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1 Introduction

The stochastic wave equation is one of the fundamental stochastic partial differential
equations (s.p.d.e.’s), of hyperbolic type. The behavior of its solutions is signifi-
cantly different from those of solutions to other s.p.d.e.’s, such as the stochastic heat
equation. In this introductory section, we present two real-world examples that can
motivate the study of this equation, even though in neither case is the mathematical
technology sufficiently developed to answer the main questions of interest. It is how-
ever pleasant to have such examples in order to motivate the development of rigorous
mathematics.

Ezxample 1: The motion of a strand of DNA

A DNA molecule can be view as a long elastic string, whose length is essentially
infinitely long compared to its diameter. We can describe the position of the string
by using a parameterization defined on R, x [0, 1] with values in R3:

ui(t,
u(t,r) = | wuolt,x
ug(t, x
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Here, (t,z) is the position at time ¢ of the point labelled x on the string, where
x € [0, 1] represents the distance from this point to one extremity of the string if the
string were straightened out. The unit of length is chosen so that the entire string
has length 1.

A DNA molecule typically “floats” in a fluid, so it is constantly in motion, just
as a particle of pollen floating in a fluid moves according to Brownian motion. The
motion of the particle can be described by Newton’s law of motion, which equates the
sum of forces acting on the string with the product of the mass and the acceleration.
Let © = 1 be the mass of the string per unit length. The acceleration at position x

along the string, at time t, is
0

e )

and the forces acting on the string are mainly of three kinds: elastic forces ]51, which
include torsion forces, friction due to viscosity of the fluid Fé, and random impulses
f’g due the the impacts on the string of the fluid’s molecules. Newton’s equation of
motion can therefore be written
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This is a rather complicated system of three stochastic partial differential equa-
tions, and it is not even clear how to write down the torsion forces or the friction term.



Elastic forces are generally related to the second derivative in the spatial variable,
and the molecular forces are reasonably modelled by a stochastic noise term.

The simplest 1-dimensional equation related to this problem, in which one only
considers vertical displacement and forgets about torsion, is the following one, in
which u(t, z) is now scalar valued:

2 2
T )= 2 5tw) — [ k() ulty)dy + B(t), (L1)
ot? x 0
where the first term on the right hand side represents the elastic forces, the second
term is a (non-local) friction term, and the third term F(t,y) is a Gaussian noise,
with spatial correlation k(-,-), that is,

E(F(t,x) F(s,y)) = do(t — s) k(z,y),

where 0y denotes the Dirac delta function. The function k(-,-) is the same in the
friction term and in the correlation.

Why is the motion of a DNA strand of biological interest? When a DNA strand
moves around and two normally distant parts of the string get close enough together,
it can happen that a biological event occurs: for instance, an enzyme may be released.
Therefore, some biological events are related to the motion of the DNA string. Some
mathematical results for equation (1.1) can be found in [18]. Some of the biological
motivation can be found in [7].

Example 2: The internal structure of the sun

The study of the internal structure of the sun is an active area of research. One
important international project is known as Project SOHO [8]. Its objective was to
use measurements of the motion of the sun’s surface to obtain information about the
internal structure of the sun. Indeed, the sun’s surface moves in a rather complex
manner: at any given time, any point on the surface is typically moving towards or
away from the center. There are also waves going around the surface, as well as shock
waves propagating through the sun itself, which cause the surface to pulsate.

A question of interest to solar geophysicists is to determine the origin of these
shock waves. Omne school of thought is that they are due to turbulence, but the
location and intensities of the shocks are unknown, so a probabilistic model can be
considered.

A model that was proposed by P. Stark of U.C. Berkeley is that the main source
of shocks is located in a spherical zone inside the sun, which is assumed to be a ball
of radius R. Assuming that the shocks are randomly located on this sphere, the
equation for the pressure variations throughout the sun would be

a;tg(t,x) = c*(z) po(z) (6 : ( 61@) -V ﬁ(t,x)) , (1.2)

po(z)
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where z € B(0, R), the ball centered at the origin with radius R, ¢?(x) is the speed of
wave propagation at position x, po(z) is the density at position = and F (t, z) models
the shock that originates at time ¢ and position x.

A model for F that corresponds to the description of the situation would be 3-
dimensional Gaussian noise concentrated on the sphere 9B(0, ), where 0 < r < R.
A possible choice of the spatial correlation for the components of F would be

where x -y denotes the Euclidean inner product. A problem of interest is to estimate
r from the available observations of the sun’s surface. Some mathematical results
relevant to this problem are developed in [3].

2 The stochastic wave equation

Equation (1.2) is a wave equation in vector form. The (simpler) real-valued stochastic
wave equation, that we will be studying in these notes, reads as follows:

(%% = Au) (t,2) = otz u(t, ) F(t,2) + b(t,z,u(t,x),  (t,z) € 0,1 x R
u(0,x) = vo(x), g:((),a:) = Up(x),

(2.1)
where F(t,z) is a Gaussian noise, which we take to be space-time white noise for the
moment, and o,b : R, x R? x R — R are functions that satisfy standard properties,
such as being Lipschitz in the third variable. The term Awu denotes the Laplacian of
u in the x-variables.

Mild solutions of the stochastic wave equation

It is necessary to specify the notion of solution to (2.1) that we are considering.
We will mainly be interested in the notion of mild solution, which is the following
integral form of (2.1):

u(t’ fL‘) = /[O,t]de G(t -5 = y) [0(57 Y, U(S, y)) F(87 y) + b($7 Y, U(S, y))] ds dy
+ (;i G(t) * ’Uo> () + (G(t) * 0g)(x). (2.2)

In this equation, G(t — s,x — y) is the Green’s function of (2.1), which we discuss
next, and * denotes convolution in the xz-variables. For the term involving F'(s,y), a
notion of stochastic integral is needed, that we will discuss later on.

Green’s function of a p.d.e.



We consider first the case of an equation with constant coefficients. Let L be a
partial differential operator with constant coefficients. A basic example is the wave
operator

02
Lf::aé -Af

Then there is a (Schwartz) distribution G € §'(R, x R?) such that the solution of
the p.d.e.

