.36)

€O,

where C' does not depend on m and

A0 = sup B (jog4(7) = v, 2(@)I7).
Ao(t,8) = sup sup E (Jof, 4(x) = v, ,(@)]7),
k>1 z€0p,
A3(t77?) = sup E <|Uénkz($) - vé,z(ac)ﬁ) .
IGOm

By (3.36), (3.35) and (3.27), we obtain

sup £ (1062 (2) = v6 2(2)I7) < Clt =77,

for any p €]0, (v — 2) AT(B,6)[. Since C' does not depend on m, O,, can de
replaced by O in the inequality above and this establishes (3.26). O

4 Path properties of the solution of the sto-
chastic wave equation

This section is devoted to studying the properties of the sample paths of the
stochastic wave equation in spatial dimension three. More precisely, consider
the s.p.d.e.

(8 - A) u(t,x) = o (u(t,z)) F(t,z)+b (u(t,z)), t €]0,T], z € R® (4.1)
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with initial conditions u(0,z) = vo(z), Zu(0,z) = To(z). We are interested
in the solution u(t, x) of this equation for (¢,z) €]0,7] x D, where D denotes
a bounded domain of R? included in the ball B,,,(0), for some mg > 0.

For any a > 1, set

KP(t)={y e R*:d(y,D) < a(T —1t)}, t €[0,7],

where d denotes the Euclidean distance. Notice that ¢ — K (t) is decreasing.

4.1 Existence, uniqueness and moments

Recall that the solution w of the homogeneous wave equation with the same
initial conditions as u is w(t) = SG(t) * vg + G(t) * U. We are mainly
interested in the solution of (4.1) for (¢,z) € [0,T] x D, though we will need
to construct the solution in a slightly larger set that contains the “past light
cone” of {T'} x D. Therefore, we term a solution of the s.p.d.e. (4.1) “in D”

a stochastic process (u(t)l ko), t € [0, TD with values in L?(R3), satisfying
d -

+1kp () /Ot /Rg G(t —s,- —y)o (u(s,y)) 1xp(s)(y) M (ds, dy)

i) [ dsGle = ) % (bus, Nlipe () (42)

a.s., for any ¢ € [0,7]. The integrands in (4.2) have compact support.
Further, the support of the measure G(t — s) is the boundary of the ball
B;_4(0). Therefore, if z € KP(t) and 2 —y € 9B;_,(0), then d(y, D) <
d(y,z) +d(x,D) <t —s+a(T —t) < a(T — s). Consequently, y € KP(s).
Therefore, (KP(t))!* € KP(s) and so (4.2) is coherent.

The stochastic integral in (4.2) is to be considered in the sense of [7,
Section 2]. We note that we have introduced the indicator functions 1xp ) (y)
in order to use this particular stochastic integral, which requires that the
integrands be square-integrable over all of R3.

Concerning the pathwise integral, we now give some details. Let (Z(s), s €
[0,T]) be a stochastic process taking its values in L*(R?) satisfying

sup E ([ Z(1)[324)) < o0. (4.3)
te[0,7

Let G : [0,T] — S'(R?) be such that for any s € [0,T], FG(s) is a function
and

Tds sup | FG(s)(&)* < oo (4.4)

0 fERd
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(notice that the fundamental solution of the wave equation satisfies this con-
dition). Then for any t € [0, 7],

Toolw) = [ ds (Gls) = 2() (0)

defines a function in L?(R%), a.s.. Moreover,
t
176, 21172 ey < t/ ds sup [FG(s)(€)* 1 Z(s)| 72 a),
0 EGRd

hence

E (176 2ll2@e)) <t ds sup |[FG(s)()PE (129 f2@n) - (45)

£€RY

For higher moments, assume that d = 3, (Z(s), s € [0,7]) takes values
in L9(R3) for some ¢q € [1,00[ and that G(t) is the fundamental solution of
the wave equation in R®. Then, Fubini’s theorem and the facts that G > 0
and supp G(s) = 0B,(0) imply that

1G() = Z)awy < ([, G a) 12Ny = 12y (46)

From Holder’s inequality, it follows that

B (o) <€ [ ds ([ Gs.00) B (1260 ap) . (47)

The next theorem gives existence and uniqueness of the solution of equa-
tion (4.2) and states some of its properties. Notice that in comparison with
Theorems 9 and 13 of [7], we allow a non vanishing coefficient b and avoid
introducing a weight function.

Theorem 4.1 Let 0,b: R — R be Lipschitz continuous functions, vy, ¥y be
real-valued functions such that vy is of class C? and vy € L1 (R?), for some

q € [2,00[. Then there exists a unique process (u(t)lKg( RAS [O,T]) with
values in L*(R?) satisfying equation (4.2).
Moreover, for any t € [0,T],

E ([u®foxpu)) < CO+1u(t), (4.8)
with

Io(t) := ||U0HLq (KD (1))t ‘l’HAUOHLq (KD ()t "’H%”%q(([(g(t))t)- (4.9)
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As a consequence,

sup E ([[u(t) |y k00 ) < CO+T), (4.10)

te[0,7]
where KP(t) = KP(t) and

”UOH (DT) +HAU0” (DT) +”U0HLq (DT)*

Before proving this theorem, we state some results concerning the ini-
tial conditions. First, we notice that under the hypotheses of the previous
theorem, J and [,(t) are finite for any a > 1 and t € [0,7].

For vy € L*(R?), it is well-known that

th(t) v = 7 (v G(D) + 4 /y|<1<m0)(.+ty)dy, (4.11)

4z J)

(see for instance [29]).

Lemma 4.2 Let vy, vy be real-valued functions and O be a bounded domain
of R3.
(a) Suppose that vy € C*(OT). Then for any t € [0, T],

q

< C (Ilvoll%sor) + 1800 [ $0(r)) -
L1(0)

d
HdtG(t) % Vg

for any q € [2,00][.
(b) Assume that vy € LI(OT) for some q € [2,00[. Then for anyt € [0,T],

1G () * Tol[2a(0) < ([0l o)

Proof: By (4.11),

" <cm+BW),

d
||G(t) * U
dt L4(0)

q q

t];)’ (AUO * 1Bt(0))

La(0) La(0)



Inequality (4.6) yields

1 q
AW < 5 ([ Gtdw) lenlluon = lenlLuon,
Similarly,
B(t) < ClAu|yon  and G(E) * %olLuo) < ol o,

This proves the lemma. O
Proof of Theorem 4.1. Consider the Picard iteration scheme given by

uo(t, ) = :;tG(t) * vg + G(t) * Dy,

and, for n > 1,

(6 apin () = oo () (06 + [ [ Gl =5, =g (7 (5,)
X 1K£(s)(y)M(d87dy))

t
1 -/th— b (0" (s,)) 1o () (-).
+1ipay() [ dsG(t=s)x (b (w7 (s.) Lepeo () ()
For n > 0, set v™(t,-) = u"(t,-)1xp((-). Lemma 4.2 with O := K2 (),
along with the inequalities (3.21) and (4.7) applied to Z(s) := g (u""'(s,-)) 1xp(5)(-)

with ¢ = o and g = b, respectively, and the Lipschitz properties of ¢ and b,
tell us that for any n > 1,

t
B (10" Ol aepiay) < Clat) +Cu [ ds B [ delipio @)1+ a2 (s,2)/7)
¢ n—1 q
<CL(1) + Cl/o ds (14 E (J0" () [4asensn)) -
Notice that v°(t,-)1gp ) (-) = u’(t,-)1xp () and by Lemma 4.2,

E (HU ( >||L‘1 (KP(t) ) = (”u ( )HLq KD t)) <C [a(t) < 0.

Thus, we obtain existence, uniqueness and (4.8) using arguments similar
to those in the proof of Theorem 9 in [7], based on Gronwall’s lemma.

