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ABSTRACT. This paper studies the infinite-width limit of deep linear neural net-
works initialized with random parameters. We obtain that, when the number of
parameters diverges, the training dynamics converge (in a precise sense) to the
dynamics obtained from a gradient descent on an infinitely wide deterministic
linear neural network. Moreover, even if the weights remain random, we get their
precise law along the training dynamics, and prove a quantitative convergence
result of the linear predictor in terms of the number of parameters.

We finally study the continuous-time limit obtained for infinitely wide linear
neural networks and show that the linear predictors of the neural network converge
at an exponential rate to the minimal /2-norm minimizer of the risk.

1. INTRODUCTION

The description of the training dynamics of (artificial) neural networks (NNs) in
the infinite-width limit, has in recent years shed light on several aspects of deep
learning theory, such as (i) the existence of well-posed limits, which suggests to
interpret practical large scale models as approximations of those limits, (ii) the
importance of the choice of scalings/ parametrizatiorﬂ when passing to the limit —
since several well-behaved but fundamentally different limits can be obtained, and
(iii) the characterization of the long-term behavior of the dynamics — such as global
convergence or algorithmic regularization — which in turn helps understanding the
learning abilities of neural networks.

These aspects are rather well understood for two-layer neural networks, but the
theory is lacunary for deeper NNs. A description of the infinite-width dynamics
is available for the Neural Tangent (NTP) and Integrable (IP) parameterizations
(discussed below), but both limits exhibit a form of degeneracy such as a lack of
feature learning. In [45], the Maximal Update Parameterization (uP) — which is in
a sense intermediate between (NTP) and (IP) in terms of scale — was introduced
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!That is, the choice, as a function of the width, of the variance of the random initialization and
of the learning rates for each layer.
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and shown to preserve feature learning in the limit for certain architectures, such as
fully-connected NNs, which suggests that pP is a natural case of study. However,
the theoretical understanding of this limit is so far very limited, because this limit
involves large random matrices in an intricate way. In particular, the following
fundamental questions are still open:

(i) Is the infinite-width limit of Gradient Descent (GD) a GD trajectory in some
infinite-dimensional space?
(ii) Does it admit a well-posed continuous-time limit?
(iii) Does it converge to minimizers? And when several minimizers exist, can we
characterize which particular solution it selects?

In this paper, we study the infinite-width limit of deep linearﬂ NNs under uP,
and we answer positively to all these questions. Throughout the paper, we focus
on the three-layer case, although our tools and analysis could be extended to more
layers (the main conceptual gap happens when going from two to three layers). The
last section shows, without technical details, how our three-layer results read in the
case of deep neural networks with an arbitrary number of layers. Our analysis of
linear NN is intended as a step towards understanding the dynamics in the general
non-linear case, for which the three questions above are still unresolved.

1.1. Related work and other limits. The first analysis of wide NNs may be
traced back to [34, [7]. The dynamics of wide NNs were first studied in [28], 17} [14] 2]
for the NTP (or related linear dynamics) and in [35] 33, 111 39, [41] for non-linear
dynamics in two-layer NNs under pP, which is known as mean-field parameterization
in this case (see Remark for a description of these various parameterizations).
The importance of the choice of parameterization when passing to the limit was
first highlighted in [12], [32] and systematically studied in [23, 45]. Parameterizations
akin to uP were previously empirically studied in [21] as a natural extension of the
two-layer mean-field parameterization and a fix to the degeneracy of IP using large
initial learning rates was proposed in [26].

Our work has strong connections to [45], which shows, essentially, that all the
random vectors that are generated when running a finite number of GD steps on
a (non-linear) NN converge jointly in law to a family of objects characterized by
an abstract algorithm. Because of the intricate dependency that arises between
random matrices and random vectors, this limit “algorithm” is, unfortunately, more
complex than its finite-width counterpart and hard to study beyond a few GD steps
(in particular, it is non Markovian, i.e. the state of the infinite width system at time
t is not enough to determine the state at time ¢ + 1). One of our contributions is,
for the particular case of linear NNs, to exhibit a simple and theoretically tractable
structure in this limit. From a technical viewpoint, [45] relies on the technique of
Gaussian conditioning, which originated in the field of statistical physics to describe
TAP equations [8, 9], while we use the method of moments which is another classical
technique of random matrix theory that allows to easily obtain universality (i.e., our
results apply for non-Gaussian initializations as well; note that the universality of the
technique of [45] was proved recently in [24]) and rates that are quantitative in the

2Linear NNs are NNs without nonlinear maps between layers. Although they are linear in the
input data, we note that these models are non-linear in their parameters.
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width. The random matrix statements of our work (in particular Proposition [3.3])
have thus their counterpart in the language of [45]; by proposing an independent
proof with different techniques, our purpose is to make the analysis self-contained
as well as to shed a different light on the objects appearing in the limit. See also [27]
for more links between random matrix theory and NN theory.

Another closely related work is [10], which introduces a closed system of equa-
tions describing the dynamics of infinite width (non-linear) NNs. These equations
can be written in continuous-time as well, thus giving an answer the question (ii).
The aforementioned work, however, which relies on tools from dynamical mean-field
theory, is derived at a formal level with no explicit control of the error terms. For
the linear case, [10] writes a more specific system of equations that describes the
same dynamics as ours, but our descriptions are of different nature: as in [45], the
system derived in [I0] is non Markovian. In contrast, our description is a gradient
flow dynamics — thus Markovian — and all the complexity that arises from the
correlated random matrices is encoded in the initial state of the dynamics. The sim-
plicity of our limit system allows us in particular to study the large time behavior
of the dynamics to answer question (iii).

Finally, there is a rich literature on the training dynamics of linear NNs. Some
works show that the optimization landscape is benign [6l 19 [15] (the latter stud-
ies the NTP and thus a dynamics that becomes linear in the large width case),
other works study settings where the dynamics display a “saddle to saddle” behav-
ior [31) 29, 22| 40], and finally, a line of works studies the implicit bias of gradient
descent [30, [4]; that is, which solution is chosen when the problem is underdeter-
mined. A common assumption in this literature is that the matrices are balanced
at initialization, that is, WgWET = WZHWgH where Wy and Wy are the initial
matrices in two consecutive layers of the NN. This assumption leads to simple dy-
namics [3], which remain tractable even in the infinite depth limit [13]. While the
assumption covers the case of orthogonal initialization, it is not satisfied for standard
ii.d. initializations, where WgWZT and W€11W3+1 are independent random matrices.
The simplification that results from the “balancedness” assumption can be seen in
our analysis from the fact that in Proposition [3.3, most of the terms in the right
hand side would vanish, leading to a much simpler recursion.

Our analysis in the last section borrows ideas from [30] which shows a min-/fo
implicit bias for linear NNs with the logistic loss. Note that linear NN do not
always exhibit this type of implicit bias: there are subtle results for architectures
that are not fully connected [25] 38, [44] 37].

1.2. Organization of the paper. In Section [2] we present our main results and
illustrate them with numerical experiments. Section [3| studies the structure of iter-
ated products of large random matrices with random vectors, and we show that they
can be expanded in a basis of random vectors. These objects are the building blocks
of the GD iterations and these results are exploited in Section [ which contains
the proof of the infinite-width limit. In Section [5| we study properties of the limit
system. Finally, in Section [6] we describe the analogous results for multi-layer NNs.
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2. PRESENTATION OF THE MAIN RESULTS

This section presents a rigorous discussion of linear neural networks under uP of
width m, in the limit as m — oo. In the case of two-layer neural networks, the
analogous problem has been qualitatively understood in [35, B3], 111, [39) 411, [43] (see
also the reviews [I8], 20, [5]). The first striking special feature of the two layers case
is that there is a natural choice of the parametrization — which mathematically is
represented by a suitable factor of m in front of the output weights — that allows the
parameters to remain nondegenerate and deterministic in the limit m — co. Under
this parametrization, two-layer neural networks can be interpreted as a Wasserstein
gradient flow for the weights (also in the limit), and hence the problem as m — oo
is also a solution of a Wasserstein gradient flow (and in particular it can be written
as a family of parabolic equations).

For neural networks of more than two layers, several aspects of the previous analy-
sis change. Firstly, as discussed in the introduction, it is not possible to find a natural
parametrization (that is, a consistent rescaling of the three layers of weights) such
that one expects them to remain nondegenerate or deterministic in the limit m — oc.
In fact, as we will also see a posteriori, with the right choice of parametrization out-
lined in subsections and below, the evolution of the entries of the intermediate
layer is negligible with respect to their initialization size, but these small variations
change significantly the output. Due to this issue with parametrizations, it is essen-
tial in our analysis to consider randomized initial data, and to expect such random
effect to survive in our limit system with some averaging effects.

Our limit system is expressed in a basis of independent, identically distributed
gaussian random variables. In turn, its coefficients are obtained by solving an infin-
itely wide linear neural network, which in the continuous-time limit can be repre-
sented as an explicit collection of ODEs.

2.1. Setting. Let ™ be a single output three-layer linear neural network with input
z € RY, width m € N, and weights U™ € R4, W™ € R™*™_and V™ € R™:

y=h"(z, 0", W" V") = ZV’”ZW ZUW (V™ WU ™z).

Given a smooth loss function £ : R X R — R, we study the behavior of Gradient
Descent (GD) starting from a random initialization on the expected loss F' defined
as

OV = [ L)) dpla)

where p € P(Rd x R) is a probability distribution that represents the input/output
data. Specifically, we consider the sequence initialized as

[7(0) ~ A (0,1), Wigl(())fv/\/(o,;), W(O)NN@,W;), (2.1)
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and, with a step-size/learning rate 7, defined recursively as

U™(k+1)=U"(r) - 7"771//El(iLZ:LT(IIZ),y)vaiLZ:LT((E)dpR(JI, ),

W+ 1) = W) = 7 [ L2 0),0) Vo B @)dp(a0),

V™K +1) = V" (k) —m"! /E’(BZ?T(JU), YVl (@)dpu(, ).

\

where for notational convenience we are denoting
hy () = 7 (2, U™ (), W™ (5), V™ ()
Vol () = (Voh™) (a2, U™ (k), W™ (1), V"(r)),

and £’ denotes the derivative of the loss function with respect to the first argu-
ment. For the sake of generality, we are also considering p, depending on «, so that
(mini-batch) stochastic gradient descent (SGD) is covered by our analysisﬂ Our
only assumption is that these probability measures have uniformly bounded second
moments in the first variable:

sup [ fopu(e.y) < +oc. (2.2)
K

The factors in red (m and m~1!) are layer-wise learning rates introduced so that each
layer contributes equally to the variations of the predictor in the limit, as the theory
will verify.

The randomness of the initialization — and in particular the large random matrix
W(O) — play a key role in our analysis. The choice of scalings is motivated as follows:

e The scaling of U and W is chosen so that U™ (0)z and W™ (0)U™(0)z have
a nonzero variance that does not depend on m for large m (by the CLT);

e The scaling of V is of order 1 /m in order to avoid the lazy training phenom-
enon [12], that leads to a linear dynamics described in [28].