Lu=p, ¢eSRY,
1s
u=G (% ¢
where (%) denotes convolution in the (¢, z)-variables. We recall that S(R?) denotes

the space of smooth test functions with rapid decrease, and S'(R, x R?) denotes the
space of tempered distributions [13].
When G is a function, this convolution can be written

ut.a)= [ Glt—s v~ y)pls.y)dsdy.
+><

We note that this is the solution with vanishing initial conditions.
In the case of an operator with non-constant coefficients, such as

_0f of | 0*f B

the Green’s function has the form G(t,z ; s,y) and the solution of
Lu=yp

is given by the expression
u(t, :/ G(t,x; s, s,y)dsdy.
(62) = fo g y) (s, y)dsdy
Example 2.1 The heat equation. The partial differential operator is

Lu—
YT

— Au, d>1

Y

and the Green’s function is

G(t,x) = (2mt)~¥? exp (—Ef) :

This function is smooth except for a singularity at (0, 0).



Example 2.2 The wave equation. The partial differential operator is

0*u

The form of the Green’s function depends on the dimension d. We refer to [16] for
d € {1,2,3} and to [6] for d > 3. For d =1, it is

1
G(t,x) = D) Ljz)<ty

which is a bounded but discontinuous function. For d = 2, it is

1 1
1 x|<t}-
o e

This function is unbounded and discontinuous. For d = 3, the “Green’s function” is

G(t,x) =

1 d
G(t,dI) = E O-t(t x) y

where o is uniform measure on 9B(0, t), with total mass 47t%. In particular, G (¢, R3) =
t. This Green’s function is in fact not a function, but a measure. Its convolution with
a test function ¢ is given by

1t os(dy)
(Gxp)(t,x) = 47r/0 dS/BB(O,s) ot —s, x—7y) .

]_ t
- [ a / f—s o — dy).
s [ s - s oy

Of course, the meaning of an expression such as
| Glt—s x—y)F(ds,dy)
[0,t] xR

where G is a measure and F' is a Gaussian noise, is now unclear: it is certainly outside
of Walsh’s theory of stochastic integration [9].

In dimensions greater than 3, the Green’s function of the wave equation becomes
even more irregular. For d > 4, set

d=3 if d is odd,
N(d) =

o if d is even.

For d even, set

1
o (dz) = ——= 1{ju <} d,

5



and for d odd, let o (dr) be the uniform surface measure on 9B(0,t) with total mass
t4=1. Then for d odd, G(t,x) can formally be written

1o\ od
G(t,x) = Cq (5 ag) (3) dS,

that is, for d odd,

¢ (1 0\ dy
(Gxp)(t,z) =ca /0 ds (T ar> /B(O’T) ot — 8,0 — y)%2 mywr

The meaning of [, G(t — s, —y) F(ds,dy) is even less clear in these cases!

r=s

The case of spatial dimension one

Existence and uniqueness of the solution to the stochastic wave equation in spatial
dimension 1 is covered in [17, Exercise 3.7 p.323]. It is a good exercise that we leave
to the reader.

Problem 1. Establish existence and uniqueness of the solution to the non-linear wave
equation on [0,%] x R, driven by space-time white noise :

0’u  0%u .
w - Ox2 = a(u(t,x)) W(th)
with initial conditions
(0 .)_@(0 =0
u(0,-) = 5 (0) =0

The solution uses the following standard steps, which also appear in the study of the
semilinear stochastic heat equation (see [17] and [9]):

- define the Picard iteration scheme;

- establish L2-convergence using Gronwall’s lemma;

- show existence of higher moments of the solution, using Burkholder’s inequality

E(IMP) < ¢ B(M)}”); (2:3)
- establish Holder continuity of the solution.

It is also a good exercise to do the following calculation.
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Problem 2. Let G be the Green’s function of the wave equation, as defined in Example
2.2. For d =1 and d = 2, check that

t
ult,) = [ ds [ dy G(t— s, @~ y)e(s,y)
0 Rd
satisfies
0%u

o (t.2) = Ault,2) = ot 2).

Space-time white noise in dimension d = 2

Having solved the non-linear stochastic wave equation driven by space-time white
noise in dimension d = 1, it is tempting to attempt the same thing in dimension
d = 2. We are going to show that there is a fundamental obstacle to doing this.

To this end, consider the linear case, that is, 0 = 1 and b = 0. The mild solution
given in (2.2) is not an equation in this case, but a formula:

u(t,z) = /[0 e G(t —s, x —y) W(ds,dy)

1 1
- 1 —x —8 W dS,dy 5
/[O,t]xR2 /27 \/(t 82— |y — af? {ly—z| <t—s} ( )

where W (ds, dy) is space-time white noise.

The first issue is whether this stochastic integral well-defined. For this, we would
need (see [9, Exercise 5.5]) to have

¢
/ ds/ dyG*(t — s, ¥ — ) < +00.
0 R2

The integral is equal to

I = far [ =
s = r
0 ly—zl<t—s (t —8)2+ |y — z|? 0 lzj<r 72 — |2]?
t T 27Tp
= [ar [ d
/0 "l PRz p?
t
= 7 / dr In(r?* — p?)
0

= +o0.

0
r

In particular, there is no mild solution to the wave equation (2.2) when d = 2.
There have been some attemps at overcoming this problem [11], but as yet, there
is no fully satisfactory approach to studying non-linear forms of the stochastic wave
or heat equations driven by space-time white noise in dimensions d > 2.
A different tack is to consider spatially homogeneous noise, which we introduce
NOw.



3 Spatially homogeneous Gaussian noise
Let ' be a non-negative and non-negative definite tempered measure on R?, so that
I(dz) >0,

) [(dz) (¢ x @)(z) >0, for all p € S(RY),
R

where @(z) & o(—z), and there exists r > 0 such that

1
/Rdr(dx>(1+|x|2)7”<oo

According to the Bochner-Schwartz theorem [13], there is a nonnegative measure

p on RY whose Fourier transform is I': we write I' = Fpu. By definition, this means
that for all ¢ € S(R?),

/Rd ['(dr) p(x) = /Rd p(dn) Feo(n)

We recall that the Fourier transform of ¢ € S(R?) is

Fon) = [ exp(=in-z) olx) dr,

where 7 -z denotes the Euclidean inner product. The measure p is called the spectral
measure.

