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ON THE NATURALITY OF THE EXTERIOR DIFFERENTIAL
VLADIMIR GOL’'DSHTEIN AND MARC TROYANOV

Presented by Pierre Milman, FRSC

ABSTRACT. We give sufficient conditions for the naturality of the ex-
terior differential under Sobolev mappings. In other words we study the
validity of the equation d f*a = f* da for a smooth form a and a Sobolev
map f.

RiSUME. Nous donnons des conditions suffisantes pour la validité de la
naturalité de la différentielle extérieure par rapport a une application dans
un espace de Sobolev. Autrement dit, nous étudions la validité de I’équation
d f*a = f*da pour une forme différentielle lisse o et une application de
Sobolev f.

1. Introduction. One of the main properties of calculus with differential
forms is the naturality of the exterior derivative, that is the fact that for any
smooth map f: U — R", where U is a bounded domain in R™, and any smooth
differential form « in R™, we have

(1.1) df*a = f*da.

Note that this equation is just an avatar of the chain rule; its proof can be found
in any textbook on differential forms.

For applications in the calculus of variation, non-linear elasticity or geometric
analysis, it is important to extend this result to non-smooth situations. If the
map f is smooth and « is a Sobolev differential form, then the pull back f*«
is also a locally Sobolev differential form and the naturality (1.1) can be proved
by standard arguments. If both the differential form « and the map f belong to
Wli’cl, then the problem is not well posed and it is not clear under what conditions
should the equation (1.1) make sense and be proved.

If the differential form « is smooth, then the situation is better, and it is our
goal in this paper to give sufficient conditions for a Sobolev map f: U — R"
to satisfy the naturality of the exterior derivative for smooth forms. Our main
results are Theorems 6.3 and Theorem 7.1. As consequences of these theorems,
we can formulate the following special results (Corollaries 6.4 and 7.2):

o Let U be a bounded domain in R™ and f € WH*TL(U,R"™). Then the chain
rule (1.1) holds for any smooth k-forms a on R™.
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e Suppose that f € WHLE(U,R™). If all the k x k minors of the Jacobian matriz
(gg:) belong to the space LF/(*=1(U), then the chain rule (1.1) holds for any
smooth k-forms o on R™.

REMARKS. 1. The first result says in particular that if f € W™ (U, R"), then
the naturality (1.1) holds for a smooth form of any degree. See [5] for more on
this case.

2. The case m = n = k+1 of the second result has been studied by J. Ball and
V. Sverék [1], [7], see also [2, chap. 7]. In this special case, this result has also
been improved by S. Miiller, T. Qi and B. S. Yan. These authors proved in [6]
that this result also holds for k = n—1, f € Win=Y(U;R") and |A*(f)| € LI(U)
for some ¢ > n/(n—1) (instead of ¢ > p/(p—1)). See also [3, p. 256] for another
proof in the context of the theory of Cartesian currents.

3. For convenience, we work with maps from a bounded domain into Euclidean
space. However, the chain rule (1.1) is a local formula and our results also apply
to the case of mappings between smooth manifolds.

2. Measurable differential forms. Let U C R™ be a domain in m-
dimensional Euclidean space. A measurable differential form of degree k in U is
a measurable function 6: U — A¥(R™). If 21,29, ..., 2., is a system of smooth
coordinates in U, then any measurable differential k-form can be written as

0= Z hi1i2-~~ik (95)655521 A\ dl‘i2 A\ d,Tik,

11 <t < - <ip

where the coefficients h;,;,...;, are measurable functions on U. The form 6 belongs
to LP(U,A*) if hii,..i, € LP(U) for all multiindices iqig---i; and similarly
0 € C"(U,A¥)if all hy,4,...;, € CT(U). If the coefficients vanish outside a compact
subset of U, then one writes § € Cf (U, AF).

Any k-form @ € LP(U,A*) defines a continuous linear form on the space
w € CH(U, A™~F) by the following formula:

(0, w) :/UG/\w.