Remark 2.1. This choice of scale for initialization is referred to as Maximal Update
Parametrization (uP) in [45], where it is shown to lead to feature-learning for each
layerﬂ In the introduction, we mentioned NTP, which corresponds to the scales
but with V;(0) ~ A (0,1/m); and IP which corresponds to but with W;;(0) ~
N(e,1/m?) which is degenerate unless one chooses ¢ # 0 or time-dependent learning
rates [26].

Computing the gradient using the chain rule, we get the following recursion
U™(k+1)=U"(k) — tmW™(k) V™(k)(EMT,
W (5 + 1) = W™ (k) — TV (1)(€D) T ()T,
V™(k+1) = V™(k) —7m "W (k) U™ (k)T

K *

3For instance, mini-batch SGD is obtained by defining p, as the (random) empirical distribution
of samples chosen in the mini-batch at time step k.

4In our context, there is no feature learning per se since the predictor is linear, but we will see
that the dynamics remains non-linear in the parameters in the limit (in contrast to NTP).
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emo._ (7 d
where we have denoted &' := [ L'(h]}, (x),y)x dp.(z,y) € RY,

2.2. Scale-free parameterization. In the theory, it will appear convenient to deal
with objects with a scale that is independent of m. To this end, we let

Z™ = /mW™(0)
(which is a m x m matrix with independent N (0, 1) entries) and we define:
U™ (k) := U™ (k),
W™ (k) = m(VVm(m) — Wm(O)) =mW™(k) — V/mZ™, (2.3)
V™(k) := mV™(k)
where the scaling factors are adjusted so that these matrices/vectors have entries

of order 1, as the theory will verify. By definition, U™ (0) and V"™ (0) are random
arrays with entries N'(0,1) and W™ (0) is the zero matrix:

mO)~N(0,1),  WEO) =0, V™(0) ~ N (0,1). (2.4)
The neural network in these new variables becomes
1 1 1
=h"" (2, U W V™) =( V" | —Z"+ —-W"|U"x).
y (x7 M ) ) <m 9 (\/m —"_ m ) x>

The evolution of (U™ (k), W™ (k), V" (k))xen can be also interpreted as GD (with
layer-wise learning rates) on the objective function

F U™ W™, vm) ::/ L (W™, U™, W™ V™), y) dp(z, y).
RIxR

We do not explicitly include Z in the variables as it is fixed during the training (i.e.,
we interpret F as a random function). All in all, we have

Lz Lwni] vz

W (k+1) = W™(k) —V™(8)(E2) T (U™ (r)) ", (2.5)

Uk+1)=U"(k)—T

F ) .

(k+1) (k) =7 W (fi)_ (R)&€rs
where we have denoted &, = [aL/(hT. (z),y)dpx(z,y) € R? as above, with
B (2) = W™, U™ (), W (1), V7 ().

2.3. Limit dynamics. Our main result is that, when m — oo, the training dy-
namics converge, in a sense detailed below, to some dynamics which are obtained by
running the same gradient-based algorithm (i.e., GD or SGD) on an infinitely wide
three-layer linear neural network

x(z,A,B,G)=B" (A + G)Ax, (2.6)
where the variables

AcP(Nx{l,...,d}) cR®*? Gec(NxN)cR®*>® Bec/*N)cR>®
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are initialized with

A1(0)
Oax1 A4(0) coxd cox1
A(0) = Oux1 = Ay (0) eR , B(0) = 0 eR , (2.7)
Ad12(0)
where A;(0) € R4 for ; € N and
(G)i;(0) =0 V(i,j) € N (2.8)
Also A is fixed (not trained) and represents the initialization of the intermediate
layer. It is given by d
—
0 ... O 1 0 O
10 ... 0 1 0 '
A= . € R, (2.9)
0 1 0o ... 0 1 i

i.e., A= (AZ])ZJ where

A — 1 ifi+d=jorj+1=4,
) 0 otherwise.

The dynamics are therefore given by the following recursion

Ak+1) = A(k)—7[A+ G(/@)]TB(;@)gT

Gls+1) = Glx) - TBREL(AR)T, (2.10)
B(k+1) = B(k)—7[A+G(K)]A(K)E, 7,

with
Yer (@) = (2, A(r), G(x), B(x)) and &, = / 2L (xr (2), 9)dpn(z,y) € RE.

When p, = p for all kK € N, this recursion is exactly the GD on the (deterministic)
objective function £ defined by

£(A,G, B) /L(BT(A + G) Az, y)dp(z, y). (2.11)

2.4. Main statements. Let us consider two families of independent infinite Gauss-
ian vectors

(T'1,Ty,...) and  (Ty,Ty,...), (2.12)
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where the entries of I‘k,f‘k € RY are all independent N (0,1) random vectors. We

define
= T;Ai(k)

i>1

(k) =Y T Gy(k), (2.13)

5,521

= Z szz(/{)

i>1

We shall prove the convergence in distribution, as m — oo, of the finite dimen-
sional time-discretized dynamics to the infinite one (see Definition for the precise
definition of convergence that we use). The proof of convergence will rely on the
method of moments: we will prove that the moments of our random variables con-
verge to the ones of the limit as m — oo, and this implies convergence in distribution.
Our main theorem is the following:

Theorem 2.2 (Infinite-width limit). Let 7 > 0 be fized, let L be such that L is
bounded, and let us suppose that ( . ) holds.
Let (U™ (), W™(k), V™(K))ren be the solution to with initialization (2.4)),

and let (U®(k), W>®(k),V>(k))ken be given by - (see (2.7)-(2-8)- -)

Then, for any stopping time ky € N,

(@™ (0), w™(0), V™ (0)),. | ,d(Um(ﬁ*), W (k) V" (K)))
((U*(0), Ww=(0),V>(0)),..., (U (), W), V(ks)))

as m — oo. Moreover, the vectors in R% that represent the linear predictors of the
neural network,

A (k) = U™ ()T (m V22" + m W™ (k)T (m = V™ (k)
X¥(r) = A(r) (A + G(r)) " B(),

satisfy A\™(k) “3 A®(k) for every k € N (with the quantitative estimate (2.14)
below).

We can make the following remarks :

(i) Since (U3°(k), W5(K), Vi©(k ))EL, is a separately exchangeable R®% -valued
random array, the dependency structure between its entries that we obtain
in Theorem is consistent, as it should, with the Aldous-Hover represen-
tation of infinite exchangeable arrays [1, Thm. 1.4], which is a generalization
of De Finetti’s theorem. See [36] for a study of gradient flows with a similar
dependency structure.

(ii) A perhaps counter-intuitive consequence of this theorem is that, even if this
parametrization uP preserves feature-learning in the limit, the evolution of the
entries of the intermediate layer W{”](/{) - W;"] (0) (of order 1/m) is negligible
in front of their magnitude at initialization W%(O) (of order 1/y/m). Still,
these small variations collectively create a significant variation of the output.
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(iii) In the proof of this theorem, the convergence of the predictor is quantified as
E [||)\m(/£) — )\OO(/-;)HQ] < C’Eﬁm_l%, (2.14)

for any ¢ > 0 and for some C. , depending on € > 0 and &, but independent
of m. As can be seen from numerical experiments (see Figure 2.1}(C)) this
convergence is expected to be (almost) optimal, which is also consistent with
the fact that it comes from a Central Limit Theorem.

(iv) Our proofs are based on universality properties and only use that Z™ has
i.i.d. subgaussian entries with zero mean and unit variance. In particular, the
previous statement is also true for these more general initializations of the W
weights.

(v) If we want to take more general subgaussian initializations U™ (0) and V"™ (0)
we can also do it, provided that in the previous statement (more precisely, in
[2.12)) we change I'; and I'; by U>(0) and V>°(0); see Figure

Our second statement studies the behavior of the limit model, which is an infinitely
wide linear neural network with a particular deterministic initialization. For the sake
of simplicity, we consider the continuous-time limit 7 — 0 of the dynamics, that
is, the gradient flow of the functional F*° and the corresponding linear predictor

(A())e=o0-

Theorem 2.3. Consider the square loss L(§,y) = %|y — 9|? and assume that p has
finite second moments. Then A\*°(t) converges at an exponential rate to the minimal
lo-norm minimizer of the risk A — 1 [ ATz — y|?dp(z,y).

Note that this implicit bias towards min-fo norm solutions is not a particularly
impressive property as such, since just the basic gradient flow on the square-loss
initialized from 0, i.e.,

Agt(0) = 0 u(0) == [a0®) o= dplay),  (215)

satisfies the same statement (notice, however, that our dynamics are truly non-
linear, see Figure . This result is mostly intended to highlight the fact that
our characterization of the infinite-width dynamics is precise enough to obtain such
properties.

2.5. Numerical illustrations. We consider GD for the finite-width and infinite-
width models, with input dimension d = 10, the square loss, a data distribution
given by 2 ~ N(0,1dg) and y = 2" \* for some \* € R that is randomly drawn
from N(0,1dy). The code to reproduce the experiments is available onlineﬂ

Figure illustrates the convergence to the limit model as the width m — oo,
with a step-size 7 = 0.2. In (A), we show the path of (A"'(k)).>0 projected on
two first coordinates of RY. We observe that, as the width increases, they follow a
trajectory approaching that of the limit (A*°(k)).>0, which starts at A>*°(0) = 0 and
converges to the min-£5 norm predictor A* shown as a red diamond, and computed
via the pseudo-inverse formula. In (B) we represent the rate of convergence in m of
the predictor as a function of the width, at both initialisation and large time. As it

5https ://github.com/lchizat/2022-wide-1linear-NN
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FIGURE 2.1. Convergence to the limit model (A) Trajectory of the
predictor \™(t), projection on the two first coordinates (bullets rep-
resent A"™(0)). (B) Rate of convergence of the predictor as a function
of the width m, at initialization x = 0 and large time x = 1000
(shaded area represent standard deviation over 50 repetitions). (C)
Evolution of the average square of an entry of V" and in the limit.

can be seen, it corresponds to with ¢ = 0. Finally, in (C), we represent the
mean square of the entries of V'™ (k), computed as v, = L+ 3>, V;(x)? (which is
also a proxy for the variance of V'/"(k) for 1 < j < m since the entries of V™ (k) are
asymptotically independent) and its limit which is ||B(x)||3 by (2-13). This is just
a simple example of a statistics described by our limit model.