Definition 3.1 A spatially homogeneous Gaussian noise that is white in time is an
L*(Q), F, P)—valued mean zero Gaussian process

(F(#), ¢ € CFRY™™)
such that
E(F(p) F(¥)) = J(p, ),

) [ ds [ D) (o5, ) %05 ))

In the case where the covariance measure I' has a density, so that I'(dz) = f(x) dz,
then it is immediate to check that J(¢, 1) can be written as follows:

o) = [ ds [ dr [ dyels.a) f(r =) v(s0)

Using the fact that the Fourier transform of a convolution is the product of the Fourier
transforms, this can also be written

Tew)= [ ds [ nldn) Fo(s)o) Fols)0n).

Informally, one often writes

B (t,2)E(s,)) = dolt — ) f(x — ).

where



Example 3.2 (a) If I'(dz) = dp(x), where dy denotes the Dirac delta function, then
the associated spatially homogeneous Gaussian noise is simply space-time white noise.

(b) Fix 0 < # < d and let

dx

One can check [15, Chapter 5] that I's = Fpug, with

dn
pp(dn) = cap Tlip

We point out that if 3 T d, then the spatially homogeneous Gaussain noise Fj with
the covariance measure I's converges weakly to space-time white noise. Indeed, the
spectral measure j15 converges weakly to a multiple of Lebesgue measure on R?, which
is the spectral measure of space-time white noise, since F(dn) = do.

Ezxtension of F(p) to a worthy martingale measure

From the spatially homogenenous Gaussian noise, we are going to construct a
worthy martingale measure M = (M;(A), t > 0, A € B,(R?)), where B,(R?) denotes
the family of bounded Borel subsets of R¢. For this, if A € B,(R?), we set

M(A) € lim F(py),
where the limit is in L?(Q, F, P), ¢, € Cg°(R¥1) and ¢,, | 1 xa.
One checks [2] that (M,(A), t > 0, A € By(R?)) is a worthy martingale measure
in the sense of Walsh; its covariation measure () is given by

QUAx BxJst) = (t=s) [ do [ dyla@) flz - ) 1),

and its dominating measure is K = (). The key relationship between F' and M is
that

F(p) = /R+><Rd o(t, ) M(dt,dx),

where the stochastic integral on the right-hand side is Walsh’s martingale measure
stochastic integral.
The underlying filtration (F;, t > 0) associated with this martingale measure is
given by
Fi=0 (MS(A), s<t Ae Bb(Rd)) VN, t>0,

where N is the o-field generated by all P-null sets.



4 The wave equation in spatial dimension 2

We shall consider the following form of the stochastic wave equation in spatial di-
mension d = 2:

(%—Au)( 7) = ofult,x) Ft,2),  (ta) €]0.T) xR, (41)

with vanishing initial conditions. By a solution to (4.1), we mean a jointly measurable
adapted process (u(t,z)) that satisfies the associated integral equation

u(t,z) = /[0,t]><R2 G(t —s,x —y)o(u(s,y)) M(ds,dy), (4.2)

where M is the worthy martingale measure associated with F'.
The linear equation

A first step is to examine the linear equation, which corresponds to the case where
o=1:

0%*u :
(8152 - Au) (t,z) = F(t,z), (4.3)

with vanishing initial conditions. The mild solution should be
u(t, ) :/ G(t— s,z —y) M(ds,dy).
[0,¢] xR2

We know that the stochastic integral on the right-hand side is not defined for space-
time white noise, so let us determine for which spatially homogeneous Gaussian noises
it is well-defined. This is the case if

t
/0 ds/R2 dy/R2 dzGt—s,x—y) fly—2) Gt —s, x — z) < +00,

or, equivalently, if

/ﬂk/ u(dn) |FG(s) ()2 < +oo. (4.4)

Calculation of FG

In principle, the Green’s function of a p.d.e. solves the same p.d.e. with d(g0)(t, ) =
do(t) dp(z) as right-hand side :

0°G
S — AG = d(t) do(«). (4.5)

10



For fixed t > 0, the right-hand side vanishes. We shall take the Fourier transform in
x on both sides of this equation, but first, we observe that since

FGWE) = 60O = [, ¢ G(t,a) da.

(%50 - "5 o,

and, using integration by parts, that

it is clear that

FAG®H) = /R e AG(tx) da
_ /R A(e'€7) G(t, x) da
= [P FG®) (9).
Therefore, we deduce from (4.5) that for ¢ > 0,

T (6 + 162 1) (&) = o).

For fixed &, the solution to the associated homogeneous ordinary differential equation

in tis _
Glo)©) = a9 "+ b “EL.

The solution that we seek [16, Chapter I, Section 4] is the one such that G(0)(€) =0
and 299 (¢) = 1, so we conclude that for ¢ > 0 and £ € R2,

dt
sin(t|¢])
(S

This formula is in fact valid in all dimensions d > 1.

FG(t) (&) =

(4.6)

Condition on the spectral measure

Condition (4.4) for existence of a mild solution on [0, 7| to the linear wave equation

(4.3) becomes
[ [, wtan) SOy
R2

Using Fubini’s theorem, one can evaluate the ds-integral explicitly, or simply check
that

1 </T s sin?(s|n|) < _C

L+ [n> = Jo > T 1+ nP’

11



so condition (4.4) on the spectral measure becomes

1
dn) — < . 4.7
Jor 10) 7 < oo (4.7)

Example 4.1 Consider the case where f(u) = |z|7%, 0 < 8 < d. In this case,
p(dn) = cqpn®~4dy, so one checks immediately that condition (4.7) holds if and
only if 3 < 2. Therefore, the spatially homogeneous Gaussian noise is defined for
0 < # < d, but a mild solution of the linear stochastic wave equation (4.3) exists if
and only if 0 < 5 < 2.

Reformulating (4.7) in terms of the covariance measure

Condition (4.7) on the spectral measure can be reformulated as a condition on the
covariance measure I'. It is shown in [10] that in dimension d = 2, (4.7) is equivalent

to
1
/ ['(dx) In () < +o0,
j2l<1 2]

while in dimensions d > 3, (4.7) is equivalent to

1
[(dr) —— < :
/|z|<1 (d) a2 =T

In dimension d = 1, condition (4.7) is satisfied for any non-negative measure p such
that I' = Fpu is also a non-negative measure.

