SMOOTH APPROXIMATIONS FOR FULLY NONLINEAR
NONLOCAL ELLIPTIC EQUATIONS

XAVIER FERNANDEZ-REAL

ABSTRACT. We show that any viscosity solution to a general fully nonlinear
nonlocal elliptic equation can be approximated by smooth (C°°) solutions.

1. INTRODUCTION

The regularization of solutions to elliptic equations is a fundamental tech-
nique to generalize a priori regularity estimates to full classes of solutions (see
[12], Section 7.2], [9) Section 5.3], or [10, Chapter 2]). For weak or distributional
solutions of linear and translation invariant equations this is accomplished, for
example, by convolving the solution with a smooth mollifier.

For viscosity solutions of fully nonlinear elliptic PDE,

F(D*u)=0 in B

(which in general, have no strong solutions), such a regularization procedure
has been done in less straight-forward ways (see [0} [7]; or [3] where the authors
use nonlocal techniques). In neither of these cases, however, the approximation
is done by solutions to equations within the same class as the limitﬂ

In the nonlocal case, nevertheless, there is a natural way to regularize solu-
tions of fully nonlinear nonlocal equations (see ([1.6)),

Z(u,x) =0 in By, (1.1)

by substituting the corresponding kernels of the linear operators near the origin
by that of the fractional Laplacian; see [4] (and also [5]), where Caffarelli and
Silvestre use (and prove) that solutions to translation invariant and concave
nonlocal equations (with s > 1/2 and smooth kernels) can be approximated
by strong solutions (i.e., C*%) to equations in the same class (see also [13]
for a similar procedure for general elliptic operators with s > 1/2). In some
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11t is actually an open problem to decide whether any viscosity solution of a fully nonlinear
elliptic PDE can be approximated by smooth solutions to fully nonlinear elliptic PDE, [3].
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settings (see [16]), however, it is sometimes necessary to approximate by even
more regular solutions (say, C*), and the results in [4]-[5] do not apply. In
fact, for nonlocal equations, the approximating procedure remains open in the
following cases:

e Approximation by smooth solutions, more regular than C*.

e General fully nonlinear equations.

e Non-translation invariant equations, for all s € (0,1) and in different
regularity classes.

In this work we tackle all three of the previous situations, and provide
smooth (C'*°) approximations of general fully nonlinear equations. This is
a phenomenon that has no local counter-part described in the literature.

Observe that, in general, solutions to fully nonlinear nonlocal equations,
(1.6)), are not better than C?*!, and it was unclear whether smooth solutions
exist (outside of trivial settings) or how common they are. The only results
we know in this direction are due to Yu in [19, 20], who proved that certain
special classes of equations admit smooth solutions. We prove here that this
is, in fact, a common phenomenon: any solution to (|1.1)) can be approximated
by C'*° solutions of equations in the same class.

We expect our results to be useful in various settings. Some examples can
be seen in [13, [I7, 11} to prove regularity estimates for general nonlocal fully
nonlinear equations; in [I], [16] to apply Bernstein’s technique in a nonlocal set-
ting and obtain semiconvexity estimates; and in this same manuscript, where
in subsection [4.1| we use the regularization to prove the equivalence between
distributional and viscosity solutions for linear translation invariant equations,
for any s € (0,1).

We consider the class of linear operators with kernels comparable to the one
of fractional Laplacian. Namely, we consider operators of the form

Lou(z) = P.V./ (u(z) —u(z +y))K(z,y) dy

n

(1.2)
= % / (2u(z) — u(z +y) — ulz —y)) K(z,y) dy,
with
K(z,y) = K(z,—y) in R" (1.3)
and
0< A < K(z,y) in R". (1.4)

< =
’y‘n+2s - ’y‘n+23

By considering a (concave) modulus of continuity w : R™ — R™, we will also
assume a weak form of continuity with respect to the z-variable of the kernels:

_ /
/ |K(z,y) — K(2',y)| dy < w(lz — 1) 5 ? l), for any z, 2" € R", r > 0.
BQT'\BT r #

(1.5)
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We thus consider the class of linear nonlocal operators given by:

e\ A) = {£, : ([2)-(@3)-([(@-(T5) holds},

and the class J3Y(\, A) of fully nonlinear integro-differential operators of the
form:

T(u,z) = ;1612 81613{ — Lapau(z) + cap(x)} with Lo, € £2(A,A)  (1.6)

given by

F9NA) = {I: 7 is of the form (1.6, Z(0,x) € L>*(R"), and }

(Cap())ap have a common modulus of continuity w

Our main goal is to prove the following, where w, € L'(R") is the weight
w,(7) = k5. We refer to Remarks to E below for a further charac-

1+|x‘n+2s
terization of the objects involved in the statement.