In Figure[2.2] we take a small step-size to approximate the gradient flow 7 = 0.001
and explore the behavior of the limit model. It can be seen from the GD equations
that at k steps, only the first d - k rows of A(k) and of B(k) are non-zero. Thus
the infinite model can be trained exactly for a bounded number of stepf] We
also introduce a fixed scale parameter s > 0 that multiplies the predictor, which
is equivalent to scaling the standard deviation of the initialization by s}/3 at each

6We also noticed that truncating the limit model (2.6) below this size introduces an error that
decays exponentially in the width, instead of the m~/2 rate for the randomly initialized model.
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(A) Trajectory of GD (projection) (B) Evolution of the objective function

F1GURE 2.2. Behavior of the limit model and effect of the scale pa-
rameter s. (left) Projection of A"(t) on the two first coordinates.
(right) Evolution of the loss.

layer. By [12] and since A*°(0) = 0, we know that as s — oo, the dynamics converges
to the linear dynamics . This illustration confirms that the dynamics of A% is
non-linear (unless s — 00), although it has the same endpoints at t = 0 and ¢ = co
as the linear dynamics. For small scales, s < 1, we observe on the right plot that the
objective function starts with a plateau; this is reflected by our convergence analysis
in Proposition [5.5] which is a two-phase analysis: a first phase to escape from the
initialization (which is close to a stationary point when s < 1) and a second phase
with exponential convergence. We note that the convergence speeds in this plot are
not directly comparable because we did not attempt to find the best step-size T for
various values of s.

Finally, in Figure (A) we plot the distribution of the weights at large times with
non-Gaussian initialization (in blue). As discussed above (remark (v])) the weights
are never Gaussian in this case (not even in the large time limit) since in general
the first coefficient in the basis (e.g. Bi(k)) does not necessarily vanish at k = oco.
However, the analysis described in Theorem still works and the non-gaussianity
of the weights is only due to the interference of this first element of the basis: the
other elements are still Gaussian. In the figure, this can be seen by subtracting the
first element from the distribution of weights, where we recover a Gaussian profile
(in orange). In any case, we still expect a rate of convergence to the minimizer given
by the rate of the Central Limit Theorem (Figure (B)).

3. AN INDEPENDENT FAMILY OF (GAUSSIAN VECTORS

3.1. Notation. We denote vectors and matrices with bolded symbols (except for
r € R?), and scalars with plain symbols. Given an element M € R™ ™ with
m,n € NU {oco}, we denote

m n
M=) (M)

i=1 j=1
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1071 4
T T T T T T T T 101 102
-4 -3 -2 =1 0 1 2 3 4 Width m
(A) Distribution of V'(k = 20). (B) Rate of convergence of the predictor

FiGure 2.3. Illustration for a non-Gaussian initialization (centered
uniform distribution with the same variance as in the Gaussian case).
(A) The distribution of parameters is non-Gaussian at all times, but
its exact shape can be computed using the limit model (see remark
after Theorem (B) The convergence of the predictor to the limit
model happens at the same rate as in the Gaussian case.

More generally, for any p > 1, we denote

m n
IME =" | M.

i=1 j=1

When M is a random array in a probability space (£, F,P), we still denote
M € R™™ where now it is implicitly evaluated at an element of the sample space
w € Q. In particular, |[M|]? = ||[M(w)||*> where the evaluation will be implicit
whenever there is no ambiguity. It must not be confused with E[|M]||?], which is
given by

E[[| M) ZAIIM(w)\IQdP(W)-

Finally, let us give the following definition on the convergence in law/distribution
for arrays of increasing size:

Definition 3.1. Given a family of random vectors (X7");eny with X" € R™, we say
that they converge in distribution to a family of infinite-dimensional random vectors
(X7°)ien with X35° € R* if for every fixed M, N € N, the family ((X}")1.~)1<i<m

converges in distribution to ((X3°)1.n)1<i<m (where we have denoted, for X € R™,
X . n its first N components; which is always well defined, for m large enough).

3.2. The Gaussian bases. For the sake of readability, we first construct the inde-
pendent family that will act as a basis of our evolution in the unidimensional input
case. We refer to Section [3.5]below for the statements in the multi-dimensional input
case, where the proofs are essentially the same.
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Let U and V be two infinite random vectors,
U=\, v.i=|V], (3.1)

with entries (U;);en and (V;);en that are independent random variables with U;, V; ~
N(0,1) for i € N.
Let Z be an infinite random matrix,

Z11 212
7 — | Zo1 Za22

whose entries (Z;j);jen are independent random variables Z;; ~ N(0,1) for all
i,7 € N, and also independent from (U;);en and (V;);en.

Let us denote by U™ the restriction of U to the first m entries, U™ € R™,
with U™ = U; for 1 < ¢ < m (respectively V). Similarly, we denote by Z™
the restriction of Z to the first m x m entries, Z™ € R™*™ with i3 = Zy for
1<i,j<m.

Let us denote by Z" (k) the set of bipartite (directed) k-chains between two equal
sets of indices Iy = I} = {1,...,m} that start in I; and end at i, where i € I if k
is odd, and 4 € I if k is even. Namely,

B (k) = { ((i2,11), (2, 13), (i4,%3), (14, 95), . - ., (ik—1, k), (4,1k)) :
i,igj ely for1 <5< (k‘— 1)/2, 7;2]'—1 el for1<j;< (k-l- 1)/2}

if £ € Nis odd, and

E(k) = { ((i2,41), (i2,13), (i4,13), (i4,15), - - -, (Ig, ik—1), (iK, 7)) :

inEI() fOI‘lSjSk/Q, i,z‘gj_leh fOI‘lSjSk/Q}

if k € Nis even. In particular, an element = € E"(k) is of the form = = (Z,,...,Ef)
where Zy = ((Z¢)1, (ZE¢)2) with (Z¢)1 € Iy and (Zy)2 € Iy, for 1 < ¢ <k,

Ee = (7:5, ig+1) if E is even, Eg = (iz+1, ig) if f is Odd, and ik—&-l = 1.
We think of each =, for 1 < ¢ < k as possible indices of a matrix m X m. In this
way, if £ € E"(k) we denote E' := (Z],...,E}) where Z] = ((Z¢)2, (Z¢)1) (that

is, transposing every matrix; or alternatively, reflecting the bipartite chain).
We can use the previous definitions to compute iterative multiplications of (Z™)T
and Z™ against U™. That is, (using (2;1)2 = 41 in the notation above)

k

(zm[(zm)T(ZM)]%Um) =(z™zm™)T .. zmum)

]

m k
= > Zii- ZiyisZinis Uy = Y (HZEZ> Uz,

114yl =1 EGEZm(k) /=1

%

(3.2)
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if Kk € Nis odd, and
k

([(zm)T(zm)]%Um)l = ((z™)Tzm...z"U™)

2

m k
= Z Zisi - Linjis Lin,in Uiy = Z ( ZE/{) Uz,),

i1y =1 EeE™(k) \L=1

7

(3.3)

if kK € N is even.
Let us denote by #wv(Z) with = € E"(k) the number of vertices seen by the
k-chain =, namelym
#’U(E) = | {ig, i4, . ,ik_l,i} | + ‘ {il,ig, .o ,ik} ’,
where = = ((ig, il), (ig, ’ig), ceey (ik—17 ’ik), (i, Zk)) S E;n(k)
if k € Nis odd, and
#U(E) = | {i27 (VP 7216} | + ‘ {i17i37 ey U1, Z} ’7
where = = ((iQ,il), (ig,ig), e (ikaik—l); (Zk,Z)) S E:n(k)
if kK € N is even.
—_m
Let us define Z; (k) to be the subset of Zi"(k) with chains that contain no loops
(alternatively, chains that visit each vertex at most once),

m

B, (k) :={E € EMk): #v(E) =k + 1} Cc E"(k).
Finally, we define (cf. (3.2)-(3.3)),

1
JIZLZ‘ = k2 Z (H ZE@) U(El)Q’

1 ) (3.4)
Ky = " Z <H ZE}) Wiz

namely, we consider the product in — (both against U and V') but we
keep only those elements of the sum that have no loops (and we rescale by the
appropriate size, where the size-preserving objects are m-Y2Z ™). Notice that in the
multiplication against V we are considering matrices Z | instead of Z. In particular,
we could alternatively think of K7, as the (renormalized) sum over loopless chains
starting from the set Iy and ending at ¢ and with length k, where now i € Iy if k is
even and i € I if k is odd (the opposite from before).
We define the vectors

Jin Ky
m JI?,E m KIZLZ . m mo s
Jpt = : and K= : ,  with Ji; and K; given by (3.4).
Jim Ky,

(3.5)

"Here and in the sequel, given a finite set A, we denote by |A| its cardinality.
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(We denote Ji' = U™ and K§' = V™.) Let us also define, for k € N, {J }ren and
{K }ken families of independent, identically distributed (infinite) random vectors

Jk,1 Ky 1
Jp = | k2 and  Kj:= | Kk2|. (3.6)

with Jy ;, Ki; ~ N (0,1) and all independent between them.

3.3. Convergence of the family. Let us now prove that the family of vectors
{(JJ, K}') }ren converges in distribution to the family of i.i.d. Gaussian vectors.
We will in fact prove convergence of all the moments.

Theorem 3.2. The family of vectors {(J}', K}') }ren defined in (3.5)) converges, in
distribution, to the family {(Jx, Ki)}tren (according to Definition

This statement says that products of the form - have a simple asymptotic
structure provided that we remove all the chains of indices with loops. The chains
with loops add correlations, which are described in the next proposition on the
recursion property for this family.

Proof. We will show that, for each Nj, N € N and every fixed families of pairs of
indices (k1,71),...,(kn,,in,) and (€1, 71),- .., (UNg, TNk ), We have

d.
m m m m
(il Tin v B B ey ) = (hrins - T i Ko -+ Koy i)

as m — 0o.
We use the method of moments. Let us fix the indices (k1,41),..., (kn,,in,) and

(41,71)s -+, (N, JNg ), and the powers pi,..., PN, q1,-- -, 9N, € N, and let
Eni=E (J,?fﬂl)pl ... (JIZ?VJJNJ )pNJ(KZle)ql (KEVKajNK)qNK] (3.7)

where we assume that Ji¥, ... S KT o K are all different. We
’ JNT

b1 ON e INg
will show that
m—0o0

Em — Hpy - Hpy Mgy - - Hang

where p; denotes the k-th plain moments of a normal distribution A(0, 1),

{0 if k € Nis odd,
Uk = (k—1! if £ € N is even,

with (k— 1) = (k—1)-(k—3)----5-3-1 being the double factorial. This will
directly give the desired result.

Recall that each element J*, ..., J,Z’}V can be thought
b J b

iny L) P UMN TN
of as a sum over bipartite loopless chains between Iy and I, starting at I; for
J,?;ia, starting at Iy for K,T/’Z- ,» and ending at i1,...,in,,j1,-..,JN, With length
ki, kN Oy N resﬁecgively; also, each ending vertex belongs to either I
or I; depending on the parity of the length (ko or ¢,/). We denote by #venq the
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number of different such ending vertices,

Ny Ng Ny Ng
#HVend 1= U {7;04} U U {ja’} + U {ia} U U {jo/} .
a—1 o'=1 a=1 a’'=1
ko=1 mod 2 £,r=0 mod 2 ka=0 mod 2 £,7=1 mod 2

Let us define by & the family of bipartite graphs (each graph is seen as a disjoint
union of edges) connecting the sets of vertices Iy and I; appearing in the expansion
of the definition of &,,. Namely, any graph G € & is a set of edges between I and

I given by the (disjoint) union of p; elements in E{(k1), p2 elements in & (k2),

. =m .
..., and gy, elements in B (ny):

la

NJ Pa NK o’ B
&= {G:G: |_| |_|Eﬁ’al_l |_| |_| 0% for some EY e B (kq)
a=1p=1 o'=1p'=1 (38)

and ©7 € E™ (fy) with 1<a<N;1<d < NK}.