The non-linear wave equation in dimension d = 2

We consider equation (4.1). The following theorem is the main result on existence
and uniqueness.

Theorem 4.2 Assume d = 2. Suppose that o is a Lipschitz continuous function and
that condition (4.7) holds. Then there exists a unique solution (u(t,z), t >0, r € R?)
of (4.1) and for all p > 1, this solution satisfies

sup sup FE(|u(t,z)?) < oc.
0<t<T geRd

Proof. This proof follows a classical Picard iteration scheme. We set wug(t,z) = 0,
and, by induction, for n > 0,

Ui (L) = [ Gl = s, @~ y) olua(s,y) M(ds,dy).

[0,t] xR2

12



Before establishing convergence of this scheme, we first check that for p > 2,

sup sup sup F(|u,(s,z)P) < +oc.
n>0 0<s<T zxcR2

We apply Burkholder’s inequality (2.3) and use the explicit form of the quadratic
variation of the stochastic integral [9, Theorem 5.26] to see that

E (Jup1(t,2)|P) < CE((/Ot ds /R2 dy /IR? dzG(t — s, x —y) o(un(s,y))
Xfly—2) Gt —s, x—2) o(uy(s, z)))g)

Since G > 0 and f > 0, we apply Holder’s inequality in the form

fdupg ldup e |fIPdu), Wherel—):p—l (4.8)
q

and 4 is a non-negative measure, to see that F (|u,.1(t,x)|P) is bounded above by

(ff s [ v [t Gt sio—n) fly=2) G- a-2)

X/Ot ds /R2 dy /R2 dzGt—s,z—y) fly—2)G(t—s, x—z)
XE ([0 (un(s,9)) 0 (un(s, 2))|*)

We apply the Cauchy-Schwartz inequality to the expectation and use the Lipschitz
property of ¢ to bound this by

p
21

c ([ ds [, utan) |76~ s))P)

></0t ds /R2 dy /R2 dzGt—s,x—y) fly—2)G(t —s, z—2)
X (B (1+ fun(, )P 2 (B (1 + fun(5, 2) )72
Let

J(t) = /Ot ds /R uldn) |FG(E=s)m)* < C | pldn) 1+1|n|2

Then

Euntal) < COm)E [ ds <1+sup E<|un<s,y>|p>)

0 y€R2

x [, ndn) \FG(t = )

< C’/Ot ds (1 + sup E(|un(s,y)|p)> :

yER?
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Therefore, if we set
My(t) = sup E (|ua(t, z)["),

T€R2

then .
My (1) < é/ ds (1+ M(s)) .

0

Using Gronwall’s lemma, we conclude that

sup sup M,(t) < +o0.
neN 0<t<T

We now check L2-convergence of the Picard iteration scheme. By the same rea-
soning as above, we show that

t
sup E ([uni1(t, @) —un(t,2)[P) < C | ds sup E(Jun(s,y) — up-1(s,y)[").
TER2 0 yeR2

Gronwall’s lemma shows that (u,(¢,z), n > 1) converges in L*(2, F, P), uniformly
in r € R%

Uniqueness of the solution follows in a standard way: see [9, Proof of Theorem
6.4]. O

Hélder-continuity (d = 2)

In order to establish Holder continuity of the solution to the stochastic wave
equation in spatial dimension 2, we first recall the Kolmogorov continuity theorem. It
is a good idea to compare this statement with the equivalent one in [9, Theorem 4.3].

Theorem 4.3 (The Kolmogorov Continuity Theorem). Suppose that there is ¢ > 0,
p E]g, 1[ and C > 0 such that for all z,y € R,

E(lut, x) —ut,y)|") < Clz -yl (4.9)

Then x +— u(t,x) has a p-Hélder continuous version, for any p €10, p — g[.

In order to use the statement of this theorem to establish (p—¢)-Holder continuity,
for any € > 0, it is necessary to obtain estimates on arbitrarily high moments of
increments, that is, to establish (4.9) for arbitrarily large g.

Li-moments of increments

From the integral equation (4.2), we see that

u(t,z) —u(s,y) = // (Git—r,z—2)—G(s—r,y—2)) o(u(r,z)) M(dr,dz),

14



and so, by Burkholder’s inequality (2.3),

E(lu(t, z) — u(s,y)[")

gCE( /fdr/R2 dz - dv (Gt—r,x—2)—G(s—r,y—=z)) f(z—v)

p/2>

X(Gt—r,x—v)—G(s—r,y—0))o(u(r,z))o(u(r,v))

<q%/m/m/mm ) = G() (wm—em)
x [ar [z [av|GO - GOLF() GO - GO
xE (Jo(u(r, 2)IP"* lo(u(r,v)IP?)

where the omitted variables are easily filled in. The Lipschitz property of o implies a
bound of the type “linear growth”  and so, using also the Cauchy-Schwartz inequality,
we see that the expectation is bounded by

C sup  (1+ E(lu(r,2)]")).

r<T, zeR?

-1

(SIS

Define
t
J(t, x;s,y) = /0 dr/ﬂ{{2dz/R2dv|G(t—7’,x—z)—G(s—r,y—z)| flz—v)
X|G(t—r, x—v)—G(s—r,y—v)|
We have shown that
E (Ju(t,x) = u(s,y)") < (J(¢, x5 5,9))"".

Therefore, we will get Hélder-continuity provided, for some v > 0 and p > 0, we can
establish an estimate of the type

St s,y) < c(lt =87 + o —yl”).

Indeed, this will establish 4'-Holder continuity in time, and £-Holder continuity in
in space, for all vy, €]0,~[ and p; €]0, pl.

Analysis of J(t,x; s,y)

If there were no absolute values around the increments of G, then we could use the
Fourier transform to rewrite J(t,z; s,y), in the case x = y and s > ¢, for instance,
as

S sw) = [Cdr [ pdn) |FG( = r)(n) ~ FG(s = r)m)

+/Qn/ (dn) |FG(t — r)(n)|2.