DEFINITION 2.1. A sequence {#;} C L'(U,A¥) is said to converge weakly
to 6 € LY(U, A*) if and only if for every w € C§(U, A" %), we have

/Qj/\w—>/9/\w.
U U

It is clear that strong convergence in L' implies weak convergence. The con-
verse is not true.
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DEFINITION 2.2. Let 6 € Li (U, A¥) be a k—form. If there exists a (k + 1)-

loc

form ¢ € LL (M, A*+1) for which the equality

loc
/aAdw:(q)k“/ww
U U

holds for any w € C}(U, A™~*=1), then v is called the weak exterior derivative
of 6 (or the exterior derivative of 6 in the sense of currents) and is denoted by
Y = df. The form 6 € LL (M, A*) is weakly closed if df = 0 in the weak sense,

loc
that is if
/ ONdw =0
U

holds for any w € C3(U, Am~*~1).

LEMMA 2.1. Let o € LL (U, A*) and 3 € LL (U, A**1). If there exists a

sequence {a;} C CH(U,A¥) such that a; — o and daj — 3 weakly, then do = 3
in the weak sense.

PROOF. For any w € C}(U, A™~*~1) we have

/ aANdw= lim [ aj Ndw= (—1)k+1/ doj Nw = (—1)k+1/ BAw. O
U j—mooJu U U

LEMMA 2.2.  Let h: U — R be a bounded function such that dh € LV (U)
and B € LP(U,A*) such that d3 € L>(U,A*) where p' = p/(p — 1). Then
h-B3 € LP(U,A*) and

d(h-B) =dhAB+h-dp.

PrROOF. The equation (2.2) is classic for smooth forms. Now use the density
of smooth forms in L? and the Holder inequality to obtain the equality (2.2) in
the general case. O

3. Sobolev mappings.

DEFINITION. A map f: U — R" is said to be bounded if f(U) C R™ is relatively
compact. It belongs to W1P(U,R") if all its components (f1, fa, ..., fn) belong
to the Sobolev space W1 (U, R).

Given amap f € WP (U, R"), one defines the pullback of a smooth differential
form a € C1(R", A¥) by the following formula: if

a= > iy W)dyi, Adyi, Adyi,,

i <ig<---<ip

then
fra=Afa)= > i (f@)dfi, Adfi, Adfs,,

11 <ig<---<ip
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where

Ox,,

df, =Y Oty dx,,.
p=1

Clearly, f*«a is a differential form with measurable coefficients in U for any
a € CH(R™, AF).

Let us denote by Df(x) the formal Jacobian matrix of f at the point z € U.
This is the n x m matrix whose entries are the partial derivatives of f:

Oty
&z:u)’

pf=(

it is defined almost everywhere in U.
The pullback operator A* f is represented by the matrix of k x k minor deter-
minants of Df(x). Indeed we have, by linear algebra,

AR f(dys, Adyi, A Ndys,) = > s s Jo) da;, Ndaj, A - -Adaj,

O(X,, Tjyevn, T
J1<ja < <Jr (Jl’ J2» ’ .]Ic)

O(fiysfigsesfiy)

to
0@y, Tjgse-sTjy, )

where we have used the old-fashioned but convenient notation

denote the entries of the k x k minor determinant of D f.
We will use the following norm for A f:

8(fi13fi27"'7fik)

a(atjl,sz,...,xjk)

|A¥ f| = max

)

where the max is taken over all ordered k-tuples i1 < 1o < -+ < ig; J1 < J2 <
-+« < jk. Observe that

AR ()] < [A*f] |-

Observe finally that the map f +— AF f is non-linear for k > 2.

4. The class F*(U,R"), U C R™.

DEFINITION. Let us denote by F*(U,R") the class of maps f: U — R" defined
as follows:

feFYUR") & fe WH(U,R") and A*(f) € LY (U).

This definition is motivated by the obvious fact that for any map f € F*(U,R™),
the pull back a — f*« defines a bounded operator

AFf = f*: Cy(R™, A*) — L' (U, A).
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Observe that F1(U,R") = WL1(U,R") and that F*(U,R") is not a vector
space for 2 < k < m.

We denote by 7% the initial topology on F*(U, R") induced by the inclusion
FFU,R") ¢ WHL(U,R™) and the family of functions

Maw: FEURY) — R, Aa,w(f):/f*aw
U

where o € CH(R", AF) and w € C§(U,A™*). In other words 7% is the coarsest
topology for which the inclusion F k(U, R") ¢ WH(U,R") is continuous, as well
as all functions Aq .

Observe that if a sequence f; € FF(U,R™) converges to a map f in the 7%
topology, then ffa converges weakly to f*a by definition.