A priori, the solution should be written (uq(t)1xp ), t € [0,T]). However,
uq(t) does not depend on a. Indeed, for 1 < a < b, both (u.(t)1gp, t €
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[0,77) and ((us(t)1xpy)1kpe), t € [0,T]) satisfy (4.2), so uniqueness for a
implies that ua(t)lKéD(t) = ub( )]_KD(t)

We now prove (4.10). For any m > 1, set D,,, = {& € D : By),,(z) C D}
and a,, =1+ # We notice that for any m > T — ¢, and ¢ € [0,7], the
set (KPm(t))" is included in D”. Consequently, I, (t) < J. Moreover, the
sequence of sets K2 (t), m > 2(T—t), is increasing and U,,, K (t) = KP(t).
Hence, (4.10) follows from (4.8) by letting m tend to oo. O

4.2 Regularity in the space variable

The solution of equation (4.2) can be approximated by a sequence of solutions
of similar equations obtained by regularising the fundamental solution G in
the term involving a stochastic integral. More precisely, let G, (¢,z), n >
1, be as in (2.1), fix a bounded domain D C R3 satisfying the conditions
described at the beginning of the section and set, for any a > 1 and n with
1+ % < a,

(1,2 Lo (2) = Lcpio ) ( G600+ G0+ (0
@) [ [ Galt =5, = )0 (tn(s,9) Ligpio(9) M (ds, dy)
+1geng () /0 ds (G(t—s)*(b(un( Nikow)) @, (4.12)

Since G, is smooth, the stochastic integral in (4.12) is considered in Walsh’s
sense [32]. In particular, we could remove the 1xp ) (x) and 1xp(,)(y) from
(4.12).

Proposition 4.3 Let o, b, vy and vy be as in Theorem 4.1. Then there
exists a unique process {un(t, )1gp(-), t € [0,T]} solution of (4.12), and
this process is such that for q € [2,00],

sup sup E (““n(t)”%q(f(g(t))) < 00. (4.13)
n>(a—1)~1 t€[0,T
Moreover
lim sup E (|fun (t) = w(t)[[40scp(y) = 0- (4.14)
t€[0,T]

Proof: The proof of existence, uniqueness and (4.13) can be obtained using
arguments similar to those applied in Theorem 4.1, taking into account (2.6).
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To prove (4.14), we apply the LP-estimates of the stochastic and the
pathwise integrals given in (3.21) and (4.7), respectively (with G replaced by
G,). Let n > 1 be such that 1+ % < a; then

(K2(1) 0 € K2(), (4.15)
for 0 < s <t < T and we obtain
B ([[uat) = wOl faiipio)
< C ["as B (I (unls) = uls)) Whuepioy) + Mal0), (410

=5

where

//R3 a(t—s,- y)—G(t—s,~—y))

x o (uls ) Lepoo ()M (s, )| ),
Li(KP(t))
= E(|lva,.z — UG,ZHqu(KCP(t)))a
and Z(Sv y) - U(U(Su y))le(s) (y)
We shall show that
lim M,(t) = 0. (4.17)

n—oo

Since (4.14) follows from this property, (4.16) and Gronwall’s lemma, the
proposition will be proved.
To prove (4.17), we check first the case ¢ = 2, that is,

lim E(|jve, z — va.zl| 22 kp(ry)) = 0- (4.18)
Indeed,

E(H“Gn,z—UG,ZH%%Kg(t))) = E(H”Gn—G,Z”%%KE(t)))

< E(lve,—c.zlizes).

and by the isometry property (3.1) of the stochastic integral, this is equal to

[ds [ as BGFZG = )QP) [ uldn) |F(Gult = 5) = Gt = 9)( = )

Notice that the integrand converges to 0 pointwise, and therefore the integral

converges to 0 by the dominated convergence theorem, since the integrand is
bounded by
E(|FZ(t = s)(OP)|FG(t - s)(©)F
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and by the Lipschitz property of o, (3.19) and (4.8),

[as [ dsBUFZ@ - s)©OP) [ tan) (Gt - )€ —n)P
< [ ds BUZ( = ) o) sup [ () |76t = s)(e )P

t
< C/O ds (1+ E(|[u(t — $)1xp o 22(z))

< +00.

This establishes (4.18).

In order to deduce (4.17) from (4.18), we use the fact that L?-convergence
(on Qx KP(t)) together with Li-boundedness (for all ¢), implies L7-convergence.
In particular, it now suffices to show that

sup  E(||lvg, 2Tk ay) < F00- (4.19)

n>(a—1)"1

By (3.18) with O,, replaced by KP(t), we obtain using (4.15) that

B(lets, Mpipy) < C [ ds BUZObuepy) (420)

The right-hand side of (4.20) is finite by the Lipschitz property of ¢ and
(4.8). The proposition is proved. O

The next lemma completes the study of the initial conditions needed in
this section.

For a given real function v defined on a bounded domain @ C R? and for
v €]0, 1], we denote by ||v||¢cv()y the y-Holder semi-norm on O, that is

[v(z) —v(y)|
lvllcvy = sup ————7—.
@ z,y€O;xy |x - yh

Lemma 4.4 Let vy, U be real-valued functions. Assume that vy € C*(R3),
Avg is v1-Holder continuous and vy 1s yo-Hélder continuous for some fixed
Y1,7% €10, 1[. Then, for any q € [2,00[, t € [0,T] and any bounded domain
O, there is a positive constant C' depending on q, t and O such that for every
p1 €]0,7[ and ps €10,7,

< C (Ilvoll, gor + 1800181 or))

d
HdG(t) * Vg
t p1,4,0
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and
1G(®) * Doll,,, 4.0 < CllTollér 0t

Proof of Lemma 4.4: We start by checking the first inequality using the basic
identity (4.11). Set A(z) = }(vo * G(t))(x). Holder’s inequality with respect
to the measure G(t,du) and the properties of vy yield

q 1 -t q
A 0 < 5 ([, 6tdw) [ Gltdu) ool = w30

1 q
< ([ edn) ol o

= C“Uo”gl,q,Ot?

for any p €10, 1[.
Let us now consider B(z) = [, <; Avo(x + tz)dz. The Holder-continuity
property of Avy implies that

_,.3
IBOW w0 < I80lison [ d= [ dr [ dyla—y/7078"
< C | Avollén o1y,
if p €]0,v;[. This ends the proof of the first inequality in the lemma.

We now prove the second inequality. Set R(z) = (G(t) % 9p)(x). As for
A(z), Holder’s inequality along with the Hélder-continuity of ¢y yield

v _p—3
HR(')“Z,%O < ||UO||?372(@t)/Odm/Ody|x_y|(“/2 P q)q

< Cll%ollére (o1
if p €10, v2[. The proof of the lemma is now complete. O

Remark 4.5 Assume that the hypotheses of Lemma 4.4 are satisfied. Then
those of Lemma 4.2 hold for any q € [2,00[. Consequently, the solution of
the deterministic wave equation in dimension d = 3,

32
(8252 - A> w(t,z) =0,

with initial conditions vy, Vo, is a function t € [0,T] — w(t), such that each
w(t) takes values in W(Q), for any q € [2,00[, v €0, A 2| and every
bounded domain O . In other words, w(t) belongs to W¥(R?).

loc
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Indeed,
w(t) = th(t) x vy + G(t) * g

and the above-mentioned two lemmas establish that

d -
%G(t) * vg + G(t) * g

< 00.
W4(0)

sup
t€[0,T]

We are now in a position to give the sample path behaviour in the -
variable of the solution of (4.2). In the next statement, a > 1 is a real
number.

Theorem 4.6 Fiz ¢ € [2,00[ and assume that 7(8,6) = 2 A2 >
Suppose also that

(a) o and b are Lipschitz continuous functions,

(b) vy, Uy are real-valued functions, vy € C*(R3), and Avy and vy are
Hélder-continuous functions of order v1,7v2 €0, 1], respectively.