Observe that each element G € & contains #e(G) edges (with multiplicity), where
#G(G) =kip1+---+ k?NJpNJ + b+ -+ fNKqNK =: N, (3.9)

which is independent of the element G € & chosen.
Also, given a fixed element

Ny pa Nig 4o
6>G=||[ |20 ] |]|e",
a=1p8=1 a’'=1p'=1
we denote by
Nj pa Ni Qo
@) =11V, and V(&) =]] [] Vs,
a=1p=1 o’'=1p'=1

Recall that (22 9 and ¥ he! o denote the starting vertex of the chains =62 and
1 1
o8 respectively.) Then, we can rewrite (3.7) in terms of & by expanding the

products as
5 (n ze> V(o)

Ge® \ecG
(Recall (3.9).) By denoting multg(e) the multiplicity of an edge e in G, we can
define

Em :m_%IE

Gy :={G € & :multg(e) >2 forall ee€ G},

that is, the subset of & whose graphs have edges all with multiplicity 2 or higher.
By linearity of the expected value, and the fact that all Z;;, U;, V; are independent
between them and with average zero, we immediately have that, in fact, we can sum
only over &y,

Em=m"2E | (H Ze) U(G)V(G)

GedBy \eeG
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Let us denote, for any G € Gy, #v(G) the number of different vertices seen by
the edges in G. In particular, since each edge appears twice for G € 2, we have
that

#v(G) < #Vend + g, (3.10)

where we are using that the last #wvenq vertices are fixed, that we can add edges
(from the end) in such a way that they always see at most one new vertex (since G
is connected), and that each edge appears at least twice.

Notice that we have equality in only if each edge in G has multiplicity
exactly 2 (otherwise, we would be seeing less vertices than the maximum possible;
at some point adding one edge on G would neither contribute to a new vertex nor
be a first time repetition):

#0(GQ) = #Vend + g = foralle e G, multg(e) =2. (3.11)

Let us define &, as the subset of graphs in &2 that see the maximum number of
vertices,

2

and let us compute |Gy \ y/]. The elements in By \ &), are all bipartite graphs
G between [y and I with #v(G) < #Venq + % vertices. Since the last #veng
vertices are fixed, the number of elements in B4\ &, will be upper bounded by the
number of ways to choose the remaining #v(G) — #Venq vertices (among 2m, that
is, (2m — #vepd) - (2m — #vepq — 1) -+ -+ - (2m — #v(G) + 1) < Cm#o(E)~#vend ) We
are also using that, for each configuration of vertices, there is a bounded number
of possible graphs with such vertices that is independent of m (but may depend on
Ny, Nk, etc.). In all, since #v(G) — #venq < % -1,

®M = {G € 62 : #’U(G) = #Uend + N}a

82\ G| < Omz !

for some C' independent of m. Using that all the elements Z;;, U;, Vj, have finite
moments, we obtain that

Em—m 2E| Y (H Ze> UGV || <

GE@]V[ ecG

31Q

(3.12)

for some C' independent of m.

Let now G € &, be fixed, a graph with maximal number of vertices, , with
N edges each with multiplicity two. Let us count the edges from the vertices to
obtain a further characterization of G:

The last #veng vertices are the ending points of the p+q :==p1 +---+pn, +q1 +
-+ -+ gny chains, and as such, they are connected to at least p + ¢ edges. From the
remaining % vertices, let us denote by #vg(G) the ones that see exactly two edges
(which must be the same edge, repeated twice). Then, #vg(G) < 5(p+ ¢). Indeed,
since chains have no loops, the same edge cannot be repeated inside a chain, and
elements of vg(G) are necessarily reached by two different chains (and hence they
are a starting point for each one). Thus, these starting points see 2#vg(G) < p+q
edges (counting with multiplicity).
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Finally, the remaining #v(G) — #Vena — #vE(G) = % — #vg(Q) vertices see at
least four edges each one, so that the total amount of edges as seen from the vertices
(i.e., the sum over vertices of the number of edges seen by each vertex) is:

2N =2#e(G) > p+ q + 2#vE(G) + 4(#v(G) — #Venda — #vE(G))
=p+q—2#vEg(G)+ 2N > 2N,

where we are also using that each edge is seen from two vertices. In particular, all
the previous inequalities are, in fact, equalities, and there are exactly p + ¢ edges
connected to #veng, exactly %(p + q) vertices that are starting points (seeing only
two edges each), and all the remaining vertices see four edges (two edges, each with
multiplicity two).

At the level of G € &), this implies that each chain in its definition is repeated
exactly identically twice, and that they never share vertices (except for the final
ones). In particular, there is an even number of chains ending at each vertex: if
G # 0 then all p1,...,pN,,q1,...,qn, are even. Observe, also, that this implies

that
(H ze> UGV (G)

ecG
where we are using IE[ZEJ] =E[U} = IE[VJQ] =1.

A short combinatorial argument combined with now gives the desired result:
we need to count in how many ways we can produce graphs in G € &, with the
definition in such a way that each chain is repeated identically twice and they
never share non-ending vertices. We choose first the chains, which can be done in

E =1 for all G € By,

m> ways at leading order (for each chain we choose the previous vertex starting
from the end, so there is always m — r possibilities, where r is a bounded number
independent of m; and we do so for each of the IV edges, each of which is repeated
twice). For each family of p, chains ending at i, we now have multiple ways to
produce the same graph G € &,;: for each p, (and ¢q.) we need to count the
number of ways in which a family of p, (and q.) elements can be divided into
couples, and then do the same for each o and o’.

In all, given a family of 2n elements with n € N, there are (227:2!! ways to split it into
couples: there are (2n)! ways to arrange them in a line and we now split them in order
into couples. Since we can change the order within each pair, and we can change the
order of the pairs, we are actually generating each possible configuration 2"n! times.

The number of ways to split 2n elements into couples is then (22732!! = (2n — 1)L
. N, N
Thus, given a fixed graph G € &), we have [[ 7/ (pa — D[ (o — 1)!! ways
to produce the same graph with the previous constructions. Combined with (3.12])

and the fact that there are m? possible configurations (at leading order) we have

C
Em = Mpy -+ - Ppy My - - - Han,, | < -

for some C' independent of m. O

3.4. A recursion property. We next show a recursion property for the family (3.5))
that will be crucial in the following section (recall the notation from subsection [3.1).
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Proposition 3.3. The random vectors Ji' and K7} satisfy,

mfész? = Jia+J + Ry if k € N is even,
m (2™ TP = I+ JP .+ R, if k € N is odd,
m_%(Zm)TI(Z1 = K +K;' + S, if k € N is even,

m 21 Z"Ky = K7+ K[+ ST if k € N is odd,

for some random vectors R} and ST' with
2 2
E[IRZI3) +E [IS713)] < Cp < +oo,

for any p € N, and for some C independent of m (but it might depend on k and p).

Proof. Let us do the first equality, the others follow by analogy. Thus, we assume
k € N is even and we deal with J}.

m k
(™22 T =m= Y 2 (H Z) V.

=1 seElr) =l
- k+1

=m 2 Z (H ZEZ) U(:1)27
(=1

where we are denoting

E;n(k +1):= {E U{(j,9)}: 2 € E"(k) forsome 1<i< m} .

That is, we are taking loopless chains starting in I; and with length k, and adding
an extra edge towards j at the end. In particular, we can divide:

J
where

EZL*(k: +1):= {E € E;n(k‘ +1) such that =g = Ek} ,

namely, the added edge was already part of the chain (and since we are adding it to
a loopless chain, it must be the last edge); and

&y (k+1) =8 (k+ D\ (&) (k+ 1) U] (k+1))

those chains where the extra edge is not adding a new vertex, but is not a repeated
edge either. Thus,

_1
(m™2Z"J)j = Ji%j + Ay + Bibas (3.13)
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(k — 1) the set of vertices in = from I3,

where, if we denote v1(Z) for = €
1 <k+1 )
2. (2= )Ue)

kil =m %
ZeE, (k+1)
et k—1
> > Z (ZHI Zw) Uz,

I
3

€E] (k—1) i¢v1(Z)

’““: Z (ﬁz) i,

By =m
zeg], (k+1)
Observe now that, on the one hand, using the same arguments as in Theorem [3.2]
(3.14)

CP
< ]

we can directly compute
2
E [(Bi1;)”]
for any p € N, and for some C independent of m. (We are using here that in the sum
we are only considering elements that do not see the maximal number of vertices.)
(3.15)

On the other hand, we can rewrite
- J]Tfn_lj +D]::n+17j +Dk+1j7

Aty =
with
y v ey (M) e
T (k—1) i¢v1(E)
f)

Eeg] (k—1)
From the same arguments as in Theorern (since |v1(Z)] is bounded independent
(3.16)

of m) we get on the one hand that
- C
2

E (D)%) < 5

for any p € N, and on the other hand, since Z2 — 1 has average zero and is indepen-
dent of all the other elements in each term of the sum (since i ¢ v1(E)), the same
type of reasoning done in Theorem [3.2] also gives
C

E (D)%) < (3.17)

In all, joining (3.13])-(3.14))-(3.15))-(3.16])-(3.17])
- Jg}i—l,j + J]:;n_l’j + Rk,]’
O

for any p € N
(m22"J});
with E [(Rm 2P| < " for any p € N, and for some C' independent of m. Using the

symmetry of the problem, we get the desired result



INFINITE-WIDTH LIMIT OF DEEP LINEAR NEURAL NETWORKS 21

3.5. Multi-dimensional input. More generally, we can take d € N i.i.d. copies of
U, denoted UM ... U@ (also independent of V') and define

1 d
v o
Ut-d.— o . g@y=|ovd . u®|. (3.18)

Similarly, we denote U™ € R™ for 1 < ¢ < d, and

(¢)m
Jk,l
J( )vm
Jim.— | k2 with 1< ¢ <d, (3.19)
i

where

= '—

C s —— 3
Jng) : mk /2 Z <H Z= ) ), with 1<¢<d (3.20)
7 (k)

(cf. (3.5)). Finally, we also consider, for k € N, families of independent, identically
distributed (infinite) random vectors {J,il)}keN,...,{J,gd)}ng and {Kj}ren

J1511) Jlidf Kiq
TV =gy, TP =D, and K= [Kre2 |, (321)

with Jlglz.), . J,gdi), Ky ; ~N(0,1) and all independent between them.
Then, Theorem also holds for this family as well. That is:

Proposition 3.4. The family of random vectors {(J(l)’m .,J(d) K7 ken de-
fined by ( converges in distribution, to the family {(J} JW '-'le(g , Ki) b ren
(see Deﬁmtwn

Proof. We can follow the same ideas as in the proof of Theorem [3.2] by interpreting
in this context. We get again that each chain must be repeated twice, and
we are only interested in configurations that see a maximal amount of vertices.
Now, however, chains can be repeated coming from different elements of the family,

namely, J; (Q "and Jp (¢')m might share a chain for ¢ # (’, and still see the maximum
number of Vertlces Those repetitions, however, do not contribute to the expected

"

value (3.7, since they contain a single term US(C)US( for some 1 < s < m, and

E[UUC)] =0 for ¢ # (. O
We also see the recurrence in Proposition
Proposition 3.5. The random vectors J(O’m satisfy,
m_%Zmef)’m = J(C)1 + J(C) + R( )m if k € N is even,
m=3(Zm) T JOm = Jﬁl J(C) + R( ym if k € N is odd,
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for some random vectors Rl(f)’m with
E[IRE™3] < Cp < +o,

for any p € N, and for any 1 < ¢ < m, and for some C independent of m (but it
might depend on k and p).