An explicit sufficient condition for the 7*-convergence in F*(U,R") is given
in the next result:

LEMMA 4.1.  Let {f;} € WHL(U,R™) be a sequence of mappings which con-
verges to a map f € FF(U,R") in the W'-topology. Assume that {|A*f;|} is
equi-integrable, i.e., there exists a function w € L*(U,R) such that |A¥ f;| < w(z)
a.e. # € U for any j € N. Then f; — f in the 7% topology.

ProOF. Let a € C'(R",A¥) be an arbitrary smooth k-form on R" and
w € Col(U, Am_k). Since f] — f in W171’ we haVe

lim (ffa) Aw = lim (A fanw=franw

J—00 J—00

almost everywhere. Furthermore, we have at every point z € U
|(ff @)z Awe| < [AFfi(@)] g lw| < Q- [A*f;(2)] < Q- w()

for some constant Q. Because w € L'(U,R), the Lebesgue-dominated conver-
gence theorem implies that

lim (f;‘oz)/\wz/U(f*a)/\w. O

Jj—o00 U

PROPOSITION 4.2. Let f € WHL(U,R™) be a map such that

(a) The m-dimensional Hausdorff measure of the image f(U) C R™ is finite;
(b)f has essentially finite multiplicity, i.e., there ezists a constant QQ < co and a
set E C U with measure zero such that for every point y € R™,

Card{z e U\ E| f(z) =y} < Q.

Then f € F™(U,R™).
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This proposition applies, e.g., if f is a homeomorphism onto a bounded do-
main.

PROOF. In that case, |[AF(f)| belongs to L' by the area formula (see, e.g., [3,
p. 220)). 0

REMARK. In [3, p. 229], Giaquinta introduced a class of maps A; (U, R™) which
is very similar to our class F™(U,R™) (where m = dim(U)). The main difference
is that the condition f € W11(U,R") is relaxed to the assumption that f is ap-
proximately differentiable almost everywhere. In any case, we have a continuous
embedding

F™(U,R™) C A1 (U,R™).

5. k-stable maps in F*(U,R").

DEFINITION. A map f € F¥(U,R") is said to be k-stable if it belongs to the
closure of C*(U,R") in the 7% topology, i.e., there exists a sequence of smooth
maps converging to f in the 7% topology. We denote by S*(U,R") C F*(U,R"™)
the set of k-stable maps:

Tk
S¥(U,R") = CY(U,R*) < FK(U,R™).

Observe that W1k (U, R") C S¥(U,R").
The pullback of a closed form by a stable map is again a closed form:

PROPOSITION 5.1.  Let f € S¥(U,R™) be k-stable map and o € C*(R™, A¥).
If « is closed, then f*a is weakly closed.

PROOF. Because f € S¥(U,R"), there exists a sequence {f;} of smooth
maps converging to f in the 7*-topology. Assume that da = 0, then for any
¢ € CH(U,A™*~1) we have

[ (garndo= 0 [ dgarne = (-0 [ g @) no=o.
U U U
We thus have
/(f*a) A dp = lim /(f;a) A do =0,
U ji—oo Jy
for any ¢ € C}(U, A™~*~1); this means that f*« is weakly closed. O

PROPOSITION 5.2.  Let f € WHL(U,R™) be a map such that
inf / (sup |A* f;]) dz < oo,
{HiYJu

where the infimum is taken over the set of all sequences {f;} of smooth maps
such that || f; — fllwir — 0. Then f € S*(U,R™).
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PrOOF. By mollification, we know that the set of sequences {f;} of smooth
maps such that || f; — f|lwi.1 — 0 is not empty. We can then apply Lemma 4.1.
O

6. kf-stable maps.
DEFINITION 6.1. We define the space ]—"“T(U7 R™) by

"(U,R" if k=
Flomy =70 =
FHU,R™) N FHUURY) i 0< k < n.

The 7+' topology is defined for £ < n to be the initial topology for which both
inclusions

FE(U,RY) ¢ FXU,R") and FF(U,R") c F*+Y(U,R)

. . i
are continuous. For k = n, we simply define 7% = 7%,

We then say that a map f: U — R” is kf-stable if it belongs to the closure
of C1(U,R") in the space fkT(U, R™) for the ' topology, the class of kf-stable
maps is denoted by S*' (U,R™)

Observe the following elementary result.

LEMMA 6.1. A map f: U — R"™ is kf-stable if and only if there exists a
sequence {f;} C C1(U,R™) of smooth maps which weakly converges to f in both
spaces F*(U,R™) and F*+1(U,R").