Set

QW

u'(t, x) = (c(ZfG(t) x v + G(t) * 170> (x). (4.21)
Then, for any t € (0,71,
sup. E ([[un()lfys.acicpan) < C (L+ 10O fraiepoy) (4.22)

for any v €0, 1 Ay A (T(B,0) — %)[7 and

E (Ilu®) fagxne) < C (14 18O 0 xpe) - (4.23)

As a consequence,
sup E (||u - <C(1+J), 4.24
S (a0 o) < C (1+J) (4.24)

where KP(t) = KD(t) and
= ||U0||qu (DT) + HAUOH%q(DT) + ||770H%q(DT)
+ ||AU0||C’Yl(DT) + ||170||272(DT)'

In particular, for every v €10,71 A y2 A T(8,0)], there exists ¢ €]1,00]
large enough so that

sup £ (Hu( N zen @y ) < C’( + j) . (4.25)

te[0,7]
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Proof: For n > 1, consider the Picard iteration scheme corresponding to
equation (4.12). That i is, ud (t,x) = u’(t, x), defined in (4.21) and, for m > 1,

up (t, @) Lep () = up (8, )1 p ey (o)
Flipo@) [ [ Galt =5, )
x o (ul ™ (s,)) Lip o) () M (ds, dy)
+ 1xp () /Ot ds (G(t—s) b (uy™(s,7) 1rp()) ().

Set
Ry P(t) = B (|lug (o icpey) -

Clearly, for m > 1, R'}(t) < CUPP(t) + TPl (t) + T P2()), with

T,T’V’D’l(t) =LK (Hvé;mg(ugnlﬂKD H%Vw(}(f(t))) )
Tm'YDz( ) (H Gb(ul™ )IKDH‘I]/[/’Y!‘Z(KaD(t)))

and P (t) = |lu®(t M¥yva(xp ey It follows from Remark 4.5 that for v €

10,71 Azl and a > 1,

sup 1P (t) < oc. (4.26)
te(0,7)

Let g be a real-valued Lipschitz function. We shall show that the process
{o(u™ (6, Dkpw (), t € [0, T]}
satisfies the following properties:
() Szt WPtz B (9 ) [ 4esep ) < 00
(ii) forany 0 < s <t < T,
E (9 ) 1ol epiye oot
< CE (Ju "), kp(e)

(iii) forany 0 < s <t < T, |y| <t —s,

E (g (s = ) iep oy =9I, o)
< CE ([u ")y xepiey) -
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Indeed, g has linear growth and using the same proof as in Theorem 4.1 with
G replaced by G,,, we see, as in (4.8), that

sup sup E(HU ()HLq(KD ) 0,
n,m>1 t€[0,T]

which proves (i).
To prove (ii), we use (4.15) and the Lipschitz property of g to see that

m—1
Rl (GO P C—

IE(MWS<DquW»@wa)
<CE (Hu;”‘l( L ))MM))

= CE (I el epiyeonoss))
< CE (lluy () kpeo ] g o) -

To prove (iii), let 0 < s <t < T and |y| <t —s. A change of variables
yields

lo(e (s, - = ) ks = 917y seoey < N (D ko, oy
Then (iii) follows from the set inclusion (KP(t))"=* ¢ KP(s) and the Lips-
chitz property of g, in a similar manner as (ii).
Lemma 3.2, and more specifically (3.6), applied to the stochastic process
Z(s) = o(up=(s)1gps), s € [0,T], O = KP(t) and p := vy yields
t
m,y,D,1
o) < € [dsE (ol Dol e oot )
By the properties (i), (ii) proved above with ¢ = o, we obtain
t
TN E) < Oy + Cy / ds Rm=17:D (s). (4.27)
’ 0
Holder’s inequality and property (iii) with ¢ = b imply
A (AP ey

< ¢ [Las [ Gt = s, (b5 = ) Lepin — DI coio)

<c/ dsE (| ()1, xpee) -
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Thus, owing to (i), we have
t
ToP2(1) < Cy+ Cy [ ds Ry 0(s), (4.28)
0

Hence, the sequence of functions (RZ?”’D(t), te|0,T], m> 1), v €10, A
Y2 A (T(5,0) — %)[, satisfies the inequality

- t
R™P(1) < C (1 + 120 + [ ds Rg—wD(s)) |
0
By Gronwall’s lemma, we obtain

sup Ry P(t) < C (14 177 (1)) (4.29)

n,m>1

and
sup sup R™P(t) < C (1 + sup fg’D(t)>
n,m>1te[0,T] t€[0,7]

The Picard iterates satisfy

nh—>ngo sup E (H(u;”(t) — un(t))lKD(t)H%q(Rs)) =0.
t€[0,T

Indeed, this can be proved using the same arguments as those of the proof
of Theorem 4.1.

Therefore, (4.22) follows from (4.29) and Fatou’s lemma. Similarly, (4.23)
follows from (4.22), Proposition 4.3 and Fatou’s lemma.

To establish (4.24), we apply the same arguments as for the proof of (4.10)
in Theorem 4.1 to check that

Sup B (Iu®1 4 x00) < € (Iollg.0m + 1AvO]E pry + [1T0l|fs pr ) -

This fact together with (4.10) finishes the proof.
Finally, (4.25) is a consequence of (4.24), since ¢ in (4.24) can be arbi-
trarily large. O

An important consequence of Theorem 4.6 and the Sobolev embeddings

is the following.

Corollary 4.7 Suppose that the hypotheses of Theorem 4.6 are satisfied.
Then for any fixedt > 0, a.s., the sample paths of (u(t, r)1gpuy(z), T € ]R3)
are p-Holder continuous with p €10, A ve A 7(5,9)][.
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We also notice that for any q € [2,00],

sup  sup FE(Ju(t,z) —u(t,y)|?) < Clz —y|™, (4.30)
te[0,T] z,ye KD (t)

for any p €10, Ay AT(3,0)[, and

sup  sup F (|u(t,z)|?) < oc. (4.31)
te[0,T] zeKD(t)

Remark 4.8 Notice that Holder reqularity in the space variable is the same
as that for the solution of the stochastic heat equation in any dimension d > 1
(see [26], Theorem 2.1).

4.3 Regularity in time

Our next aim is to analyze the behavior in time of the solution of (4.2). We
begin by studying the properties of the term corresponding to the contribu-
tion of the initial conditions.

Throughout the section D is an arbitrary bounded domain of R3.

Lemma 4.9 Let vy, 09 be real-valued functions.

a) Let vy € e such that Avg 1s yi-Holder continuous jor some
L C?(R3) b h that Avg 1 Hold )
v €]0,1]. Then, the mapping t — (LG(t) * vo)(z) (t < T) is also
v1-Holder continuous and

d

=G () * vo) ()

sup di

zeD

<C <sup Vo (y)| + HAvon([o,T})> :
cri([0,17)

yeDT
(4.32)
Therefore, its Holder semi-norm is uniformly bounded in x € D.