Proof. Follows by Proposition applied to each ¢ € {1,...,d}. O
For notational convenience, we will denote

o (ghm o gidmy e grxd, (3.22)

Proposition 3.6 (Almost-Orthonormality property). The family of random vectors

{(J7, K" }ken defined by (3.21)-(3.22)) satisfies
E (107, (k. b2) 22 + 1 OFic (k. ko) 22+ 0% c (b ko)) < 2,
for any p € N, and for some C' depending only on max{ki,ks}, d, and p, whereﬁ
RS O (ko) = — (T TR — Gy 1
RS Ok ko) = — (T KT,
R 3 O clhi, ko) = - KJL - KT~ iy b

for all ki, ko € {1,...,m}.

Proof. Let us show
1 2
o[ (A e 1)

and the rest follow by analogy. We develop the square to obtain

C
< —,
m

2 m m
o[(rwr-i) ] - b S promromn - 2wty
i,j=1 =1
= 2D @ [k )° + B ()]

+1-2E [(K{)?],
where we are using the symmetry in the definition of Kj ;.
From the proof of Theorem [3.2] we have that if & > 0
C C
Elug)) -1 <L ma e[ -5l < S,

m
from which the first result now follows. In general, again using the proof of Theo-

rem [3.2] we have
1 p
E <mKZ‘ KT 1>

for any p € N, which gives the desired result. [l

<
- m

)

8Here7 Ok, ko is the Kronecker delta: 0, k, = 1 if k1 = ko, and g, .k, = 0 if k1 # ko.
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4. PROOF OF THE MAIN RESULT

Let us now proceed with the proof of our main result. Before doing so, we show
an intermediary lemma on the possible growth of exchangeable vectors after multi-
plication by a random matrix.

For that, we need the following result on random matrices with Gaussian entries,
which can be found, for example, in [42, Theorem 4.4.5].

Theorem 4.1. Let A be a random m X m matriz with subgaussian independent
entries with mean zero. Then there exists a universal constant C > 0 such that, for
any t > 0,

[Allap = sup (Az,x) < CK(Vm+1)

rzeSm—1

with probability at least 1 — 2e~t". Here K = max; j || Aijlly,, where || X|y, =
inf {t >0:E (eXZ/t2> < 2}.
Thanks to Theorem [£.1]we can prove the following, where we recall that Z denotes

a random matrix with i.i.d. entries of A'(0,1) (in this case, of size m x m).

Lemma 4.2. Suppose that 31 € R™*? js a random exchangeable array that satisfies
E[|u)’] <Com®,  and  E[|U]?] < Com?,
for some o > 2, Cy, > 1, and some o, 5 > 0. We define

1
T ym '

Then, if we let § > 0 such that o > 2+ 9, we have
p=3 0—5
E[|)?] < C.Cym®,  and  E [||u’||9—5] <O, Cpem® T,

for some constants Cy,Cp 5 > 0 independent of m, but that might depend on o, c,
and B (and also on 6 in the case of Cy5).

Proof. We implicitly consider the random elements in a probability space (2, F,P).
We define, for any i € NU {0},

Q; = {w €Q:(i+1) UW)E> W) =i ||u(w)|y§} :
By Theorem for some C' independent of m and 1,
P(2:) <P (1213, > im)
=P (12l = CK (Vi + (VI(CK) ™ = 1) Vi) ) < Ce e

for some universal constants C' and ¢. Now observe that, by Holder’s inequality,

/ / . 2
[1s1] = [ Il are) < e+ | 1l )

/Hil( I dP(w) + ) (i +1) (/ |44 (w)]|© dP( ))3(1@(90)‘“’;2.

1>1

(4.1)
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Using the previous estimate, (4.1)),
2 i @2
Bl ] < B[] + o 300 + DRl e
i>1

From our assumptions, and for some C, that depends on p,

E[[[]°] < Com + C(Com®)E S i+ 1)e™ T = . (m® + Com's ™),
i>1
and hence
E[a¢]] < cuCome,
for some possibly different C,.

On the other hand, following the same strategy we get:
[

B[] <0G+ DE[|w]] T et

i>0
From the assumptions again,
— =3 o=3¢ _cim$ =3 o=9¢
E [H’J'HQ 6} < Co” Cpom” s D (i41)e™e < G Cpom®=
i>0
so we get the desired result. O

We can now prove the main result, Theorem

Proof of Theorem [2.3 We use the notation from Section in particular, the ran-

dom arrays (J,(Cl)’m, . ,J,(Cd)’m) and K7}, defined by (3.1))-(3.4))-(3.5))-(3.18)-(3.19)-
(B.20), with U1? and V taken to be U(0) and V(0).
We divide the proof into seven steps.

Step 1: The structure. For notational convenience, we drop the subscript 7 > 0

and the superscript m, which will be implicit in the following variables; also, we
denote by Jj = (J,gl)’m, . .,J,(gd)’m) € R™*4. We show by induction that we can

write

U(k) = U(k) + U(k)
W (k) = W (k) + 28(k) (4.2)

°

V (k) =V (k) +WB(k),

Wlt?f(ff) = ;0 (i (k) + K (k)
W(x) = i:o (F75y ()] + K0 K]+ JAy(0) K] + KA (0] ) (43
Vi(r) = EJ: (T8 (k) + KiBi(x)) ,

and where -

(k) € R™ 93(k) € R™™ W(k) € R™ (4.4)
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satisfy
1 1
E ([184(0)]* + —[2B(s)[* + [B(s)[*| < Cm2, (4.5)

for some C' depending on x but independent of m € N. Moreover,

oy (k) € RX4 ai(k) =0 if kis odd,

ai(k) € RIX4, ai(k) =0 if k is even,

Bi(k) € RIx1L Bi(k) =0 if k is even,

Bi(k) €R, Br(k) =0 if k is odd, (4.6)
v (k) € Rd*d v;j(k) =0 if i is even or j is odd, '
¥ij(k) € R, ¥ij(k) =0 if i is odd or j is even,

Vi (k) € RI*1 Y;j(k) =0 if iis even or j is even,

Yij(k) € R F.:(k) =0 ifiisodd or j is odd.

Step 2: Computing the update. Let us compute (U(k+1), W(k+1),V(k+1))
in terms of —, by using . By the inductive assumption, we will assume
that holds at time k.

We compute first h,(x), by expanding:

1 1
p(k) = [\/ﬁZ + EW(’{) U(k).

On the one hand, thanks to (4.2))-(4.3)-(4.6)) and the recursion property in Propo-
sition we have

\/%ZU(%) = (Trsr + Te1] e (s) + [Kppr + K1) @) + €1 (k)
k>0

where

1
€1(r) = 3 (Rean(r) + Siau(r)) + ——ZWU(r),
1 ;) kXL kXL \/m

and where from now on we assume that whenever an index is negative, the cor-
responding object is identically zero (e.g. J_; = 0 and K_; = 0), and we have
denoted (from Proposition , Ry = (R(l)’m, e R,gd)’m).

On the other hand, also from —, we can compute the other term in p by
using the orthonormality property in Proposition

WU = Y (v (w)ay(s) + Ko, ()2 (x)
i,j>0
£ 3 (T (00 (0) + K Ay (k) () + €a(0)

4,7>0
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where
&) = (W)U () + W () () + W(k)84(w) ) +

+ Z 1713 + Kl7z]( )] [OJJ(j7 k)ak(’i) + OJK(ja k)ak(ﬂ)]

1,7,k>0
0 [T (0) + Ky ()] [(0uxc (k. ) () + Oxcic (i k)@ ()|
1,7,k>0
and thus
p(r) = p(k) + €p(k) := p(k) + E1(k) + Ea(k),
where
30 = 32 100+ 10+ 3 P () ) + () )
k>0 j>0
3 K (@100 @100+ 3 [ (150 + (e ()] )

k>0 7>0

From here, using again the orthonormality property in Proposition we can
compute:

1

h(z) = —(V (1)) p(K)z = () + €p(r)a
with
hule) = 300 (wea(e) + anca) + X g wdase) + 30, (s () )
k>0 7>0
3 B (@ () + @) + X [ (050 +vk3<n>a]<m>])x
k>0 320
and
€)= - (V(5))T€,(6) + - (B(x) () + (D) €y (x)
+ D (B 0 k) + By(w) (O (ki) T |
1,k>0
(awnln) + anae) + 3 [y a) + 3, (s o)
>0
+ 37 [B:5) O ) + Bi) O i k)} -
i,k>0
: <Otk+1( + a1 +Z G k) 4+ Y () ("0])-

7>0

At this point it is important to notice that the expression for h,.@(x) is independent
of the basis, and thus, if m is large enough and k is fixed, it is independent of m.
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We can also write an expression for V(k + 1) using (2.5 directly, where it is
easy to check that V' (k + 1) can be written in the form ([{4.2)-(4.3) with coefficients
satisfying by induction.