PROPOSITION 6.2.  Let f € WHH(U,R™) be a map such that for some k < n,

int [ (sup(1A" 5|+ 441 ) o < v,
{riYJu ™ j
where the infimum is taken over all sequences {f;} of smooth maps such that
If; = fllwin — 0. Then f € S¥'(U,R™).

ProoOF. This follows directly from Proposition 5.2 and the previous lemma.

O

One can rephrase this proposition as follows. Let f € WHY(U,R"), and

assume that there exists a sequence of smooth maps {f;} C C*(U,R") such that
f; — fin WHY(U,R™) and there exists a function w € L' (U, R) such that

AR f()] + AR f ()] < w(z)

a.e. x € U for any j € N. Then f is kf-stable.
The naturality of the exterior differential holds for kf-stable maps:
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THEOREM 6.3. Let f € SkT(U, R™) be k'-stable map, and let o € C*(R™, A¥)
be a smooth k-form in R™, then f*a € L*(U,A¥), f*da € LY (U, A¥*1) and the
equation

df*a = f*da
holds in the weak sense.

Proor. By hypothesis, there exists a sequence of smooth mappings f; €
C*(U,R™) which converges to f in F*(U,R") and F*+1(U,R") for both the 7%
and 71 topologies.

Let @« € CYR" A*) be an arbitrary smooth k-form on R™ and let
0 € C(U,A™~*). By hypothesis, we have

(6.1) lim U(f;amaz/U(f*a)Ao.

Jj—o0
We also have
(62) i [ (78 00 [ (AR
i—oo Ju U
for any 8 € C1(R™, A¥*1) and ¢ € CH(U, A™~*~1). Let us now choose 3 = da

and 6 = d¢, we then have dfa = f7da for any j € N because both a and f; are
of class C'!, this implies that

Fo = (—1)k*! e = (—1)k*! Fdo .
/U<fj ) Adé = (1) /Ud(fj JAG=(-1) /Uuzd YA

Applying (6.1) and (6.2) one then gets
[rayndo= im [ (g7a)n s
— 1i _1\k *
= Jim (<1" [ £ (@) o

— (1" /U F* (do) A &

for any ¢ € C3(U,A"~*~1), this means precisely that d(f*a) = f*(da) in the
weak sense. u

COROLLARY 6.4. Let U be a domain in R™ and f € WYk (U, R™). Then
the naturality (1.1) holds for any smooth k-forms a on R™.

PROOF. This follows from the fact that W1++1(U,R") c S*' (U, R™). O
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7. Another class of maps. We denote by S(’;p(U7 R™) the class of maps
f € S¥(U,R™) such that

df € IP(U) and |AF(f)| € LI(D).
Observe that S¥ (U, R™) c Wh*(U,R™).

THEOREM 7.1.  Let U be a bounded domain in R"™ and f € Sé“’p(U, R™), and
assume 1 <p < oo, g=p/(p—1).

Let a € CH(R™, A¥) be a smooth k-form in R™, then f*a € LY(U, A¥), f*da €
LY (U, A**1) and the chain rule

df*a = f*da
holds in the weak sense.

PrOOF. Observe that by Proposition 5.1 f*v is weakly closed for any closed
k-form v € C1(R™, A¥). Suppose first that o = a -y, where v € C1(R™, A¥) is a
closed k—form and that a € C*(R"™) is a function. Then f*a =ao f € WH1(U)
and df*a = f*da (see, e.g., [4, Theorem 7.8]). Because f € Sg,p(U, R™), we have
in fact [df*a| € LP(U) and | f*(v)| < [A*f;(2)|-]7| € LUU). Since ¢ = p/(p—1),
we have by Lemma 2.2:

df*a=df*(a-)
=d(f*a- f*7)
= d(f*a) A f*y+ (fra) - (df*7)
\7,—/

=0

Consider now an arbitrary smooth k-form on R™. It can be written as a sum

a= D iy (2) dyi, Adyi, A Adyi,,

11 <ig<--<ip

where a;,;,...;, (z) is an element in C'(R™). Since dy;, A dy;, A -+ A dy;, is a
closed (in fact exact) form, the proof is complete. O

COROLLARY 7.2.  Suppose that f € WHF(U,R™) and A*(f) € L¥/E=1(U),
then the chain rule (1.1) holds for any smooth k-forms o on R™.
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PrOOF. The hypothesis implies that f € Séip(U, R™) . O
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