(b) Assume that 0y is ~o-Hélder continuous, for some vy, €10, 1]. Then the
mapping t — (G(t) * 0g)(z) (t < T) is also yo-Hélder continuous and

sup [[(G(+) * 00) (@)l ¢rz jo.r7y) < C (SUP |00()] + ||170HCV2(DT)> . (4.33)
xzeD zeDT

Hence, its Holder semi-norm is uniformly bounded in x € D.
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Proof: We check (a) by studying each of the terms on the right-hand side of
(4.11). Fix t,t € [0,T] and « € D. Then
_ 1

h{t,f.2) = (G0 * w)(@) -

(G(#) * vo)(x)

|| =

t

_ 1 /R3 G(t, du) (Uo(l' —u) = v <I B ;u>>

where we have used (2.2). The mean value theorem yields

)

|t — ]

_ 1
Lt z)| < ;/, G(t, du) sup (|Vuo(y)l) |u|
R3 yeDT t

(4.34)

< C sup [Vue(y)l [t — 1],
yeDT

since G/(t,-) is concentrated on B;(0) and has total mass t. By the Holder-
continuity property of Awvy,

L(t,t,x) := /y|<1(Avo(a: + ty) — Avo(z + ty))dy

< [|Avollen (pmylt — £, (4.35)

The estimates (4.34), (4.35) and the identity (4.11) yields the result stated
in (a).
Let us now prove (b). For any t,t € [0, 7],

Ly(t, 1, ) == [(G(t) * Do) (x) — (G(E) * To) ()]

= ‘/}Rs G(t, du) <770(x —u) — g (m - iu)

where, in the last equality, we have applied (2.2).

| S

Hence
I3(t,t,x) < I;(t, t,x)+ Ig(t,f, ),

where
)

It T,2) = /R G(t.du)

IS IS

B(t,62) = [ Gt du) (e — w) ‘1 - i‘
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Using the Holder-continuity property of 9, we obtain

sup I3(t,%,2) < Cllogllcn pm |t — T2,
S

Moreover, since 7y is continuous and has compact support,

sup I3(t,£,z) < C sup |ig(x)|[t — 1,
xzeD zeDT

and statement (b) is established. [

The next theorem provides upper bounds on L%—moments of time incre-
ments of the solution of equation (4.2), uniformly over x in bounded sets.

We recall the notation 7(8, ) = 252 A 12

Theorem 4.10 Assume that
(a) o,b are Lipschitz functions,

(b) vo, Vg are real-valued functions, vy € C*(R3), and Avy and vy are Holder-
continuous functions of order 1,72 €10,1], respectively.

Then, for any t,t € [0,T] and each q € [2, 0],

sup E (Ju(t,z) — u(t,z)|?) < Clt — |, (4.36)

xzeD

where C' is a positive constant and o €0, Ay2 A T(3,0)].

Proof: Fix x € D and q € [2,00[. Then x € KP(t), for all t € [0,T], so by
(4.2) with a = 1,

E (|Ju(t,z) — u(t, z)|?) < C’Zq:TZ-(x,t,f),

i=1
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where

q

Ti(x,t,t) = ‘(iG(t) * v0> (x) — (;tG(f) * v0> (x)

b

Ty(w,t,) = [(G(t)  To)(x) — (G(E) * Do) (z)|",

Ts(-,t, ) = E(‘ /Ot /RB G(t—s,- —y)o(u(s,y))lxp s (y)M(ds,dy)
[ G s~ wotu(s, 1) Lo ()M (s, ay)')
w(z, b, 1) = E(‘/ ds/ (t—s,dy) b(u(s,z —y))1xp ) (z —y)

_/ ds/ (t—s,dy) b(u (s,x—y))lKD(s)(x_y)’q)

Lemma 4.9 yields

sup (Ti(z,t,t) + To(z, t,t)) < CJt — t]7, (4.37)
z€KP(T)

with o1 € ]O, Y1 A ")/2[
Let g be a real-valued Lipschitz function and set Z :=]0,v3 Ay AT(5,0)].
We next show that

(1) supieor) E (l9(u0) [ Farcoiwy) < o
(2) for any v € Z, t €0, 77,

sup B (|lg(u(s)) Licoio I o) <
se|0,

Indeed, (1) follows from the linear growth property of g and Theorem 4.1.
To prove (2), we notice that since (K (t))"* C KP(s), the arguments in the
proof of property (ii) in Theorem 4.6 give

sup E ([lg(u(s) 1 kol 4 x0m00—)
s€[0,t]
<Csu F (Hu(s)”iq’KD(s)) ,

s€[0,t]
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and the conclusion follows from (4.25).

By properties (1) and (2) above, we see that the stochastic process Z (s, y) :=
g(u(s,y)) 1k (), (s,y) € [0, T] x R?, satisfies Assumption 3.4 with O := D
and arbitrarily large q. By applying Theorem 3.5, we conclude that for any
q € [1,00],

sup Ts(z,t,t) < Clt — 192, (4.38)
€K P (T)

with ap € 7.
Finally, we study the contribution of Ty(z,¢,¢). Assume ¢ < ¢ and consider
the decomposition

Ty(x,t,t) = C (Tys1(z,t,t) + Tua(z,t,1)),
with
Tyqr(z,t,t) = E(‘ /:ds /R3 G(t — s,dy) b(u(s, v — y)) 1 g (@ — y)’q),
Tyo(z,t,t) = E(‘ /Ot ds /R3 (G(t —s,dy) — G(t — s, dy))b(u(s, T —y))
X 1gp(s) (T — y)’q)
Hoélder’s inequality, the restriction on the growth of b and (4.31) imply that

supTyq(z,t,t) < Clt — ¢!
z€D

/ds/ (t — s,dy) <1+ sup sup E(\u(t,y)]%)

te[0,T] ye KL (t)
< Ot — 9. (4.39)
Notice that for z € D and y € B;_4(0), x —y € KP(s), so 1gns(z —y)

can be removed from the expression for Ty o(x, t,t) when € D. We split the

integral in the definition of Ty »(x,t,t) into a difference of integrals and then

we apply the transformations y — - and y + -, respectively. We obtain

Tyo(e,t,5) = E(\/ ds/ G(1, dy) bus, z — (t — 5)y)) (¢ — )
/ ds/B1 G(1,dy)b (s,x—(t—s)y))(t—s)’q).
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Hence Tyo(z,t,t) < C(Tyoq(x, t,t) + Tyoo(x,t,t)), where
T421(xtf)—|t—t|qE<‘/ds/ G(1,dy) b(u(s,z — (t — s)
Tyoo(x,t,t) = E(‘/ ds (t — s)/

0

B1(0)

—bu(s,a = T—5))[").

l'):

G(1, dy) (b(u(s, z — (t = $)y))

Clearly, from (4.31) and the linear growth property of b, it follows that

sup T4,2,1(x7t7ﬂ < C|t - ﬂq
zeKD(t)

Moreover, by (4.30) and the Lipschitz property of b,

sup Thoo(z,t,f) < C]t—t]”q/ ds/ G(1, dy) |y|™

TzeKD(t)
< C’t - t’pqa

for any ¢ € [1,00[, p € T.
Putting together (4.40) and (4.41), we obtain

sup Tyo(z,t,t) < C|t — |,
zeKD(t)

for any ¢ € [1, 0], p € Z. Together with (4.39), this yields

sup T4(5C,t,£> < C'|t - ﬂpq,
zEKD(t)

for each ¢ € [1,00], p € T.
With the estimates (4.37), (4.38) and (4.43), we obtain (4.36).

(4.40)

(4.41)

(4.42)

(4.43)

O

We summarize the results of this section (Corollary 4.7 and Theorem

4.10) as follows.
Theorem 4.11 Assume that:

(a) The covariance of F is of the form given in Assumption 2.4;

(b) the initial values vy, Uy are such that vy € C*(R?), and Avy and vy are

Hélder continuous with orders v1,ve €0, 1], respectively;

(c) the coefficients o and b are Lipschitz.
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Then for any q € [2,00[, a €]0,71 Ay AT(53,0)[, there is C > 0 such that
for (t.2), () € [0,T] % D,

E(Ju(t,z) —u(t,y)|*) < C (|t =t + [z —y[)™. (4.44)

In particular, a.s., the stochastic process (u(t, z), (t,z) € [0,T] x D) solution
of (4.2) has a-Hélder continuous sample paths, jointly in (t,x).

Remark 4.12 Assume that the initial values vy, Uy satisfy the conditions
given in (b) above. With Remark 4.5 and Lemma 4.9 we conclude that the
solution of the deterministic inhomogeneous wave equation (take o = 0 in
(4.2)) in dimension d = 3 is a—Hdlder continuous, jointly in (t,x), for any
a €10,v Ayl

5 Sharpness of the results

We devote this section to showing that the results of Theorem 4.11 on Holder
continuity in space and time are optimal. To do this, we consider the special
case of equation (4.2) with vanishing initial conditions vy, ¥y, coefficients
o =1, b =0, and covariance function of the noise given by f(x) = ks(z),
with 4 €]0,2[. In this case, the solution of equation (4.2) defines a stationary
Gaussian process.