Using a similar procedure (thanks to Propositions and we find the ex-
pression for

1

-
q(k) := [\/mZ + ;W(Fc)] V (k) = q(r) + €4(r) := q(r) + €3(k) + E4(k),

=S (Bia) + 810 + X [0 + @jk(n))%(m)D

k>0 Jj=0
+2Kk <5k+1( + Br_1( +z [ij + (Y(K)) Bj(/-;)D,
k>0 >0

and, as before, we have

Es(s) = 3 (RiBu(s) + SiBu() + ——2 " B(w),

k>0 \/m
and
€s(m) = ((2B()) TV () + (W () TB(s) + (20(6) B (x)) +
+ 30 [T + Ki3u(0)T] [0, K)Bu(k) + Ok k)Bi()]
i,5,k>0
+ 0 [T T + K00 [(Ousc(k, ) Belr) + Oxcic G, k) Be(r)|
i,5,k>0

Step 3: The evolution. We can now use the expressions for p(k), q(k), and
V(k)z"(U(x))" to derive an evolution for the coefficients (4.6)) from (2.5). In order
to do that, let us observe that we can denote

B15 €, = [0 L(ha(o) )dp(r.y) = &, + Eelw),
with
£ = /xﬁ’(ﬁn($),y)dpn(w,y)
and
€c()i= [ 2 (£(0(o).9) ~ £hnl).)) dpular ),
so that, since £’ is Lipschitz and holds,
€c(] < Cllen(o] [ [of? dpu(e,n) < (o],

If we now denote

Sou() = % (ol + 1) — aup(k))
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(analogously for @, By, B, Vij» Vijs Yijs ’§f”) we get, on the one handﬂ

S (k) = —<ﬂk+1( Bt () + 3 [(rn () By () + el >>Tﬁj<n>J)éZ,
>0
e () =—(ﬁk+1< )4 Bea(8) + 3 [y (W)Bs () + (el >>Tﬁj<f~e>})é1,
7=0 e (4.7)
58, (x) (am Faa () + 3 [rag () (8) + Ay (m) <n>])sm
>0
5Bie) = —(@usa () + )+ 3 B0 )+ 5 9] )&
and on the other hand, from and — we immediately have
Sy (1) = —Bi(W)En oy (k) T, 045(k) = —Bi() (€,) T (@ ()T, s

57,5(k) = —Bi(R)En @ ()T, 6445(k) = —Bi(w)éx (e ()T,
and
SUU(k) = ~ € (k)E, — G(R)EL (k) — €,(K)€{ (k)
6 (k) = ~V(K)EL U(x)T + V(r)E, (U ()" (4.9)
SBV(k) = —€,(K)Ex — D(R) (k) — €, (k) Ee(r).

It is now a simple check that (4.7))-(4.8) imply that, if the relations in (4.6)) hold
at time k, they also hold at time « + 1.

Step 4: Initial conditions and boundedness of coefficients. We are consid-
ering the vectors J; and K to be the ones constructed in subsection where U
and V are the initializations U (0) and V' (0). Thus, by construction,

ao(O) = Idg, ak(O) = 0gx4q for k>1,

a7 ( ) - 01><d7 for k > Oa
B:(0) = del, for k>0, (4.10)
Bo(0) = Br(0) =0 for k>1,

and all v, %, 4, and 4 are initialized at 0. From the update ([4.7)), we immediately
get that

loce ()l = (k)| = [1Be(W)ll = 1Bx(0)| =0 if k=r+1, (4.11)

and

1vig ) = 17 (Rl = 1535 ()| = 75 (R)l =0 if izk+1 or j= Fa(+ 1,)
4.12

90bserve that the evolution of the system is “mostly” independent of m, and hence for m very
large we have a trivial limit: the only problem is when all the elements in the corresponding arrays
are non-zero, due to a boundary effect at kK = m, but this is avoided for m large enough and after
a fixed number of iterations thanks to the initialization .
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and in particular, if m is large enough, the coefficients are all independent of m. This
is because in the evolution — each element in a position k is only affected
by elements in the surrounding positions (either for «, 3, or 7).

Observe that, again by construction, the evolution of the coefficients given by

(4.7)-(4.8]) is deterministic, and in particular all the coefficients are always bounded
after finitely many time steps by a universal constant depending only on k. by
(4.11))-(4.12) (and 7, but independent of m), and the same holds for € and h:

lowk ()| + lla ()| + 181, () [| + 1B, () |+
g ()1 17755 N+ i () |+ 145 () |+ el + 1€l < Coe,

for all k,4,7 € N, and 1 < k < Ky.
Hence, from (4.3)) and by the proof of Theorem 3.2, we also have that

E[|Use(m)[" + Wiy ()" + [Vi(R)[™ + [Bie(5)[" +1di(5)| 7] < Creu v < +o00, (4.14)

forany T >2,1<4,j <m,1<{<m, and for some C, v independent of m.
In particular, we have that

. . . . x
E[JU®IT + V&I + 12()1F + 14()[¥] < Cr,xm?,
E[|W (s)|I"] < Cr,rm™.

(4.13)

(4.15)

Let us now bound the error terms. Let us assume that we have for some a > 0
that will be small, and for any o > 2,

E[[|84(k)[|2 + |28 (x)]|] < Cyms~1+e

4.16
E[|205(x)]|9] < Cyme 1+, (4.16)

Then we will show that for any § > 0
E[|| (s + 1)]|° + B (s + 1) 2] < Cp gmE=1Ho+s (4.17)

E[25(k + 1)[|9] < Cp sme™ o7,

for some new constant CL’L 5 that might depend on everything, but it is independent
of m.

In order to do that, we look at the different terms in the errors. We can always
apply the same strategy to bound them, using our hypotheses and that we
know explicitly how the errors are being updated, . Let us for example show
how to bound a representative case that includes all possible behaviors, to obtain a
bound like for the term &p(x + 1). Namely, we will show that

E[|€,(k + 1)||2] < C'm3~1+a+d (4.18)

for some § arbitrarily small.
We know that &,(k+1) = €;(k+ 1)+ Ez(k + 1), let us control them separately.

Step 5: Bound on &;(x+1). The term &;(x+ 1) has two parts. The first part is
> (Rean(k) + Sain(x)) .

k>0



30 LENAIC CHIZAT, MARIA COLOMBO, XAVIER FERNANDEZ—REAL7 AND ALESSIO FIGALLI

In this case, we use the boundedness of coefficients (4.13) together with the fact
that, from Proposition [3.5] we also have that for k < k, + 1 and any Y > 2,

T_
E[|Rell* + ISkll"] < Creym="1,

11
(using the equivalence between Euclidean norms, ||z|[, < mr «||z||, for any z € R™
and p < ¢). This gives the desired result without losing any power.

For the second term in &;(x + 1),
1
—Z
= ZU(R),

we can apply Lemma [£.2] to obtain, on the one hand,

E

Hjmzu(n) 2] < Om®

and on the other hand, for any r > 2 and § > 0,

e

vm

where C' now might depend also on 4.

r
r_q484 1 r_
Zﬂ(ﬁ) :| < Om? I+ i+ < COm? 140+«

Step 6: Bound on &;(k + 1). The term E3(k + 1) also has two parts. Regarding
all the terms involving the orthonormal errors coming from Proposition [3.6] we treat
them as in the previous step but using Proposition [3.6] instead of Proposition [3.5
Let us then show how to bound the remaining term,

% (2B (k) + W (1) 81(r) + () 84(x) )

We do so separately, for each of the three elements. Let us start with the first
term:, by means of Cauchy—Schwarz and Hélder:

|

IN

k[l ]| o]

s (2] (e[ )

E [H;ﬂﬂ(n)f](n)

<
S
with 15 = % By hypothesis (4.16) and using (4.15) we obtain

¢ 1 eta ] e eta
] <C—m? I ems = om2 e
Y

E [H;m(m)ﬁ(ﬂ)

A similar computation works for the term %W(H)ﬂ(l@) Finally,

A

E [H;an(n)u(m)

| < i e

% (B [Hﬂff(n)llﬂ); ( [Hu(ﬁ)u%})é .
Using our hypotheses in we have

L om () sa()

dl

IN

4 I
< C m 12 m?2 12 < Cm2 .
- m@ -
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Thus, assuming € < d, we have shown that (4.18) holds.
We can do the same with all other terms in ${(x + 1) and 20 (x + 1) to obtain the
desired result, and a completely analogous argument also works on 28(x + 1).

Step 7: Conclusion. For x = 0, there are no error terms, and in particular (4.16))
holds with o = 0 (recall a > 0). We fix § universally as § = 5=, in such a way that,

2Ky
from (E16)-(E17) with o = 2,
E[4(s)|? + [B(x)[*) < Cm>  and  E[|26(w)|?] < Cms,
for all k < k4 (notice that taking 0 smaller, we can make the powers of m arbitrarily
close to 1 and 2 respectively). In particular, by exchangeability of &, 2, and 20,
we have that
Ui o(8),0;(K), Wi (k) =0 in L* asm — oo,
with
[t ()] + |, (%)% + |20, (k)|?] < Cm™2 =0 as m — oo, (4.19)

forall i,7 e N, 1 <7 < d fixed.

The same analysis also yields that, for every € > 0 there exists some C; such that

E[|€n(r)[I)] < Com™ -0 as m — oo,

so that hy(x) — he(z) almost surely for every = € R% as m — oco. This gives the
almost optimal quantitative convergence of the linear predictor, (2.14]).
We finish by taking, on the one hand

o (k) Bo(x)
ai(k) @1(5)
Ar) = | @) | erxd  Bk)=| Bak) | e R™,
s (r) Bs(r)
and X X
Yoo (k) 701(”) Yoz (k)
G(r) = ’Zlo(ﬁ) Y11 (k) ’2’20(/‘53 € RO

Yo0(K) For1(k) Yaolk

which are well defined independently of m, if m is large enough for a fixed k. On
the other hand, recovering the superscripts m in the notation, we know rom Theo-
rem (more precisely, from Proposition , that the family of vectors (J7', K7')
converges, in distribution, to a family of independent, identically distributed (in-
finite) random vectors (3.6), that we denote (J3°, K3°). Hence, we can take in
@.12)

(T, Ty,...) = (JP, KL, JX,...),
(T, To,...) = (KP,JX, KS,...),

(notice that these equalities are not elementwise, but rather as matrices; that is,
Iy = JE)Q)’OO if d > 2). Thanks to Proposition and (4.19)), we are done. O
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5. PROPERTIES OF THE INFINITE-WIDTH DYNAMICS

In this section, we study the behavior of the time-continuous (7 — 0) version of
the limit system (2.13))-(2.10)), as 7 | 0, namely the gradient flow of £ (2.11)) with
initialization (2.7)).

5.1. A gradient flow. We start by showing that the time-continuous version of
, below, is a gradient flow of the energy with respect to the Euclidean
norm of the parameters (in particular, in the limiting case m — oo, it is a gradient
flow in £2), and that the variation of the squared fo-norm of each layer is the same; a
property that follows from the 1-homogeneity of the output w.r.t. each layer, which
is often used in the analysis of linear NNs [4, [16]. This property is often used in
conjunction with a balanced initialization assumption [4, Eq. (7)], which does not
hold here, in particular because the middle layer has infinite £5-norm at initialization.

Proposition 5.1. Let m € NU {oo}. Let (A(t),G(t),B(t)) with A(t) : [0,00) —

R™*4 G :[0,00) = R™ ™ and B(t) : [0,00) — R™ be a solution to the following
ODE system

At) = ~[A+G@®)] B¢/,
G(t) = -B(t)& A@)T, (5.1)
B(t) = —[A+G@1)]AR)E,,

with
€ = / L (hi(),y)dp(e,y) ERY, hy(x) = B()[A+ G)]A(z.  (5.2)

and A € R™*"™ js q fized matriz, equal to:

1 ifi+d=jorj+1=1i

mxXm — ). —
R 3 A= (Ay)ij = { 0 otherwise.

Then, (5.1)) is the gradient flow in the la-norm of the energy functional
E(A.G.B) = [ L(BTIA+GlAw.y)dp(a.y).