15



We could then analyse this using the specific form of FG in (4.6). However, the
presence of the absolute values makes this approach inoperable. By a direct analysis
of J(t,z; s,x), Sanz-Solé and Sarrd [12] have established to following results. If

1
dn) ———— < 00, f €10, 1],
/R2 p(dn) ENrBE 00 or some a €0, 1]

then ¢ — u(t, z) is y;-Holder continuous, for

—_

we o, 5 All-a),
and x — u(t, x) is yo-Holder continuous, for 7y, €10, 1 — af.
When u(dn) = |n|=? dn, these intervals become

0,1/\2_5l and 7261 [

S
71 5 5

We note that the best possible interval for 4; is in fact ]0, 22| (see [5, Chapter 5]).

5 A function-valued stochastic integral

Because the Green’s function in spatial dimension 3 is a measure and not a function,
the study of the wave equation in this dimension requires different methods than those
used in dimensions 1 and 2. In particular, we will use a function-valued stochastic
integral, developed in [4].

Our first objective is to define a stochastic integral of the form

/[0 ] xRd G(s, v —y) Z(s,y) M(ds,dy),

where G(s,-) is the Green’s function of the wave equation (see Example 2.2) and
Z(s,y) is a random field that plays the role of o(u(s,y)).

We shall assume for the moment that d > 1 and that the following conditions are
satisfied.

Hypotheses

(H1) For 0 < s <T, Z(s,") € L*(R?) a.s., Z(s,) is F,—measurable, and s — Z(s, )
from R, — L?*(RY) is continuous.

(H2) For all s >0,

ds sup w(dn) | FG(s)(€ —n)]* < +oo.

£cRe
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We note that FG(s)(§ — n) is given in (4.6), so that (H2) is a condition on the
spectral measure u, while (H1) is a condition on Z.
Fix ¢ € Cg° (R?) such that ¢ > 0, supp ¢ C B(0,1) and

/Rd U(x)dr = 1.

For n > 1, set
() = ndw(nx).

In particular, ¢, — d in §'(R?), and F 1, (&) = F(£/n), so that |F i, (&) < 1.
Define

G(s, ) = G(s) * ¢n,

so that G, is a Cj°-function. Then
vonz () [ Gals, v —y) Z(s.y) M(ds,dy)
[0,t] xR

is well-defined as a Walsh-stochastic integral, and

E (lve, z(t, ) ia@a) = o2 (5.1)

where

IGn,Z = dl’E ((Ugmz(t,x>>2>

R4

= /Rddx/otdS/Rddy/Rdden(s, r—y)Z(s,y) fly —2)
X Gp(s,x—2) Z(s, 2).

Using the fact that the Fourier transform of a convolution (respectively product) is
the product (resp. convolution) of the Fourier transforms, one easily checks that

o,z = [ ds [ e B(FZ(s,)OF) [ nldn)|FGuls, ) (€~ )

We note that:
(a) the following inequality holds:

Ig, 7z < g, 7, (5.2)

where
7 det [ 2 2.
I,z € | ds B (1 Z(s,)|}2ma)) sup | p(dn) | FGu(s,)E—n);  (5.3)
0 ¢erd JRE
(b) the equality (5.1) plays the role of an isometry property;
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(c) by elementary properties of convolution and Fourier transform,
I,z <lgz < +oo,

by (H2) and (H1).
In addition, one checks that the stochastic integral

def 1.
vez(t) = lim vg, 7

exists, in the sense that
E (HUG,Z (t) - UGn,Z(ta )H%Q(Rd)) — 0,

and i
E (HUG,Z(t>||%2(Rd)) =lIlgz<lIgz.

We use the following notation for the stochastic integral that we have just defined:
vazr(t)= [ Gls;—y) Zls,y) M(ds.dy).
[0,t] xR

For t fixed, vg z(t) € L?(RY) is a square-integrable function that is defined almost-
everywhere.

The definition of the stochastic integral requires in particular that hypothesis (H2)
be satisfied. In the case where

[(dv) = kg(x)dz,  with ks(z) = |z|™%, B3>0, (5.4)
this condition becomes

a S0’ (s[€ — 1))
€ —n]?

One checks [4] that this is the case if and only if 0 < 5 < 2.

T
/ ds sup | dn In|?~ < +00.
0

EGRd R

6 The wave equation in spatial dimension d > 1

We consider the following stochastic wave equation in spatial dimension d > 1, driven
by spatially homogeneous Gaussian noise F (¢, x) as defined in Section 3:

(g%‘ - Au) (t,z) = o(z, u(t,z)) F(t,z), t€]0, 7], r € RY

(6.1)
u(0,x) = vo(x), % (0,2) = 0o(x),

18



where vy € L*(R?) and 9, € H '(RY). By definition, H~1(R?) is the set of square-
integrable functions vy such that

~ def 1 ~
”UOH%I—l(Rd) = /]Rd df W |fU0(£)|2 < +00.

We shall restrict ourselves, though this is not really necessary (see [4]) to the case
where I'(dz) is as in (5.4), and 0 < 3 < 2.

The past-light cone property

Consider a bounded domain D C R?. A fundamental property of the wave equa-
tion is that w(7,z), z € D, only depends on vy|gp and vg|xp, where

KP = {yeR*: d(y,D) < T}

and d(y, D) denotes the distance from y to the set D, and on the noise F(s,y) for
ye KPG) 0 <s<T, where

KP(s) = {yERd: d(y, D) ST—S}.
Therefore, the solution w(t,z) in D is unchanged if we take the s.p.d.e.

<g;; — Au) (t,iL‘) = 1Kd(t)(x) O'(:L‘,u(t,x)) F(t,l‘)

We shall make the following linear growth and Lipschitz continuity assumptions
on the function o.

Assumptions
(a) |o(z,u)| < c(1+ |u]) 1), for all € R? and u € R;

(b) |o(x,u) —o(z,v)| <clu—wv|, for all x € R? and u,v € R.

Definition 6.1 An adapted and mean-square continuous L?(R¢)-valued process (u(t), 0 <
t <T)is a solution of (6.1) in D if for all t €10, T,

d -
u(t) Lgpy = lgow (dt G(t) * vg + G(t) * 0o

+ G(t—s, -—y) oly,u(s,y)) M(ds, dy))

Theorem 6.2 Let d > 1. Suppose 0 < 3 < 2 A d and that the assumptions above on
o are satisfied. Then (6.1) has a unique solution (u(t), 0 <t <T) in D.
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Proof. We use a Picard iteration scheme. Set
d
up(t,z) = pr G(t) x vo + G(t) * .