Theorem 5.1 Under the above assumptions on vy, Uy, 0 and b, the solution
u(t,x) to the stochastic partial differential equation (4.2) has the following
properties:

(a) Fiz t €]0,T] and a compact set K C R®. There is a constant ¢; > 0
such that for all x,y € K,

E (Ju(t,z) —u(t,y)[*) > ailz -y, (5.1)

Consequently, a.s. the mapping x — u(t, x) is not y—Hdlder continuous
for v > %, though it is for v < %

(b) Fiz v € R® and to > 0. There is a constant c; > 0 such that for all
t,t € [to, T| with |t — t| sufficiently small,

E (Ju(t,z) = u(f — 2)[*) > calt — >~ (5.2)

Hence, a.s., the mapping t — u(t,x) is not y—Hélder continuous for

v > 255, while it is for v < %
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Proof. For any z € R3, set R(z) = E (u(t,)u(t,0)). Since
E (Ju(t,z) — u(t,y)[*) = 2(R(0) = R(z - y)),
it suffices to show that for any z € R3,
R(0) = R(z) > Cyf«77,

for some positive constant C;. Without loss of generality, we may assume
that t = 1.

We remark that R(0) — R(x) is a real number. Taking (2.5) into account
and integrating with respect to s yields

/(u/’ (d€)(1 — ¢47) | FG(1 — 5)(6)[?
d¢ sin(2(¢])
1— . 1— .
=5 fo g s (1= TR0 ) 63)
where ¢ - denotes the Euclidean inner product of the vectors £ and .

If |¢] > 1, then 1 — Sinéé'f“ > 1. Thus, using the change of variables

we obtain

w = |z|¢ and setting e = T

dw
— X fo’ﬁ —cos(w - e)).
R(O) = R() 2 3 o7 [ ol (1= cos(w )

Because x € K and K is compact, the last integral is bounded below by a
positive constant, hence (5.1) is proved.
We now prove (5.2), assuming that to <t < ¢ < T. In this situation,

E (Ju(t, ) — u(f, x)[*) = Ta(t,F; 2) + Ta(t, ; 2),

where

Ty(t,T; 7) (/ /R (F— s,z — )M(ds,dy))Q,

Ty(t, b z) = E(A(G@—sx—yy—G@—&m—yDAH%¢@0?

Using again the explicit formula (2.5) and integrating with respect to the
variable s yields

_ ¢ d . 2
Ttio) = [ ds [ 5 1FGE=3)(6)

Cupode (s nje)
=3 ) [P (“ 2 2¢] )
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With the change of variables w = (t — t)¢, the last integral becomes

IF— 3~ ﬂ/ _ sin(2|w]) |
R3 |w|5 B 2|w|

which clearly yields

Ty(t, t;x) > C|t — >, (5.4)

A direct integration in the variable s yields

(1) = [ds [ s |(FGE—s.) = FGt=5.9) (O

> [lds [ s (= 9l —sin (- s)leD?

d 1 —
= /£|>(lf_—t)l |£|5§—,3 (A<t7t7€> + B(t’t,€>> ,
where

sin ((t + 1)[¢])

A(t,1,8) =t (1 —cos ((Z - 1)[¢]) + 2]

(1 = cos (£ =1)I£1))

o smE-nle)  sin((¢— Dle)
B(t.1,¢) = 4[¢] 2

Changing the variable ¢ into w = (¢ — )¢ and bounding below the second
term in A(t, t,€) yields

dg n T _ dw B
/|§Z(tt)1 |£|5716A(t>t7§) > |t — t‘2 6/|w|>1 ’w|5*5 (t (1 — COS ‘”LUl) — (t — t))

> k|t — t]*P — k|t — PP

(the last inequality uses that fact that ¢t > ¢, > 0).
Similarly,

d¢ _ d¢ 1 1
> B — —
/|s|><t—t>—1 €[5 (t,8,0) 2 /If>t o ( 4|€| 2|§|>
_ +|3-8
|t f /w>1 ek
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Therefore,
_ _ _ ky
To(t f;2) > kalf — 7 = Ryff — 1"~ > | — 127,

where the last lower bound holds whenever |f — t| < .. This finishes the
2
proof of (5.2).

The statements concerning absence of Holder continuity follow from a
well-known result on Gaussian stationary process (see for instance [2], The-
orem 3.2). We only give some details for the space variable, since the argu-
ments for the time variable are the same.

Assume by contradiction that for a fixed ¢ €]0,7], the sample paths
x — u(t,z) are y—Holder continuous for some v > #, so that for any
compact set K C R3, there is 0 < C(w) < oo with

sup ult, x) = ult,y) < C(w).

z,yeK,x#y |I - y|V

This implies that the Gaussian stochastic process

(u(t,w) —u(t,y)

|z —y|

, 1,y € K, l’%y)

is finite a.s., and even, by Theorem 3.2 of [2], that

2
t —u(t
gl sw <U(,l’) U(,y)> .
z,yEK aty |z —y|

In particular, there would exist a finite K > 0 such that

E (fu(t,) —u(t,)]*) < Kle =y,

This clearly contradicts (5.1). O

Remark 5.2 Under the same assumptions as in Theorem 5.1, for any fized
t €]0,T], a.s. the upper bounds on moments of increments of the process
(u(t,z), © € R) remains valid even for a = % (this, however, does not
yield an improvement in the Holder continuity of sample paths of this pro-
cess).

Indeed, by (5.83), we can consider the decomposition

R(0) — R(z) = r(x) + ro(x) + r3(z),
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with

L1 e (o sk
") =3 e g LT ”(l 2le] )

and ro(x) (resp. r3(z)) defined by the same expression, but with the domain
of integration replaced by |||x| > 1 (resp. 1 < [€] < |z|™!). Since 1 — cos(€ -
z) < 5|€122)?, we clearly have ri(x) < Clz|?. Moreover, bounding above the
products of trigonometric functions, we obtain

df 2—3
< — .
ra() C/I£||x>1 |§[57 Clel

Finally, for |x| small,

dg _

rs(x) < C'lz|? —— =zl (lz|? =1

o(z) < Clal /1S|§S|zl |€[37F l (’ | )
< Clz7P.

Consequently,
R(0) — R(z) < C|z|*7".

6 Integrated increments of the covariance func-
tion

In this section, we prove technical results on integrals involving regularisa-
tions of the fundamental solution GG and one and two-dimensional increments
of f. Each of these results plays a crucial role in the proofs of section 3.

Lemma 6.1 For any a €]0,(2 — ) A 1], there is C < oo such that for all
r,y € R3

sup sup In(s,7,y) < Clz —y|%, (6.1)
n>1 s€[0,7T)

where

I(s,z,y) :/

]R3

du [ dvG,(s,u)G,(s,v)|Df(v—u,z —y)|.
R3

Proof. The structure of the function f suggests the decomposition
[n(s7 x? y) S I’r]l:($7 ':E’ y) + 1727,(37 x’ y)?
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where I'(s,z,y) (resp. I2(s,z,y)) denotes the same expression but with the
factor in absolute values replaced by

o(x—y+v—u) |Dkg(v—u,z—y)l, (resp. |Dep(v—u,z—y)|ks(v—u)).