In particular, we have
d
& [ £t oty <o

and
SO = SIBOI = L1A+ GO = -2 [ @) (o). v)dp(e.p). (3

Proof. Let us formally compute, using (5.1

d o _ d T _ AT _ T

ZlA@)? = S {A(t) A(t)} — 2r {A(t) A(t)} = —2B()T[A + G(t)A()E,.
We can proceed similarly with A + G(t) and B(t) to get (5.3).

The fact that (5.1) is the gradient flow in the 2-norm of £ is a direct check.

For future convenience, we explicitly compute the dissipation by first obtaining the
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evolution of hy(z)

_%ht($) =& AW)TA+ G| [A+Gt)]A(t)z+ B(t) ' B(t)¢] A(t)  A(t)x
+B(t)'[A + G()][A+ G(t)] B(t)¢/ =,

(5.4)
so that denoting £(t) := E(A(t), G(t), B(t)),
ig(t) :/iht(x)ﬁ’(ht(x),y)dp(%y)
= —[[[A + GOIADE® — IBO)IPIAMDEN® — 1€ 121[A + G®)] B>

All the above computations also work if m = oo, in which case we consider the ¢2
norms of the parameters. O

Remark 5.2. When m = oo, (5.3]) should be paired with some initial conditions that
ensure its finiteness, and since ||A|| = 400, the third term should be interpreted as

S A+ GO~ A7) = Sr (ATGW +GT()GM)
5.2. Selection principle. Recall that we initialize our system with
Idg 1
A(0) = 832 e R™4 B(0) = 8 e R™, (5.5)
and
(G)ij(0) =0 for 1<i,5<m. (5.6)

If we denote
A=A [A+G(t)]B(t) € RY,
so that h(x) = A 2, we next show that A/ never leaves the span of our data. That
is,
Av=0 for all v € span (supp((m)xp)) ", (5.7)

where 7, : R x R — R? is the projection operator (r,y) ~ z, and (7,)4p denotes
the pushforward of p through =,.

Proposition 5.3. Under the assumptions of Proposition[5.1], let us further assume
that L is bounded and that (A(t), G(t),B(t)) are initialized at (5.5) and (5.6)).
Then (5.7) holds for all t > 0.

Proof. Since L' is Lipschitz we know that the evolution is globally defined in time.
Moreover, since Ag = 0 we only need to show
d

%)\Q—U:O for all t >0,

where v € span (supp((7z)# p))* will be fixed throughout the proof.
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We can compute, using (5.1)),
%Aj = - B'A+GIA+G)'B¢" -B'BE"ATA-¢"ATA+G]"A +GA,
where we have omitted the time dependence for the sake of readability, that will be

made only explicit at time 0. Observe now that, since v € span (supp((wx)#p))J‘,
£Tv=0 for all t>0.

Hence, Av = 0 for all ¢ > 0, which implies that Av = Agv (where Ag = A(0),
given by (5.5))). In all, we have
d

ﬁAI v=-B'B¢"ATApv —£TATA + G]"[A + G]Apv. (5.8)
Let us now define the following quantities:
M, = BTAAg eR, N, = GTAAw € R™,
O, = I"ATAyv € RY, P, = GAyv eR™,

where we have denoted by IT € R¥*4 the projection matrix to span (supp((mz)xp)),
so that
INNw =w for all w € span (supp((m)xp)) -

In particular, we always have that € 'TIT = £". In the following, we will use that

v
on— ( Omfd >,

and hence, since the first d x d submatrix of AT A is the identity (which is a simple
check) we have

ATAAp = Agv. (5.9)
A computation using and gives then the following system of ODEs:
My=—¢"ATA+G)TAAgw=—-£"0;, —¢TATN,
N,=—-AT¢BTAAw =—-ATeM,
O,=-TMI¢B'[A+GJAjww=-T1"¢M, —T1T¢EBT P,

P,=—-B¢"A"Apv = —B¢'0O,,
which is initialized at
My=0, Ny=0,, O¢=04 Py=0,,. (5.11)

Here, we used that G(0) = 0, that the first element of AAgv is zero (and hence,
My =0), that £"TIT = ¢7, and that AJ Ag =1dg s0 Oy = I v = 04. The system
is Lipschitz in its variables, coupled with locally bounded coefficients (thanks
to ), and therefore it has a unique solution. Since the initial conditions (|5.11))
all vanish, the unique solution is (M, N, Oy, Py) = (0, 0,,,04,0,,) for t > 0.
Finally, we can rewrite in terms of (My, N, Oy, Py) (recalling (5.9)) as

d
%)\Iv =B 'Bt'O,—¢"0,—¢"A'TN,—¢"ATA+G]" P, =0,

which is our desired result. O

(5.10)
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Remark 5.4. We highlight that the selection principle in Proposition [5.3] is not a
consequence of a general abstract result on gradient flows with this particular struc-
ture, but rather follows from the precise initialization that arises from the infinite
width limit, as illustrated by the following example.

By denoting e; = (1 O)T, let us define

1 2 . 2%2 _ (A A 2 _(~
E(A,z) .—i(Az,eﬁ, with R**“ > A = Aoy Agy , R*> z = )

which is the empirical risk of a two-layer linear NN with a single sample (z1,y1) =
(e1,0) in the training set. Consider its gradient flow:

A=-048(A,2) = ~(Az,e1)erz = —(Anz + Az) <z01 202> ’

. A
2= -0, = —<AZ, 61>AT61 — (A11z1 + Algzg) (Ai;) .
Then, if we denote X := Az = ()\1 )\Q)T, we can express the energy as

1 1
E(A, z) = §<Az, e1)? = 5)\% (5.12)
It is however not true that the evolution of A must be such that it always moves
along the span of e;. Indeed, using the previous gradient flow, we know that

. . 2 2 2 2
Ao dm s =Gt ((T02) + (401 41a))-

Hence, when (Anzl + Algzg)(AglAH + A22A12> 7é 0, the second coordinate A is
moving. This can happen by choosing at time ¢t =0

A(0) = G (1)> L 2(0) = (g) . sothat A(0) = <(1))

and, since Xo(0) # 0, we have that A\y(t) # 0 for some time ¢ > 0, despite the fact
that the energy in (5.12)) depends only on A;.

5.3. Quantitative convergence and implicit bias. Whenever the loss function
is uniformly convex (we take the quadratic case for convenience) then we expect
exponential rate of convergence towards a minimizer.

In the following, given a measure p, we denote by M the covariance matrix,

M = /iL'iL’po(.T,y) e R¥x4, (5.13)

Note that M is symmetric and positive semi-definite. In particular, if M is non-
degenerate (det(M) > 0), then there is a unique minimizer A € R¢ of the quadratic
energy

£= /(A -z —y)?dp(z,y).

Otherwise, and as we have seen in Proposition [5.3] our system will converge to a
minimizer in the span of supp((m;)xp) (alternatively, in ker(M)* or in the row
space of M), which is unique. We prove that it will do so at an exponential rate,
depending on the lowest non-zero eigenvalue of M.
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Proposition 5.5. Under the assumptions of Proposition[5.1}, let us further assume
that L is the quadratic loss function and that M has d' non-zero eigenvalues, with
1 <d <d, that we denote 0 < 21 < 29 < -++ < zgr.

Let (A(t),G(t), B(t)) denote the evolution (5.1) initialized at (5.5) and (5.6).

Then A converges to the unique minimizer X € R® of the energy functional,

& — / (hu(a) — y)%dp(z,y) = / (- — y)2dp(.y)

such that X € span (supp((ms)4p)) (alternatively, X € ker(M)*), and

Et—Eo < (&0 — Ex) e &t for t>0
for some constant ¢y depending only on |A||, d, z1, and z¢ (and independent of m).
Proof. We divide the proof into four steps.

Step 1: The setting. We use the same notation as in Proposition and Propo-
sition 5.3l We recall that we had denoted

A=A [A+G@1)]B(t) € R
(In particular, Ag = Oqx1.) The condition on M can then be re-written as
0<zw?<w- Mw < zg|w| for all w € ker(M)*. (5.14)

The energy is given by

& = E(A(0, G(0), B) = [ (nlz) ~)* dp(z.).

where we recall that hy(x) = A - . In particular, we can explicitly compute the
minimizer A (with A € ker(M)1) and the evolution of & in terms of A,

A= /yM_lxp(x,y) ERT & =(M—A)MA-X+E (515

where, by an abuse of notation, we denoted by M ™'z the inverse restricted to
ker(M)* of = € supp(m;)xp, so that A € ker(M)+ as well. From (5.14) and the
fact that A; € ker(M)* for all £ > 0 (see Proposition , we have

21 A = A2 < & — Eoo < zar| A — A% (5.16)
We also have (cf. (5.4))
£, =2M(X—X) and A =—2RM(X\ — )
where R; is a symmetric matrix, R; > 0, defined by
R, =A)TA+GW)]"[A+G)]A() + B(t) " B(t)A(t) T A(t)
+ B(t)T[A+ G®)][A + G(t)]" B(t)Idgyxq € R (5:17)

Thus,
Er=—4(At — X)) - MR:M(X; — N). (5.18)
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Observe also that (see the proof of Proposition |5.1])
CIAWIP = TIBOI? = —4x - M(x~ )
= —4(& — Ex) — 4N -M(X — N) (5.19)
< 423 IAIVE — € < d2a AP,

where we used that the energy is decreasing, Cauchy-Schwarz, and (5.14)). Similarly,
for any e € S%1,

d
£||A(t)e\|2 = —4(Ar-e)eM(A; — A)
< Clxe = AP+ AL A = All < ClA|1?

for some constant C' depending only on z; and zy.

(5.20)

Step 2: Small times. We have R; > ||B(t)|?A(t)T A(t) and Ry > Idgxq. In
particular, thanks to (5.19)-(5.20)),

1
Rt > §Idd><d for t < to, (5.21)

where t, = ¢,||A|| 72 for some ¢, > 0 depending only on z; and z4. Hence,
E < —c(&§—Ey)  for  0<t<t,,

for some ¢ depending only on z; and z4, thanks to (5.15))-(5.16])-(5.18))-(5.21)) (we use

that if M and R, are symmetric positive semi-definite matrices, then M %RtM 2 s
positive semi-definite as well). In particular,

Et —Eoo < (80— Exo)e™@ for 0<t < to. (5.22)

Step 3: An ODE for all times. From the previous inequality and the dissipation
of energy, we have

IMZA[le™% > [|[M2(A = N)| > [|[MEA]| = [|[MZX] for t>to,
so that

cto

g 2 cto 2
IMI2 = G IMEN]? = ¢t (1= e F) T IMEAR > G2 (1- %) =ic
with ¢y > 0, for t > ¢,. In particular, by Cauchy-Schwarz and up to a dimensional
constant, from the definition of A,
ex < IM? < CIIADIPIA + GO B for ¢ > to.
From (5.17)) we know that for some dimensional ¢ > 0,
R, > ||[A+ G)]"B()||?Tdgxq > cer||A®)|| 2 Idgeq for t>to.
On the other hand, from (5.19)), and since || A(0)|?> = d,

t
JA@) 2 < d+ CA /0 VE — €.,

and hence
cey

Rt Z P’
A1 CIN [T VE —Ewdr

Iddxd for t>ts.
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Combined again with (5.14])-(5.16])-(5.18) we obtain the inequality
B cex(& — o)
L+ [Ny VE — Exodr

Step 4: Bootstrap argument. Observe that

t
/ VE — & dr < C||A|It, (5.24)
0

since we have dissipation of the energy. Hence, from (5.23) we get

. cex(Er — Ex)
& < oot — Coo)
EE T A

which implies (also using that ¢y < C||A||? and t, = c||A||72)

for t > t.. (5.23)

for ¢ > to,

[N

cen
[IX] _
) < CIAIPL+ X[, for ¢ > to.