Theorem 1.1. Let s € (0,1), and let Z € 3¥(\,A). Let u € C(By) N L>®(R™)
be any viscosity solution of

Z(u,x) = f(x) in B

for some f € C(By) with modulus of continuity w.
Then, there exist sequences of functions u'®, f. € C®(R™) such that

u® = u  uniformly in B34 and in LY(R™; w),
fe = [ uniformly in Bsy,

and a sequence of operators I. € 3“(\, \) with
Z.(0,z) = Z(0,x) uniformly in By,
as € | 0, such that
Ic(u, ) = fe(x) in By
Moreover,

gy < C (Jallzogaey + IZ00, ) = Flliay + ()

for some C depending only on n, s, A\, and A. Finally, if T is translation
invariant (resp. concave), then I. are translation invariant (resp. concave).

Some remarks are in order:

Remark 1.2. The new operators Z. are C*°, in the sense that for any w €
C®(R") we have Z.(w,z) € C*(R"), with vanishing derivatives at infinity;
see the proof of Proposition [5.1|
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Remark 1.3. The right-hand side is f. = f % ., for some mollifier ¢. (see
(3-4)-(3.5))). Moreover, if u € C*(R"), then there exists § > 0 depending only
on a, n, s, A, and A, such that

0 sy < € (Julloneey + 1T, ) = Fllzeipy g +w(e))
for some C depending only on n, s, o, A, and A.

Remark 1.4. If the operator Z has higher regularity in x and y, this is also
inherited by Z.. Namely, if Z € J#(\, A;0) for some 6 > 0 and u > 0 (see the
notation in subsectionbelow), then Z. € J4(\, A; 0) with [Z.]; < C[Z]} and
[Z.]; < C[Z]3, and C depending only on n, s, A, A, u, and 6; see Remark .
The same conclusion also holds for pointwise norms; see Remarks and [3.4]

Remark 1.5. The new operators have kernels that are convex combinations
of , where K denotes any kernel of Z. Thus, any property that is preserved
by this operation is actually inherited by the new operators Z.(for example,
the linear operators in [11, Chapter 2]).

Remark 1.6. In Theorem 1.1} one could take instead u € C'(B;) with controlled
growth at infinity, |u(z)] < C(1+ |z[**77) in R™ for some 7 > 0.

If one wants to take v € C(By) N L'(R";wy), however, it can be done
provided that the continuity assumption in is understood in a pointwise
sense, |K(z,y) — K(2',y)| < w(]z — 2/|)|y|7*7". In the same way, the results
in Remark would be true for pointwise estimates in z and y as well (like
those in Remark [2.1)).

1.1. Outline of the proof. After introducing some preliminary notation and
results in Section [ the proof is then divided into three parts.

In the first part, Section [3| we use the ideas from [4] (and [13,[I7]) to obtain a
detailed version of [4, Lemma 2.1] in this more general setting, Proposition [3.1]
where we approximate solutions to fully nonlinear equations by solutions to
more regular equations, and we believe that this is a result of independent
interest.

In Section [] we then use the ideas of the previous section to construct a
sequence of strong solutions, globally Holder and compactly supported, to
general fully nonlinear translation invariant equations.

Finally, in Section [5| we prove our main result, Theorem by regularizing
the infsup structure of the fully nonlinear operators. In the local setting,
F(D?u) = 0, this would be accomplished by directly regularizing F. In the
nonlocal setting, the analogue of F' would be defined on an infinite dimensional
space (the space of kernels), and one needs to be more careful about such
regularization.
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2. PRELIMINARY STEPS

In this section we introduce the notation used throughout the work, as well
as some preliminary results that will be useful in the following proofs.

2.1. Notation. We will use kernels that have higher-order regularity in both
x and y. Let us introduce the corresponding spaces.

Regarding the regularity in z, an analogous condition to (1.5 can also be
considered for any power. Thus, in general, for a given g > 0 with [u—1] = m,
we can impose

|z —z

|D;nK([E,y)—D21K($,7y>|dy§CO )
/BQT\BT 2 (2.1)

for any z, 2" € R", r > 0.