We first check that ug(t) € L?(R?). Indeed,

d
e
dt L2(Rd)

[, deliar = Fucef

H >l< Vo
L2(R9)

< ool L2y »

and, similarly,
|G(t) * Dol 2way < [|To]lrr-1(ro) -
One checks in a similar way that ¢ — ug(t) from [0, T] into L?(R%) is continuous.

We now define the Picard iteration scheme. For n > 0, assume that (u,(t), 0 <
t < T') has been defined, and satisfies (H1). Set

U (£) = Licogey (wolt) + v (£) (6.2)

where

va(t) = [ G5, =) oyl ) M(ds, dy). (6.3)

By induction, Z,(s,y) = o(y, u,(s,y)) satisfies (H1). Indeed, this process is
adapted, and since

lo (-, un(s,-)) = o un(ts )l reeey < Cllun(s, ) = un(t; )l 2gra),

it follows that s — wu,(s,-) is mean-square continuous. One checks that wu,.; also
satisfies (H1): this uses assumption (a).
Therefore, the stochastic integral (6.3) is well-defined. Let

M,(r) = sup E (||Un+1(t) _un(t)H%?(KD(t)))

0<t<r

. 2
= Osglzgpr E (||Un+1(t) — vn(t)HLQ(KD(t)))

= sup E(H/ G(t—s,-—y)
0<t<r [0,t] xR

X (0(y7 Un<87 y)) - U(yv un—l(sa y))) M(d87 dy

2
) LQ(KD(t))>

< sup [ ds B (o5, ) = o(sttnor(s, ) Zaengy) J(E = 5).

0<t<r JO
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where L
4 sin”(s[§ —nl)

= dn |n|®~
J(s)=sup [ dnlil T

£cRe
A direct calculation shows that

sup J(s) < 400,
0<s<T

since 0 < 3 < 2, so

t
M,(r) < C sup ds E (Hun(sv ) = up—1 (s, ')H%Q(KD(t))) 3

o<t<r JO

that is,
M,(r)<C / M, _1(s) ds.
0

Because My(T') < +oo, Gronwall’s lemma implies that

ZOO (M, (r)? < +oo0.

n=0

Therefore, (u,(t,-), n € N) converges in L*(Q x RY, dP x dx), uniformly in ¢ € [0, 7],
to a limit wu(t,-). Since u, satisfies (H1) and w, converges uniformly in ¢ to wu(t, ),
it follows that u(t,-) is a solution to (6.1): indeed, it suffices to pass to the limit in
(6.2) and (6.3).

Uniqueness of the solution follows by a standard argument. |

7 Spatial regularity of the stochastic integral (d =
3)

We aim now to analyze spatial regularity of the solution to the 3-dimensional stochas-
tic wave equation (6.1) driven by spatially homogeneous Gaussian noise, with covari-
ance given by a Riesz kernel f(x) = |z|7?, where 0 < 3 < 2. For this, we shall first
examine the regularity in the x-variable of the function-valued stochastic integral
defined in Section 5 when d = 3.

We recall that studying regularity properties requires information on higher mo-
ments. With these, one can use the Kolmogorov continuity theorem (Theorem 4.3)
or the Sobolev embedding theorem, which we now recall.

Theorem 7.1 (The Sobolev Embedding Theorem). Suppose that g € WP?(O).
Then x — g(x) is p-Hélder continuous, for all p €10, p — g [
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We recall [14] that the norm in the space WP4(Q) is defined by

19%v.00) = 19120 + 191500 (7.1)

where
9oy = [, lo@]?da
l9(x) — g(y)l"
Iollsao = [ do [,y H R

Our first objective is to determine conditions that ensure that

E (lv.zll4e0)) < +o0.
For € > 0, we let
05:{x6R3: Jz€ O with |z — 2] <€}
denote the e-enlargement of O, and use the notation

UtG’,Z = G(t -8, = y) Z(‘Svy) M(dsady)

An estimate in LP-norm

Theorem 7.2 Suppose 0 < 3 < 2. Fir T > 0, q € [2,+0c[ and let O C R? be a
bounded domain. Suppose that

[ s B(120) o)) < +o0.

Then
B (b 2lno) < C [ ds B (12 ors)

Proof. We present the main ideas, omitting some technical issues that are handled
in [5, Proposition 3.4]. First, we check inequality with G replaced by G,

E (v, 2l 0))

_/ de(‘/[Ot]xRi% W(t—s, 2 —1y) Z(s,y) M(ds,dy)‘q>
g/deE(‘/ods/Rgdy/Rgden(t—s,x—y)Z(Say)f(y—Z)
xGp(t — x—z)Z(s,z)’q/Z>.
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Let
n(t, x) /ds/}Rgdy/ dz Gp(t —s,x—y) fly—z) Gp(t — s, x — 2).

Assume that
sup  pn(t, ) < 4o00. (7.2)

n,x, t<T

By Holder’s inequality, written in the form (4.8), we see, since G,, > 0, that

(HUG ZHLq(@ /dx (T, ) _1E</ ds/Rde/ dz G,(t — s, x —y)

Xﬂy—@C%@—&w—ZHﬂ&wWWZ@&W”>
I

G, |21 00 giaym]™

We apply (5.2), then (5.3), to bound this by

t
P /0 ds B (|| 12(5)| Lor-seaml22es))

xsup | pu(dn) |FGn(s, ) (€ —n)>.

£€R3

Gn, |Zlotfs+1/n|

Since 0 < < 2, the supremum over £ is finite, therefore

B (b, 20)) < € [ ds B (1265)yorcvense)-
By Fatou’s lemma,
E (lvezltsoy) < liminf E (v, 1140))

< tipint [ ds B (12 v

= [[asB(126)ors)
It remains to check that (7.2) holds. Since

sin®((t — s)|n|)
n|?

|FG,(t —s)(n)]? < |FG(t—s)(n)]* =

)

it follows that for ¢ € [0,7] and = € R?,

! _s sin?((t — 5)[n])
< p—3 <
pin(t, ) _/0 ds /Rg dn || W < (1),
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since 0 < # < 2. This completes the proof. |

An estimate in Sobolev norm

We consider here a spatially homogeneous Gaussian noise F (t,z), with covariance
given by f(z) = |x|7?, where 0 < 3 < 2. We seek an estimate of the Sobolev norm
of the stochastic integral vg ,. We recall that the Sobolev norm is defined in (7.1).