Since the function ¢ is bounded, we can apply Lemma 2.6(a) with d = 3,

b=a,a:=3—(a+0),u:=v—u,c:=r—y|,z:= é:z',to obtain

INs,x,y) < C’|a:—y|°‘/ du/ dv G, (s,u)Gp(s,0)
R3 R3

X /R3 dw katp(|z — y|lw +u — )| Dks_o(w, €)],

where € = ﬁ, a+ 0 €]0,2[.
Observe that

/RS du /RB dv G (8, u) G (8, V) kars(|z — ylw +u —v)
= [, A&t OV | F G (5)(€)*hs (v ()

< [ dEIFGE)(©) Phamiosm ©),

and this is uniformly bounded over s € [0,T] if a + 3 €]0,2[ (see 2.4). On
the other hand,

/ dw |Dk;_o(w, €)| < oo,
R3
if a €]0, 1], as it is proved in Lemma 2.6(b). Consequently,

wup sup L (t2.) < Cla — y|" (62)
n>1t€[0,T]

with o €10, (2 — B) A 1[.
The mean value theorem, the properties of ¢ and (2.4) imply that

I2(t,z,y) < Clz — /R3 du /IR3 dv Gp(s,u)Gp(s,v)ks(v — u)

< Cla—y| [ 1FG($)(€) Pha-pl€)ds
< Clz -yl (6.3)

The estimates (6.2) and (6.3) establish (6.1). O
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Lemma 6.2 For each o €]0,(2 — 8) A (1 4 9)[, there is C < oo such that
for all x,y € R3,

sup sup Jn(s,z,y) < Clzr —y|%, (6.4)
n>1 sE[O,T}

where

Jn(s,z,y) = /]R3 du - dv G (s,u)G(s,v) |D*f (v — u,y — z)|. (6.5)

Proof. Due to the structure of the covariance function f, it is easy to check

that
3

D*f(v—u,y — 1) :ZA2’if(v—u,y—x),

1=1

where

A f(v—u,y —x) = p(v — u)D?ks(v — u,y — ),

A*?f(v —u,y — ) = Do(v —u,y — 1) (Dkg(v — u,y — )
— Dkg(v —u, x —y)),

A fv—uy — ) = kg(x —y +v—u)D*p(v —u,y — z).

Then, by the preceding decomposition,

3
Jn(s,z,y) <D J0(s,2,y),

i=1

where J!(s,z,y) is defined in the same way as J,(s,z,y) but with D*f re-
placed by A2 f i = 1,2,3. We now estimate the contribution of each of
these terms.

Since ¢ is bounded, applying Lemma 2.6(c) and (d
3—(a+0),a+p€]0,2[,u:=v—u, z:=y—z, and (

) with b := o, a =
2.4), yields

1 a
J (s, z,y) < |z —1y| /RS duGp(s,u) /RS dv Gy (s,v)
x /R duw karg(|y — zw + 1 — )| D?ks_o(w, €))|
<|x— y|o‘< sup du/ dv G, (s,u)Gp(s,0)
R’ JR3

$7y7w

X kasally = alo+u=v)) [ dw| Dy ow,e)
< Cla—ylo. (6.6)
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The properties of the function ¢ in Assumption 2.4 imply that

J(s,my) < C|:L‘—y|/ du/ dv G, (s,u)Gp(s,v)
R JR3
Xlkg(ly —x+v—u) —ks(z —y+v—u)|

< Cle—y|(J2 (s,2,y) + J2 " (s, 3, y)),
where

Jg’i(s, x,y) = /3 du » dv Gy (s,u)Gp(s,v) |Dkg(v — u, £(y — x))|,

Notice that J2(s,z,y) coincides with the term I!(s,z,y) in Lemma 6.1
when ¢ = 1; similarly, J>*(s,z,y) = I!(s,y,z) with ¢ = 1. Consequently,
(6.2) yields

Ta(s,2,y) < Clz —y|'*, (6.7)

with o €10, (2 — B) A 1].
The mean value theorem and the properties of ¢ give

[D*p(v —u,z —y)]
1
<ly—al [ dA[Ve(v —u+Aw —y) = Vil —u— Az —y))
<C |y _ $|1+6.

Therefore, by (2.4),

J(s,z,y) < Cly— ' /R3 du /]RS dv G (s,u)Gp(s,0)kg(x —y +v —u)
< Cly—a"* [ deks o) IFG)(E)P
< Cly —z|'. (6.8)
Putting together the estimates (6.6)-(6.8), we obtain (6.4). O

Lemma 6.3 For any 0 <s<t<t<T, set

vy (s, t,1) :/deu/RdeGn(t—s,u)Gn(t—s,v)f C_Sv—u) t—s.

— s t—s

Then

sup sup vy(s,t,t) < oo.
n>1 0<s<t<t<T
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Proof. Consider the change of variables v — f:—zv. Then by Lemma 2.1,

vl (s, t,t) = /]RS du/]RS dv G, (t — s,u)G, <t— S, ;_ Sv)

X f(v—u) <€_S)2

t—s

= | du » dv Gp(t — s,u)Gp(t — s,v) f(v —u).

RS

Using Assumption 2.4, the last integral is bounded by

&1l oo / du/ dv Gy (t — s,u)G,(t — s,0)kg(v — u).
R3 R3
Consequently,

[FGn(t = s) (O] IFGnlt = 5)(&)]
€0

Vs, ) <C [ de
R3

[FG(t = 5)(©)] |FG( = 5)(€))
=¢ /Rg d RERE |e-mr

Apply the Cauchy-Schwarz inequality and (2.4) to see that this integral is
bounded by a finite constant, uniformly in s,t,¢ € [0, T]. O

The next two lemmas deal with time-scaled increments of the covariance
density.

Lemma 6.4 For each t,t € [0,T], with t <t; set

t
vy (t,1) :/0 als/R3 du/RS dv Gp(t — s,u)G,(t — s,v)

e =)

sup vy (t,t) < Clt —t|%, (6.9)
n>1

X

Then

for any o €10, 1] with o+ 5 €]0,2].
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Proof. Consider the decomposition
vy (8, 8) < vy (8,8) + vy (¢, D),

where "' (t,7) (resp. vy?>(t,t)) is defined in the same way as v(t,), but

with the expression in absolute values replaced by
— 2 — —_
t—s t—s t—s
— v—u
‘(t—s) t—s f(t—s( )>
t—s

(o) s (=)

Y

and B
t—s

t—s

t—s
=5 (y,v) and Lemma 2.1 yield

—S

~

respectively.
The change of variables (u,v) +—

_/]R3 du /R3 dv G (t — 8,u)Go(t — 5,v) f(v — u)

—_ td
it =i -t [ =2
0o t—
o ds FG(E - )(©)
<cli- [ = [ d
<¢l |ot—s R3 . |€]3—5
< Ot —tl, (6.10)
if B €]0,2[, where in the last inequality we have applied Lemma 2.3 with
b:=1.
Consider the transformation (u,v) — (u, f:—jv) Then
t—t
Df (U — U, ———U
t—s

t
V(L 7) :/0 ds/R3 alu/IRB dv G, (t—s,u)Gp(t—s,v)

We are going to prove that
sup V;l72(ta E) < C|t - ﬂa’

n>1

with a €]0,1[, a + 5 €]0, 2[.
Notice that the structure of this term is similar to the integral analyzed
in Lemma 6.1. Consider the decomposition
vy (6,1) < vg (1) 4+ vy (1, D),
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where vy (t,) (resp. v5>*(t,1)) are as on the right-hand side of (6.11), but
with the absolute value replaced by

t—t t—t
((p(v—u—t_su> ‘Dk‘g (v—u—t_su>

Y

and _
t—1
‘Dgp <v —u, _t—su> ka(v —u),
respectively.
Since @ is bounded, Lemma 2.6 (a) withb=a, a =3 — (a+ ) c=1—1t,
u=v—u, r=—7 ylelds

¢
vpPt(t,t) < C|t—ﬂo‘/ ds/ du/ dv Gy (t — s,u)Gy(t — s,v)
0 R3 R3

u

x/RBdwk;aJrg((f—t)w—(v—u)) Dk o(w, ——2)].