/|u—m

We can then define the corresponding semi-norm as the best possible constant
C, satisfying such conditions for p > 0:

(K], :=inf {C; > 0: (2.1)) holds.}. (2.2)

On the other hand, we can also impose a higher-order regularity in the y

variable. In this case, the analogous condition we will require is that, for a
given > 0 with [u — 1] =m,

|z — 2/|p—m

D"K(x,z—y) — D"K(z,2 —y)|dy < C,——1
/BQT\BT! VK (2,2 —y) = DK (2,2 —y)|dy < o

for all > 0, 2,2 € B, s, © € R™.

(2.3)
We denote
(K% = inf{C, > 0: holds.} . (2.4)
If £, is an operator of the form (1.2)) with kernel K = K(z,y), we denote
(L]} = [K]Y. (2.5)

Remark 2.1. The previous conditions are satisfied when the kernels are Holder
continuous with an appropriate scaling. Namely, for condition to hold
it is enough to ask [K]cu(p,\p,) < Cr~>*7" for all r > 0, and in the case of
condition (2.3) it is enough to have [K|cs(p,\5,) < Or=2=n=# for all r > 0.
These are the type of pointwise norms used, e.g., in [4] [].

We then define the classes £9(\, A; ) and £4(\, A) for 1> 0 as follows:

Definition 2.2. Let s € (0,1), 0 < A <A, and let w : Rt — R be a modulus
of continuity. We define, for u > 0,

LI A ) = {Ly € LINA) 1 [L]Y) < o0}
We also denote £4(A, A;0) := £Y(\, A).
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On the other hand we define, for a given p > 0,

LN A) = {L, : ([1.2)-(L.3)-(1.4) holds, and (L]} < 0o}t
and we denote £3°(A, A) = [,5 £ (A A).

Of course, we also have the corresponding regular classes of fully nonlinear
operators of the form (1.6), 3¢(X, A; 1) and J#(A\, A):

Definition 2.3. Let s € (0,1), 0 < A < A, and let w : Rt — R* be a modulus
of continuity. We define, for u > 0,

JN A p) = {Z € T2\ A) : [Z)) < +00}.
where for Z € 3¥(\, A) we denote

/Y = sup [Lapal?.
it (a,b)EAxB[ abal

In particular, in the expression (1.6)) we have that L., € £Y(\, A; p) for all
(a,b) € A x B. When p = 0, we denote furthermore J3¥(\, A;0) := J¥(\, A).
We also define, given p > 0,
TN A p) = {Z € TY(N\A) : [Z] < 400}
where for Z € 3¥(\, A) we denote

[Z]} == sup [Lazls
B abeAxB a

and 3%(\, A) = ,-o T\, A).

p>0 s(

The extremal operators corresponding to the class £4(A, A) have a relatively
simple closed expression:

M, qu(x) :% /n {A(u(a: +y) +u(r —y) —2u(z)),

— /\(u(a: +y)+ulx—y) — 2u(x))_}—
and

M;/\’Au(m) :%/ {)\(u(as +y)+ulx —y) — 2u($))+

n

(2.7)
— Au(z +y) + u(z —y) — 2u(:€))}|y|ci%

Throughout this paper we will denote
MF = My, and M= My, (2.8)
The class 3¢(\, A) is uniformly elliptic with respect to £4(\, A), that is,
M u(z) <Z(u+v,z) — Z(u,z) < Mto(x).
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2.2. Preliminary results. The following are well-known results that we re-
write here for the convenience of the reader. The first is a result regarding the
regularity of £,u when u is regular.

Lemma 2.4. Let s € (0,1) and let pu with p & N. Then, if L, € L4\, A), for
any u € C*T(By) N C*(R") we have L,u € C¥ (By) and
1£atllon(y) < CA ([ullozsn sy + llullos@n)

with C depending only on n, s, [L.]%, and p.

/J,?
Proof. The proof of this result is standard. We briefly sketch the main steps
for completeness, and refer to [11] for more details.

Let us assume first that £, = £ is translation invariant, with kernel K (y)
satisfying | K (y)| < Aly|™""% in R". We fix a cut-off function n € C>*(R")
such that n >0, 7 =0 in R" \ By, and n = 1 in By/3, and define

uy =nu and us == (1 —n)u,
and we bound separately the regularity of Lu; and Lus.