Theorem 7.3 Suppose 0 < 3 < 2. Fix T > 0, q €]3,+0o0|, and let O C R? be a
bounded domain. Fix v €10,1][, and suppose that

[ s B (120650 raor ) < +oo.

6}0,7/\<2_26—2>[.

Then there ezists C' < +oo (depending on p but not on Z) such that

B (b 2lhu0) C [ ds B (12(5)lynaor)-

Consider

Remark 7.4 In the case of the heat equation, spatial regularity of the stochastic
integral process, that is, of x +— th,Z(x), occurs because of regularity of the heat
kernel G, even if Z is merely integrable. Here, the spatial regularity of v , is due to
the regularity of Z.

Proof of Theorem 7.3. The key quantity that we need to estimate is

vl L, (x) — vl a
E / d / dy | G,Z( ) G,Z(y)| .
o 16) |z — y|3tre
Let p=p+ g, so that 34 pq = pq. If we replace G by G,,, then the numerator above
is equal to

q
ds n(t—s,x—u)—Gu(t—s,y—u)) Z(s,u) M(ds,du)| ,

RS

so by Burkholder’s inequality (2.3),
E (|’Uth,Z(9U) - 'Uth,Z(qu)

SC’E( /Otds/Rfsdu/Rgde(s,u)f(u—v) Z(s,v) (7.3)
x(Gn(t—s,:E—u)—Gn(t—S,?J—U))/
)

X(Gp(t —s, 2 —v) — Gp(t — s,y —v))
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Ifwe had G instead of G,,, and if G were smooth, then we would get a bound involving
an exponent of |z — y|, even if Z were merely integrable.

Here we use a different idea: we shall pass the increments on the G,, over to the
factors Z f Z by changing variables. For instance, if there were only one factor involv-
ing increments of GG,,, we could use the following calculation, where G, is generically
denoted g and Z f Z is denoted :

L@dwﬂx—w—g@—uﬂww
::A;wmx—w¢w»—égwﬁy—w¢W)
_ [ dig(@) e —a)— [ digli) vy - a))

R3 R3

= |, dug(a) (¥(z—a) =Yy —a)).

RS

Using this idea, it turns out that the integral on the right-hand side of (7.3) is equal
to

4
> T (),
=1

where

t
Jin(x,y) :/0 ds /RS du » dv G (s,u) Gp(s,v) hi(t, s, z,y,u,v),

and

h(t,s,z,y,u,0) = fly—x+o—u)(Z(t —s @ —u) = Z(t =5,y —u))
X(Z({t—s,x—v)—Z(t—s,y—v),

h2(t787xay7uav> = Df(v—u,x—y)Z(t—s,x—u)
X(Z(t—S,ZL‘—U)—Z(t—S,y—?}))7

hs(t, s, z,y,u,v) = Df(v—uy—x)Z(t—s,y—0)
X<Z(t_87x_u) —Z(t—S,y—U,))7
h4(t787$ay7uav) = _DQf(U_uv x—y) Z(t_sv {L‘-U) Z(t—S, I’-U),
and we use the notation
Df(u,x) = f(u+x) = f(u),
D*f(u,x) = f(u—2) =2 f(u) + f(u+2).
We can now estimate separately each of the four terms

JE (2, y)|9?)
|z — y|Pa

Ti(t,0)= | d £ | =
" (t,0) = . x Ody , 1=1,...,4.
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The term TL(t,O). Set

pn(z,y) = sup du | dv Gp(s,u) Gu(s,v) fly— x4+ v —u)
sefo,T] /R3 R3
= sup [ pl(dn) e VNFGL(s) ),
sefo,T] /R3

so that
SUp [, (2, y) < +00

n,xr,y
since 5 < 2. Therefore, since G, (s,u) > 0, by Holder’s inequality,
E(|Jf (@ )|"?) < (T p(x,y))
t
xE(/ ds/ du/ dv Gy (s,u) Gp(s,v) fly —z+v —u)
0 RS R3

X|Z(t—s, & —u)—Z(t—s,y—u)"?

-1

ok

X|Z(t—s, x—v)—Z(t—s, y—v)|q/2>.

Apply the Cauchy-Schwarz inequality with respect to the measure
dPdzx dydsdudv G, (s,u) Gp(s,v) fly — x4+ v — u)

to see that "
Ti(t,0) < (TH'(1,0) TH(1,0)) ",

where

¢
1,1 —
T.°(t,0) = /0 ds/odx/ody -, du/]R3 dv Gp(s,u) Gu(s,v) fly —x+v—u)

><E(\Z(t—s, r—u)—Z(t—s,y—u)l?)
[ —y|Pe

9

and there is an analogous expression for T12(t,©). We note that for x € O, when
Gn(s,u) > 0 (resp. for y € O, when G, (s,v) > 0), z —u € O+ (resp. y —u €
Os(l-&-l/n))’ S0

t
T (6,0) < [ ds B (12 = 3)]5, 0uc0m) SUD 1o(a.v).

The same bound arises for the term T(¢, O), so this gives the desired estimate for
this term.

We shall not discuss the terms T2(¢,O) and T3(t, O) here: the interested reader
may consult [5, Chapter 3], but we consider the term T (¢, O).
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The term Ti(t,©). In order to bound Ti(t,O), we aim to bring the exponent ¢/2
inside the ds du dv integral, in such a way that it only affects the Z factors but not f.
Set

[D*f(v—u, x —y)|

2(x,y) = su du [ dv G,(s,u) G,(s,v ~ 7.4
o) = s [ du [ dv oo Gulo, o) 0 (7.4
We will show below that

sup  pp(z,y) < C < o0, (7.5)

n>1, z,yecO

which will turn out to require quite an interesting calculation. Assuming this for the
moment, let p = ¢/2. Then, by Holder’s inequality,

E (178, (x,9)7)
|z —y|*e
< sup (pn(z,y))” /ds/du/dvG s,u) Gy(s,v)
R3

n,xr,y
|D*f(v—wu, z—y)|
|z —y|?