t—s

We next prove that if a + 3 €]0,2], then the integral above is bounded,
uniformly in n and 0 < ¢t < ¢t < T. For this, let V;’Q’l’l (resp. 1/;’2’1’2) be
the same expression, but with R? in the dw-integral replaced by B3(0) (resp.
Bs(0)°). For vy ", break the absolute value in the dw-integral into the sum

u

of two terms. Applying successively the changes of variables w — w —
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t—s

and u +— =iu and (2.3), the first term is bounded, by (2.4). Indeed

t
/ ds/ du [ dvGp(t — s,u)Gp(t — s,v)
0 RS Jm3

x /wSg dw ks 5 (F = D) — (0 — ) ko (t v w)

— S

¢
< / ds/ du | dvGp(t — s,u)G,(t — s,v)
o Jrs  Jms

_ t—s
X /w§5 dw ko ((t —tw — v+ = Su) ks—o(w)
t—s
_/ ds/ du [ dvGo(f — s,u) Gl — 5,0)
R3 R3 t—s

x /wg) At ko 5 (T — )0 — (0 — ) kg (w)

/ / IfG(f— s) (&)
w|<5 le3 @ g3-(atB) 7

which is bounded uniformly over 0 <t <¢ < T. if a + 3 €]0,2[.
Similarly, the second term is

t
/ ds/ du | dvGp(t — s,u)G,(t — s,v)
o Jrs  Jms

x| kass((E = e — (0 = w)ksa(w)

B Gy oy (L TG TE <L

jwl<s Jw[3—e |£[3~(+B) ’

which is bounded uniformly over 0 <t <t < T, if a + 5 €]0,2[.
Turning to v4">"?, let

1[)(/\):k;3_a<w A _S>, e 0,1].
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Notice that since |u| < (t —s)(1+ +) and |w| > 3, it follows that
U 1 1
A1 > - A1+ )| > —2> -|w|.
= A2 e = AU+ )] > el 2> L ul
Further, |[¢/(A)] < Clw — A%|*~%. Thus,

t
#1200 < [[ds [ du [ d0Galt =5, 0Ga(T = 5.0)

_ 1
< lbass=utu =)l [Mank, (w-2)
o FG(t = ) OIIFGE - 5)(€)]
w|>3 |w|t= /0 ds R3 at |€[3=(eFB)

which is bounded uniformly over 0 <t < ¢ < T, if a €]0,1[ and a+ 5 €]0, 2[.
Therefore, we have proved that

<C

sup vy @l (t, 1) < Clt — #]°, (6.13)
n>1

if a €]0,1[ and o+ 8 €]0, 2[.
By the properties of ¢, we have

500 < Ol [ as [ g PO = AONFGUT= 8]

€137
and therefore
sup vy>*(t, 1) < C|t — ). (6.14)
n>1
The estimates (6.13) and (6.14) prove (6.12). Finally, (6.9) follows from
(6.10) and (6.12). 0

The last lemma of this section gives information on the second-order
increments of the time-scaled covariance function. Its proof is somewhat
lengthy because we seek the best possible result: indeed, the case 5 €]0,1]
requires considerable effort, while the case § € [1,2[ is not so complicated.

Lemma 6.5 For any s,t,t € [0,T], s <t <t, u,v € R3, we set
— 2 — — —
_ t—s t—s t—s t—s
A?f(s,t,t = —u) | = _
o) = (2] (220 -0) - =2 (00

_t f (v — _‘Zu> + f(v—u) (6.15)




and

t
l/g(t,t—):/ ds/ du/ dv G, (t — s,u)Gy(t — 5,v) |Af(s,t,t,u,v)].
o Jrs  Jms

Then
sup v4 (t,t) < Clt —t|%, (6.16)
n>1

for any a €]0,(2 = B) A (1 +9)][.
Proof. Assume first that 3 € [1,2[. In this case, we consider a decomposition

of A?f(s,t,t,u,v) into first-order increments, which leads to the following
decomposition:

vyt 8) = v (8, 8) + v (8, 8) + 137 (8, 8),

where v§"(t,1), i = 1,2,3, is defined as v2(t,), but with A2f replaced by
A% f and

AL f(s 1, F u,v) = (i:j) f(i:i@—@)-i:jf (f:jv—u>

A*?f(s,t,t,u,v) = 1—i_8 flv—u),
—s
Az’gf(stfuv)zf_s flo—u)—f U—E_Su :
YA A ? t—S t—S

Notice that v5"' (¢, 7) is equal to 14 (t, ) defined in Lemma 6.4. Thus, by (6.9),

supvyl(t,1) < Clt — #]°, (6.17)
n>1
for any o €10, (2 — 5) A 1[.
For the term v4"(t,), we have

d

S
t—sJr

[FG(t =) (I
P

t
e <cle-1 | ,d
0
Then, by Lemma 2.3 with b =1,
vyt (t, 1) < C|t -1, (6.18)
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for any 3 €10, 2[.

The analysis of v4"*(t, ) does not differ very much from that of the term
Vg’2(t, t) in the proof of Lemma 6.4. Indeed, the change of variables (u,v) —
(“=2u,v) and Lemma 2.1 yield

t
v (L, 1) :/0 ds /RB du/R3 dv G (t — s,u)Gp(t — s,v)

t—t
Df(v—u,_u>
t—s

X

Comparing this expression with (6.11), we observe that in the integrands, the
roles of ¢t and ¢ are exchanged. However, carrying on calculations similar to
that for vy ’2(15, t) in the proof of Lemma 6.4, we encounter similar expressions,
with ds replaced by ﬁ—ss. Consequently, using Lemma 2.3 instead of (2.4), we
obtain
supvy® < Clt —#]°, (6.19)
n>1
for each a €10, (2 — ) A 1[. Notice that for g € [1,2], (2—0B) A1 =2— (.
Consequently, the estimate (6.16) follows in this case from (6.17)-(6.19).
Consider now the case 3 €]0,1[. We decompose A?f(s,t,,u,v) into the
sum 7, A% f(s,t,t,u,v), with the definitions

A* f(s,t,t,u,v) = ((f—s) —25_84—1) flv—u)

t—s t—s

_ (fjﬁ)Qﬂv ),

K22 f(5,1,F,u,0) = ((i:z)z - z:§> (7 (o) - ro-w).

_ _ t—s -~ B
A2’3f(s, t,t,u,v) = P SAQ’Sf(s, t,t,u,v),
—5
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where

A2,3f(s,t,f,u,v) = (f(i:z(v—u)) —f(i:iv—u) —f(v— z:zlo
+f(v—u)).

Then
vy tE)<ZJ”tE),

with 74" (t, 1) defined as v§(t,), but with A2f replaced by Af i =1,2,3.
We start by estimating 73’ 1(25, ﬂ We have

FGE— )P

fn 1
G o g
Then, using Lemma 2.3 with b = 2, we conclude that
supmy(t,1) < Clt — %, (6.20)

n>1
if g €]0,1].