To bound [|Lu||cn(B, ) we use up € C*H(R") with [lu||czern@ny < C.
Then, if ;4 < 1, a direct computation shows that

ur (2 + ) +wi(z = y) = 2u(@)] < Cly**,
uy (2) + ur(—2) — 2uy (0)] < Cla|*t*,
ui(z £ y) + w2 £ y) — 2w (£y)| < Cla* .
for 2s +p < 2, and
‘m(w +y) Fui(z —y) — 2ui(z) —wi(y) —ui(—y) + 2U1(0)‘ < |yl |z)? 2,
| (2 +y) +ur (=2 +y) = 2ui(y) — ur(z) — ui(—2) + 2u1 (0)| < [af[y[> 2
if 2 < 2s+ p < 3. Together with the bounds on the kernel, this directly yields
| Lui(z) + Lug (=) — 2Luy (0)] < CAzl*, (2.9)

which is what we wanted (repeating around every point in By/5). On the other
hand, if p = k+ 8 with k € N, g € (0,1), we take k derivatives of Lu; and
repeat the arguments above, to obtain [D"‘L’ul]cza(Bl/Q) <C.

For the bound on || Lug|cu(p, ) (With =k + (3 as above), we have

| D" Lusy () — D*Lus(0)| = |LD uz(2) — LD uy(0)] < Clx|?,

using that D*u, € C® and the fact that us = 0 in Byys.

Finally, to do the general non-translation invariant case, given a fixed point
x; we denote L,, the translation invariant operator with kernel K (z;,y). Thus,
if p <1 we can write for xy,xy € By,

|£$1U(ZL‘1) - ‘Cmu(x?)l < |,Cx1u(x1) - Ewlu(x2)| + |£$1u(x2) - EI2U(IL‘2)|,
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where the first term can be bounded as before, and the second term is bounded

thanks to (2.1)) and the fact that u is C**™* around x,. If u > 1, we use the
same reasoning, by taking the derivatives of £,u(z) and using the bound ({2.1))
again. U

The following, is a direct consequence of the comparison principle for the
extremal operators:

Lemma 2.5. Let s € (0,1) and M* be given by [2.8). Letu € C(By)NL>®(R™)
be a wviscosity solution of
Mty
M~u

—Co m Bl;

C. in B (2.10)

IN TV

Then,
|l Loo(By) < [Jullpoe @B,y + CCo,

for some constant C' depending only on n, s, A\, and A.

Proof. The proof is standard, by applying the maximum principle to the func-
tions u £ CC,xpB,. O

The next result is on the interior regularity of solutions to non-divergence-
form equations with bounded measurable coefficients:

Theorem 2.6 ([I8, 2]). Let s € (0,1) and let M* be given by [2.8). Let u €
C(By) N L>®(R™) be any wiscosity solution to a non-divergence-form equation
with bounded measurable coefficients, i.e.,

{ MJF'U Z —Co i Bl

Mu < C, in DBy,
for some Cs > 0. Then u € C (By) with
[ullov(s, 0y < C (llullze@ny +Cs)
where C' and v > 0 depend only on n, s, A\, and A.
And the corresponding result regarding the regularity up to the boundary:

Lemma 2.7 ([B]). Let s € (0,1), and let g € L>*(R") N C*(By) for some
a > 0. Let M* be given by [2.8)), and let u € C(Q) N L=®(R") be a viscosity
solution of

Mty > —C, in B,
_/\/lfu S CO m Bl,

Then, u € C°(By) for some 6 > 0 depending only on o, n, s, X, and A.

We will also make use of the notion of weak convergence of nonlocal opera-
tors, in particular to study limits of viscosity solutions; see [, Lemma 4.3].
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Definition 2.8 (Weak convergence of operators). Let s € (0,1). Let (Zy)gen
be a sequence of operators with Z;, € J¥(A\,A) and let Z € J39(\, A). We say
that Z,, weakly converges to Z in {2, and we denote it

Iy, -7 in R",
if for every z, € Q and every function v € L*(R") such that v is C? in
B, (z,) C Q, we have Z(v,z) — Z(v, z) uniformly in B, s(z.).

Finally, we also recall the following classical result on the interior regularity
of solutions to equations with the fractional Laplacian (see, for example, [15]):

Proposition 2.9 (Interior estimates for viscosity solutions of (—A)®). Let
€ (0,1), and let f € C°(By) for some 6 € [0,1). Let u € C(By) N L>(R")
satisfy
(—AYu=f in B
in the viscosity sense. Then, if 2s +0 ¢ N, u € CE(By) with

loc
[ullzero (s, ) < C (llullzoeny + | fllcos) »

for some C' depending only on n, s, and 6. If 0 = 0 and s = %, then u €
CY=(By) for any 6 > 0.