E(|Z(t—s,x—w)l|P|Z(t—s, x—0v)|").

This quantity must be integrated over O x O. We apply the Cauchy-Schwarz inequal-
ity to the measure dsdudv(---)dP, and this leads to

T3(t,0) < sup (o))" [ ds B (120) 4y o)

n,T,Y

This is the desired bound for this term.
It remains to check (7.5). The main difficulty is to bound the second order differ-
ence |D*f(v —u, z — y)|. We explain the main issues below.

Bounding symmetric differences

Let g : R — R. Suppose that we seek a bound on
D?g(x,h) = g(a — h) — 2g(x) + gz + h).

Notice that if g is differentiable only once (g € C'), then the best that we can do is
essentially to write

|D?g(x, h)] l9(z = h) = g(x)[ + [g(z + h) — g(2)]

<
< c¢h.

On the other hand, if g is twice differentiable (¢ € C?), then we can do better:

|D?g(z, h)| < ch?.
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In the case of a Riesz kernel f(z) = |z|7?, z € R3, we can write

D f(u,2)| = |Ju—a| = 2ful™ + |u+ 2|7
< CIf'(w) |z
= Clu|™"2 |z,

Taking into account the definition of w,(z,y) in (7.4), this inequality leads to the
bound
|z —yf*

pn(z,y) < sup </ du [ dv G,(s,u) G,(s,v) |u— U|—(6+2)>
R3 R3

s€[0,T] |$ - y|25 .

However, the double integral converges to +00 as n — oo, since 3+ 2 > 2.

Since differentiating once does not necessarily give the best bound possible and
differentiating twice gives a better exponent but with an infinite constant, it is natural
to want to differentiate a fractional number of times, namely just under 2 — 3 times.
If we “differentiate o times” and all goes well, then this should give a bound of the
form p,(z,y) < Clx —y|*, for @ €]0,2 — S[. We shall make this precise below.

Riesz potentials, their fractional integrals and Laplacians

Let o & 2p. We recall that
_ 3
<———— and p=p+—-, so a<2-7.
q q

The Riesz potential of a function ¢ : R? — R is defined by

_ 1 p(y) "
(L)) =5 [ oyt aclod

where v(a) = 7%?2°T'(a/2) /T (45%). Riesz potentials have many interesting properties
(see [15]), of which we mention the following.

(1) Iowo(p) = Lu(Ip ) if a +b €]0,d|. Further, I, can be seen as a “fractional
integral of order a”, in the sense that

Flop)(€) = Fol&) F (‘ . |1da> (6) = f,“;(? |

(2) Our covariance function kg(x) = |z|~? is a Riesz kernel. These kernels have
the following property:

|ttt — /R dzkgy(z — 2) |2 (7.6)
= L(l- 7). (7.7)
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This equality can be viewed as saying that |z|~4*® is “b'" derivative (or Laplacian)”
of |z|7@+*+? in the sense that

(=) (|2 et = |zt
Indeed, taking Fourier transforms, this equality becomes simply

€1” lgl==" = lel™.

Recall the notation
Df(u,y) = flu+y) = f(u).
From (7.6), one can easily deduce (see [5, Lemma 2.6]) that

Dky_op(u,cx) = |c|b/Rd dw kq_o(u — cw) Dkg_p(w, x)

and
1D2kyoy(u, )| < |z]° / duw kg-o(t — |z]w) D*kay (w, I)
R |

Set b =a =2p and a = 3 — a — 3, where a + # €]0,2[. Looking back to (7.4),
these two relations lead to the following estimate:

1
pnl,y) < sup [ du [ dv Gals,w) Gals,0) lo = yl°
R3 R3

s€[0,T] |$ - y|a

5 T
X /RS dw koyp(v —u — |y — x|w) x ’D k3o (w, m) ‘

< sup (sup/ du/ dv G (s,u) Gp(s,0) kayp(v —u — |y — x\w))
RS JR3

se [O,T} z,y,w

X sup/dw ‘D2k‘3_a (w, m) ’
z [l

The double integral above is finite since a+ < 2. Indeed, taking Fourier transforms,
the shift —|y — z|w introduces a factor e=*I* which is of no consequence. The
second integral is finite (and does not depend on z). For this calculation, see [5,
Lemma 2.6]. O

8 Holder-continuity in the 3-d wave equation

We consider the stochastic wave equation (6.1) for d = 3, driven by spatially homo-
geneous Gaussian noise with covariance f(z) = |x|=?, where 0 < 3 < 2.

The main idea for checking Holder continuity of the solution is to go back to
the Picard iteration scheme that was used to construct the solution, starting with
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a smooth function wug(, z) (whose smoothness depends only on the regularity of the
initial conditions), and then check that regularity is preserved at each iteration step
and passes to the limit. The details are carried out in [5, Chapter 4]. The main result
is the following.

Theorem 8.1 Assume the following three properties:

(a) the initial value vy is such that vy € C*(R?) and Avy is Holder continuous with
exponent vy,

(b) the initial velocity vy is Hélder continuous with exponent 7,
(¢) the nonlinearities o,b : R — R are Lipschitz continuous.
Then, for any q € [2,00[ and

92—
(IE]O, Y1 N\ Y2 A 25[, (81)

there is C' > 0 such that for all (t,x), (s,y) € [0,T] x D,
E(Ju(t,z) —u(s,y)|") < C(Jt —s[+ |z —y[)™ .
In particular, (t,x) — u(t,z) has a Hélder continuous version with exponent c.

We observe that the presence of 73 A7 in (8.1) can be interpreted by saying that
the (ir)regularity of the initial conditions limits the possible regularity of the solution:
there is no smoothing effect in the wave equation, contrary to the heat equation.

We note that this result is sharp. Indeed, if we consider the linear wave equation,
in which we take 0 = 1 and b = 0 in (6.1), with vanishing initial condition vy = 0y = 0,
then it is possible to show (see [5, Chapter 5] that

E (|u(t,x) — u(t,y)|2> > ¢ |z —y|*?

and
E (Ju(t,z) = u(s,z)]*) > ca [t — s,

This implies in particular that ¢ — wu(t,z) and z — u(t, x) are not v-Hélder continu-

ous, for v > #
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