We proceed now with 75(t, ), which we split into two terms:

vyt <t t|/ ds/ du/ dv G, ( ,u) G (t — s,0) tt—s

vyt <t t|/ds/ du/ dv G, ( ,u) Gy (t—s,v)t_s

X

f(t__sv—u>—f(v—u) .

t—s

The change of variables (u,v) — (u, f:—jv) and Lemma 2.1 yield

_ gt d _
vt < |t —1 i du | dvG,(t —s,u)G,(t —s,v)
’ 0t—sJr3 R3

t—t
x |Df (v—u,—u) .
t—s
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Moreover,

Vn,2,2<0’t_ﬂ/td8/ du/ dv Gy (t — s,u)G,(t — s,v)
3 = o (t—s)? /rs R3 " 7 ! ’

Df(v—u,t_tv> :
t—s

Proceeding as for the analysis of the term 4", or 4" in Lemma 6.4 (observe

the similarity of v in (6.11) with 73>, 75*?), and using Lemma 2.3, we

obtain

X

sup 7y (t, 1) < C|t — ]+, (6.21)
n>1
for any p; €]0, 1] (we recall that 5 €]0, 1]).
The study of 75"*(¢,7) is more intricate. Due to the product structure of
the covariance function, we have the following decomposition
t—s &

A*3 f(s,t,t,u,v) = ZA2’3’if(s,t,f,u,v),

t—s i3

where

_ - _ t—
A2’3’1f(5, t,t,u,v) = A2’3k5(s,t,t, u,v) @ (t S(U — u)) ,
—s

; i -t Lt
A2’3’2f(5,t,t,u,v) _ DQO( SU _U’?_t u> D]Cg (U—U,t ’U> )

t—s — S

. t—s t—t t—t
A?33 t,t =D — —u,—v | Dk — U, —
f(s,t,t,u,v) plo— w0 plv—u——ul,

AZ34f (s 1T, u,0) = A23p(s, b, T, u,0) ks(v — ).

Then 757 (t,1) < L, 5% (t,1), where

7

. t
B0 i -

X i:z ‘A2’3’if (s,t,ﬂu,v)‘ .
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We shall now analyze the contribution of each of these terms.
By Lemma 2.6 (e), applied with d =3, b:= a, a :==3—(a+f), c:=t—t,
U=V U, = T Y=

vt < |E— I8, ),

where

t t—s
I :/ / n\t = 9, n\t — 9,
(t,1) ; dSt—s deu R3dUG (t —s,u)Gp(t —s,v)

dw s s(v0 — 1w — ([ — 1 D2ka( —“”).
X/R3 W hatg(v —u = )w)‘ e\ T s — s

Our next objective is to check that supy<;<zep I(t,t) < oo. This will be
carried out by taking into account first the small values of w (Jw| < 5), and
then the large ones.

Set t —t = h and split the last absolute value above into four terms, so
that the above integral when w is integrated on the set |w| < 5 equals to

471 Ij (t’ {)

Clearly,

t t—
I (t,t) ::/ dst S/ du | dvG,(t —s,u)G,(t — s,v)
o t—SsJrs R3

X /M5 dw b5 (v — 1 — (F — t)w)ky_a(w)

S(/w|<5 [t a)/d t—z de,g |§‘3 5)(f)| <o,

if o+ €]0,2[, o > 0.
The analysis of [;(t,t), j = 2,3,4, are all similar, so we only give the
details for

— S

Iy(t,t) = /ds

X/ dw koyp(v —u — hw)ks_, (w—i—v_u).
w|<5

t—s

/ du [ dvG,(t —s,u)G,(t —s,v)
R  JR3
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Consider the change of variables w = w + %=¢. Then

d tot—
[4(t,f) S v / dS i
0 _
t

/ du/ dv Gp(t — s,u)G,(t — s,v)
R3 R3

lwl<7 |w|3= t—s

X katp <hw+t_8(v—u)>.

— 5
Apply the change of variables (u, v) — f:—z(u, v). Then, by Lemma 2.1,

dw t t—s

Iy(t,t) < /}R3 du - dv G(t — s,u)G(t — s,v)

5 =
wi<7 w3~ Jo t—s
X kotp (hw + (v —u))

t |FG(t—s)(E)
< C/O ds | d& Ep-@+B)

which is bounded, uniformly over 0 <t <t < T, if a + 3 €]0,2[, a > 0.
Therefore, we have proved that the contribution to I(t,t) of the term in
which the dw-integral is restricted to {|w| < 5} is finite.
We end the proof by checking that I5(¢,t) < oo, where I5(t,t) is defined
in the same way as I(t,t) but with the dw-integral restricted to the domain

{lw| = 5}.
Define
T 1) = Eyoaw — At g ), A, g€ [0,1]
y ) = R3—aq W t—s Iut—S’ y M s 41y
so that
D ky-a(w, ==, =) = (1, 1) = ¥(0,1) = ¥(1,0) + ¥(0,0)
— S — S

0*W

1 1
:/d)\/du
0 0

A simple computation shows that

t—s t—s

0?W
oo

(A,u)’ﬁClﬂg,a(w—)\ “ + ! )
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Consequently
t ot
Is(t,t) := / ds
0 t

- s
— /R3 du ” dv G (t — s,u)G,(t — s,v)

X /| | dw ko 5(v —u — hw) D?ks_g (w, S U)
w|>5

t—s't—s

t t—
< C’/ dst 8/ du | dvG,(t — s,u)G,(t — s,v)
0 t— s Jrs RS

S

X / dw ko yp(v —u — hw)
lw|>5

1 1
x/d/\/ duk5_a<w—)\ vy )
0 0 t—s t—s

We can give a lower bound of |w — A% 4 pu+*|, independent of u,v on the
set {|w| > 5}. Indeed, by the triangle inequality

u v u v
Y ’>‘ —‘)\ -
’w t—s+”t—s Z | hl t—s ut—s
> | [w] = 2(A + p)|
zlw|—4zM.
5
Hence,
I(t,0) < C dw_ t_s/d/dG(t )Gio(t — 5,0)
—_— s U vG,(t— s, u)Gy(t — s,v
P = s wpe Jo Ut —s Jrs s Jre

X karp(v —u— hw)

dw ot Tes o [FG(E-)(OF)

< (C d
N |w|>5 ’w’570‘ 0 St—S R3 ¢ |§|3*(a+5)

The dw-integral is finite for any o €]0,2[ and, by Lemma 2.3, the ds d¢-
integral is also finite for o+ €0, 2[. Consequently, I5(t, ) is finite whenever
a+ (3 €]0,2[; therefore

sup 7y >t 1) < C|t —1]° (6.22)
n>1
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for any o €10,2 — f[.
By the properties of go, we have

— S

*”32tf)<0/ ds / du | dvG(t —s,u)Gp(t — s,v)
RS JR3

t—t t—t
| || |’Dk:g<v—u U)
t— t—s

<(J|t—t|/ ds

t—t
Dkﬂ(U—u v).
t—s

In the last inequality, we have used the fact that [u| < (£ — s)(1+ 2).

We can study the contribution of this last integral with similar arguments
as those used in the analysis of the term v4">'(¢,7) in the proof of Lemma
6.4, concluding that

/ du | dv Gn(t — s,u)Gp(t — s,v)
R

sup 75°7 < C|t — 1, (6.23)

n>1

for any p3 €10, (2 — B) A 1] (see (6.13)). Clearly, the same bound holds for
the term 75>*
By the assumptions on ¢, we have

2?_S(v—u) - 2?_Sv—u — U—E_Su + p(v —u)
4 t—s 4 t—s 7 t—s 4
1 t—s f f
S/dz\Vgp v—u+/\ -V v—u+/\
0 t—s s s

ot =1
( )1+6

It |
[ul [v]’.

It follows that
3,4 T t
vyt (t, 1) < Ot —t|1+5/ ds
0

t—s/ du | dvG,(t —s,u)G,(t —s,v)
t— s Jrs R3
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The fraction with u and v is bounded by 2'*°. Therefore

FG(t — ) (©OIFCT )
€p-2 |

_ t t—g
-—n,3,4 1+6
LD <Clt—1 /d— d
vy (L) < Clt — 1 | ds— S

and by Lemma 2.3,
sup 7y ¥4 (t, 1) < Clt — £+ (6.24)

n>1
if 8 €10,2].
Summarising the results obtained in (6.22)-(6.24) yields

sup 7y (t,1) < Clt — #]°, (6.25)
n>1

with a €]0,(2 — 5) A (1 +9)].
Finally, by (6.20), (6.21) and (6.25), we conclude that

sup vg (t,t) < Clt —t|%,
n>1

wiht a €]0,(2 — 5) A (1 + 0)[, when § €]0,1[. The proof of the lemma is
complete. O
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