L+ [|[Allto
1+ ||t

Plugging it back into ([5.23)), we now have that instead of (5.24]) (also using (5.22))),
A
/ VEr =€ dr < C7 | IIH\HQ + C[IAJ[(1 4 [|A]j) =

where we have denoted ¢) := ﬁ < % (if ¢ is sufficiently small). Again from (5.23),

& c_ cey
E—Exo —  THAPA+ AP 72+ [IAIPQ + [IAf1) =
In particular, there exists some ¢y depending on [|A||, z1, and zg, such that
E— Eo < (E0 = En) €7 for t>0.
Iterating again the procedure, now [;* /& — € dr < 400, and hence
&t —Eo < (&0 — Ex) e A for t>0

gtfgoo S (gto *goo) <

for t>t,.

for some (possibly different) ¢, depending only on ||A|], d, z1, and zz O
Finally, we have:

Proof of Theorem[2.3. If follows from Proposition O

6. MULTI-LAYER CASE

Let us now consider the multi-layer case, that is, the evolution of a neural network
with L+1 hidden layers (being the previous case, L = 1). For the sake of readability,
we do it in the case d = 1, but the same holds for d > 1. The aim of this section is
to introduce and justify all the objects, notably the limit evolution equation and the
basis in which such evolution is expressed, for the analogous of Theorem to hold
with L 4 1 hidden layers. We remark that the following arguments are formal, and
that their rigorous justifications can be obtained by the same methods developed in
the core of the paper.
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Using the notation in subsection and dropping the superscript m, we now
have U € R™, W) € R™*™ for 1 < ¢ < L, and V € R™, initialized as

U;j(0) ~N(0,1),  WP0)=0,  Vi(0)~N(0,1).

)

We also fix L € N independent random matrices of size m x m with independent
entries NV'(0,1), (Z®)),<y<r. The neural network is (recall z € R):

Jm

And the evolution (U(x), (W (k))1<e<r, V (k))ren is a GD (with layer-wise learn-
ing rates) on the objective function

L
1 1 1
y = h(z,U, (W) e, V) = <mv, 11 <Z“) + mwa’)) Uat> .
/=1

wawwm%bvwz/

L <h(CL‘, Uv (W(Z))ISZSLa V), y) dp(l’, y),
RIxR

given by

=1 m m ’
WOk +1) = WO (k) -7 ﬁ [12@ + 1W<2>(,<;)] : V() (€ )T
i=0+1 \/m m

LI 1
Vi+1)=V(E) -7][] | =29+ =WO(r)| UK,
I [+ )

\

with &, . = [ L' (he(2),y)dps(z,y) € R, where we have also denoted hy ,(2) =
h(z,U (k), (W(é)(ﬁ))lggSL,V(li))7 and we always assume uniformly finite second

moments, .

In analogy with the three-layer case, we expect the dynamics to be expressed,
up to errors which vanish as m gets large, in a suitable Gaussian basis with certain
orthogonality properties, and with an explicit behavior with respect to multiplication
by Z (©). The construction of such a basis (and more precisely, of one basis for each
layer /) is a nontrivial generalization of Theorem and it is defined in subection
below. We describe now how to obtain the limit dynamics, assuming the existence
of such a basis, whose properties are detailed in and below.

We assume therefore the existence of L + 1 appropriate orthonormal bases, that
we denote

OO vl el with @ = (0, WL WE,...) forany 0</(<L,

such that ! € R™** is a matrix formed of independent m-dimensional Gaussian
vectors (as columns), W € R™ for all i € N, with entries A'(0, 1), and that are going
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to act as the approximate bases for m < oo, satisfying

1 :
%(W)T\Iﬂ = Idoo, (TH T8 = 0pox0e, O0<l#AL <L (6.2)

1
m
up to errors that vanish as m — oo (cf. Theorem . Namely, we assume that we
can write, up to errors that are of order O(mféﬂs) for any § > 0,

U(k) = B A(r),
Whk) = O'Gy(r)(®HT,  1<0<I, (6.3)
V (k) = ¥LB(k),
for some coefficients A, B € R>®, Gy € R®*>® for 1 < ¢ < L, initialized as —

(2.8) for d =1 and all 1 < ¢ < L. Finally, we also assume the following recurrence
relationship between bases under multiplication by Z ® (cf. subsection ,

L zogr - WiA,,
m

1
m

(6.4)
(ZzOTw! = @A/, 1<¢<1L,

for some fixed matrices Ay, € R®*>® (cf. equation (2.9)). We can then write an
evolution for the coefficients A, B, and Gy, using (6.1)-(6.2)-(6.4]) and the represen-
tation (6.3)):

L
Ak +1) = A(x) — 7 [[(A] + G] (<) B(r),
gilL /-1
Gk +1) = Ge(r) 7 [[ (A] + G (0)B(r)eL A (%) [[(A] + G (),
i=0+1 =1
1
B(r+1) = B(r) — 7 [ (As + Gelr) A(R)E, ..
(=L

(6.5)
for 1 < /¢ < L, with

Xnr (@) = X (2, A(K), (Ge(K))1<e<r, B(K)),
Ef‘iﬂ' = /x[’/(Xn,T(x):y)dpn(l',y) e R.

When p,, = p for all k € N, this recursion is exactly the GD on the (deterministic)
objective function £ defined by

1

E(A, (Gr)i<e<r, B) = / L (BT [T+ G»Aw%y) dp(z,y),  (6.6)
(=L

and the linear predictor of the neural network is given by

L
ATT[A] +G))B,
/=1
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up to errors that disappear as m — oo. Thus, the description of the linear neural
network in the general multi-layered case, (6.5)), is reduced to finding bases such
that (6.2) and (6.4) hold, up to errors (which is precisely what we did in Section
above).

6.1. The choice of the bases. Given L € N and 0 < ¢ < L, let us define the
following set of finite sequences:

SL(€) :={(s0,51,82,..-,8m) : S0 € {0, L}, sps = 4,8, €{0,...,L},|s; — si—1| =1},

that is, S¥(¢) is the set of finite sequences of numbers belonging to {0,...,L},
starting at 0 or L, finishing at ¢, and such that each element of the sequence is
obtained by adding or subtracting 1 to the previous element (in particular, if so = 0,
s1 = 1 necessarily). This set is going to be, for each 0 < ¢ < L, our index set for
the basis ¥*. For example, when L = 1, the sequences in S1(0) (and analogously
in S1(1)) are just of the form 0101...0 or 1010...0, and can be identified with their
length. This is the reason why the index set in the case L = 1 is just given by the
natural numbers, which was the case in Section

We therefore consider ¥* to have as columns the elements % for s € S(£), and
we denote it,

v = (‘I’ﬁ)sESL(Z)ﬂ 0<(<L,

where we still need to define what ¥ is for a given s € S*(¢). To do so, for
notational convenience, given the matrices Z ® for 1 < /¢ < L, we denote

zW =z and z41 =20

Moreover, we let ¥) and ¥ be two fixed independent Gaussian vectors of size m
(that is, those associated to the sequences {0} and {L}).
Then, given s € S¥(¢) of length M + 1, s = (sq, ..., sar), we define

M
Uo=m M N 1z | (%), (6.7)
(%0,..inr )EZ(s,m) \J=1
where Z(s,m) is the set of indices (ip,...,7p) with i; € {0,...,m} such that
(ij,85) # (ig,s) for all 1 < j # k < M. In other words, the main novelty of
the current definition with respect to the corresponding definition for L =1
lies in the fact that the basis is parametrized by an element s € S¥(¢), which iden-
tifies a fixed sequence of consecutive layers. Once the sequence is fixed, the sum in
(6.7) runs over all possible loopless choices of one element between 1,...,m in each
of the layers signposted by s.
Formally, we obtain orthonormal bases in the sense (as in Proposition ,
and the relationships in are of the form

1 vt if s=(s0—20—1)
Ogt-1 5,0) ) ) )
\/EZ lI,S { \I’%s/,ﬁ) + ‘Ilfs,f) lf S = (SCE,E - 1), (68)

and

pli-l if s=(s0+1,0),

ZTw! = s£-1) _ - 6.9
(Z%) fo%S/}“) + ¥, i s=(50-1,0), (6.9)

31~
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for1<¢< L.

6.2. The case L = 2. In the case L = 2 (that is, a four layers neural network, or
a neural network with three hidden layers) we have a more explicit expression. In
this case, any element s € S%(¢) is of the form

(S(],1,82,1,84,1,56,1,88,1,...), ... 89; € {0,2},

and therefore, we can identify any element s in S?(0), S?(1), or S?(2), with a natural
number N(s), seeing it as a binary representation. Thus, we associate

S%(0) 3 s — Ny(s) :=27 + Z 2i_252(a_i)
i=1

82(1) S 85— N1<S> =20+l + ZQi_lSZ(U—i)
=0

S%(2) 3 s+ No(s) := 27 + Z 21’—282(0%)
i=1
where we have denoted o = | M/2] for s = (so,...,sp). With this indexing, we can

obtain more explicit relations —, since we now have that ¥, ¥! and W¥?
can be indexed by the natural numbers. That is, as an abuse of notation we denote

W=, if Ni(s)=j, for i=0,1,2,

which is well-defined for any j > 2.

The relations — correspond to
1

ﬁz(l)\P? =W} + W, (6.10)
1
and
1 oY if j is odd
(7Tl — ’
VAR { \Ifé +®9,  if jis even, (6.12)
1 P2 if § is even
L Oyl J ’
T2 Y { WL W, if s odd (6.13)

Thanks to (6.10)-(6.11)-(6.12)(6.13]), the matrices A; and Ay in (6.5) can be
determined, which are the only missing unknowns to be able to obtain an evolution

of the system (6.5]):

1 ifi=jor2i=j (1 fi=jor2i+1=i
(A)ij = { 0 otherwise, and  (Az)ij = { 0 otherwise,
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that is,
1100 00O0O00O0
01 01 0O0O0O0TO0
Ay = 001 001000 7
00 01O0O0O0T10O0
and
101 000O0O0OO0
01 00100O00O0
A;’ —-10 01 000100
0001 0O0O0O0T1
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