3. APPROXIMATION OF EQUATIONS WITH REGULAR KERNELS

We start with a first approximation result in the case of regular kernels. We
consider operators of the form

I(u,z) = 1161[2 sup{ Lapu(z) + Cab(x)}, Lapz € £5(N,A;0), (3.1)
acA

from which we define its regularized version as
Z.(u,x) = inf sup{ Lgbx (x) + cab(x)} , Eabx € L.(\ A 0), (3.2)
beB aed

where the c,;, are the same as above. The first regularization or approximation
result is then the following:

Proposition 3.1. Let s € (0,1), and let T € 3“(\, A;0) with 6 € [0,1) be of
the form (3.1). Let us assume, moreover, that

sup  [caploomny < 00,
(a,b)e AxB

where we denote [-]co = osc(-).
Let w € C(By) N L>®(R™) be any viscosity solution of

Z(u,x) =0 in By.
Then, there exist a sequence of functions,

u® € OB (By) NC(B)NL®R™)  if 2s+0¢N,

loc
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or u® € CL%(Bsya) N C(By) N LR for any § > 0 if @ =0 and s = 3;
and a sequence of operators I. € (X, \;0) of the form (3.2) and satisfying
[Z.]; < Ci[Z]3 if 6 > 0, with Cy depending only onn, s, X\, A, and 8, such that,
T.(u®,2) = 0 in Bz
ue = in R"™\ Bga,
and
u® — w  locally uniformly in Biyy.

Moreover, we have

[0 2wy < C (il zgery + 10, ) 1w0) (33)
for some C' depending only on n, s, X\, and A.
Let us start with the construction of Z.. Let ¢ : [0,00) — [0, 00) be a given

fixed cut-off function such that

¥ € C([0,00)),
¢=1 i [0,1/2]
$=0 i [L,00),

1) is monotone nonincreasing.

We also fix a mollifier ¢ such that

p € C(By) is radial, with ¢ > 0 and [, ¢ =1, (3.4)
and we consider the rescalings
1 x o
pe(7) = =0 (g) e 0=(B.). (3.5)

Given L, € £4(\, A) with kernel K (which satisfies (1.4)-(1.5))) and € > 0,
we define £ to be the operator that has kernel K. given by
K. (z,y) = (1 =¥ (lyl/e)) (K () * ) (@) + o(|yl /o)y 77> (3.6)

Notice that with this definition we still have £ € £9(X,A). Moreover, we
have:

Lemma 3.2. Let s € (0,1). If L, € £2(\, A;0) for some 0 > 0, then L €
LY\, A5 0) as well, with

[£2]; < CILJ;
for some constant C' depending only onn, s, 6, X\, and A.
Proof. Let us define, for a kernel J(x,y) with [0 — 1] = m,

D"J(x,z—y)— D"J(x, 2 —

[J]g;y := sup  sup / D7 y) Y ( il dy,
reR™ Z,Z’EBT/Q BQT\BT ’Z -z |

(cf. (2.3)).
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By the triangle inequality, we have
(Ko < K % 0o + OO+ D2 [(lyl/2)],, + o],
< C (K] + 740 gy + [yl >, ) 72,

which, since 1 is fixed and [¢]g,,/c = 0 for r > 100e or r < £/100, directly
implies

(Ko < C([KTp + 1)7,—25—97
and hence

[Kelg < C([K]g + 1)

Since [£,]§ > ¢ > 0 for all £, € £9(\, A;0), the result follows. O
Remark 3.3. Notice that, in fact, the new operators £ are regularizing in x,
so L) € L£2(A, A) N L£2(A, A) with bounds independent of (a,b) € A x B.

Remark 3.4. The same proof would also yield that the operators preserve
pointwise norms, like the ones in Remark [2.1]

Let now Z € J3Y(\, A; 0) for some 6 > 0, i.e., of the form (3.1)). We define Z.
as (3.2)) with £((fb)x given by (3.6). By Lemma we immediately have that

T. € 3°(\, A 0)

as well, with [Z.]] < C[Z]} if 6 > 0. Furthermore, Z. weakly converges to Z as
el 0:

Lemma 3.5. Let s € (0,1), and let Z,Z. € 3¢(\, A) be as above. Then
Z. -7 i R" as 1,0,
in the sense of Definition[2.8.

Proof. Let x, € R", and let v € L>°(R") such that it is C? in B,(z,) for some
r > 0. Let us compute, for any x € B, 2(%,) and £, € J3¢(A, A) with kernel K,
1

LEv(z) = Lo(z) = 3 / (2v(z) —v(z+y) —v(@—y)) (K:(z,y) — K(z,y)) dy.
Since

K.(w,y) = K(z,y) = ¢(lyl/e) (|y ™" — K(z,9)) + (K (-, y) xp:) (2) = K(z,y)
we can bound the right-hand side by

‘E(E)v(m) — Lo(z)| < T+11

where, directly using that |K(z,y)| < Aly|™""%%, we have

1= [ Joute) = vla -t ) = ol = Iyl > dy
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and
II = / / |2U(a;) —v(r+y) —v(r— y)HK(:U —2,y) — K(:U,y)‘ dy pe(z) dz.
Now, since v is C? in B,(x,) and taking ¢ < r/4 we can bound I by

I< C”“”C?(Bsr/mo))/ Y| dy < Cllvllcas, @™

€

On the other hand, thanks to ([1.5)) we also have
[ [z = oo +) = ol = )| = 2.0) — Ko dy
Rn

< C (Iollo2y atean + Nollny ) w(121),
and therefore
11 < C (ollcas,ateay + 10z an) ) w(e).
Hence, we can bound

. __pe
T0) = afoup { ~£ o) + ulo)

< I(U,Q?) +C (HUHCQ(B,?,T/zl(xO)) + HUHLoo(Rn)> (52*25 + w(e))

On the other hand, we also get similarly,

Z.(v,z) > Z(v,z) = C <||U||c2(33r/4(mo)) + ||U||L°°(Rn)) (7% +w(e)).
In all, we have proved that
1 Ze(v,+) = Z(v, )| Lo (B, (o)) + O
as € | 0, that is, Z. — 7. O

We want to use the previous operators Z. to construct a series of regular
solutions approximating a given solution. That is, let Z € 3%(\, A; 0) for some
0 €[0,1), and let u € C(B;) N L>®(R™) be such that

Z(u,x) =0 in By. (3.7)
We then define u(*) to be the unique solution (see, for example, [17, [14])

Z.(u®,2) = 0 in Bsy
ue = in R"™\ Bys.

Lemma 3.6. Let s € (0,1) and Z € J3Y(\,A). Let u € C(By) N L>(R") be
any viscosity solution of (3.7), and let u®) € C(Bs4) N L®(R™) be the unique
solution of (3.8). Let v > 0 be given by Theorem . Then

lgeem + 16 e, ) < € (e + IZ0, 2)lecm, )

(3.8)
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for some C' depending only on n, s, \, and A.
Proof. Observe that,
Mo >T (v,2) —Z.(0,2) > M,

and since Z.(0, x) = Z(0, z), the bound on Hu(s)”LOO(BgM) directly follows from
the comparison principle in Lemma , while the bound on [u(‘f)]m( By 18 @
consequence of Theorem and the bound on |[u(®) |0 (Bs,4)- O

We now want to show that the solutions u(®) are qualitatively regular (that
is, strong solutions) in the interior of Bjs/. In order to do it, we use the
structure of the operator Z., which behaves like a fractional Laplacian. Thus,
we need the interior estimates for viscosity solutions of equations with the
fractional Laplacian, Proposition [2.9] The following is the qualitative result
on the regularity of u(®):

Lemma 3.7. Let s € (0,1). Let u®) be defined as above, (3.8)), for a fived
Z € 39\ N;0) with 0 € [0,1) of the form (3.1). Let us assume, moreover,
that
sup [Cab]CQ(Rn) <, < o0,
(a,b)eAxB
where we denote [-]co = osc(-). Then, if 2s +6 ¢ N, u® € CZ5%(Bs)y). If

loc
0 =0 and s = %, we have u® € C,.°(Bs;4) for any & > 0.

Proof. For the sake of readability, let us denote v = u(®). Notice that, by
Lemma and a covering argument (or directly by Theorem [2.6)), we already
know that v is C7 inside Bs/y.

We express now the operator Z. as follows:

e s : ~(e)
I.(v,2) = =} (~A)"0(x) + infsup { £, 0(2) +co(x) |

= =i (=A)v(x) + fo(x),

where we have denoted,
L8 0(w) = (b (=a) = £8), ) v(w)
5 [ @)~ vle+y) — vl - ) Rl ) dy
= /B (’U(.CE) —v(x + y))f(a(a:, y) dy,

c
e/2

(3.9)

K (z,y) = (L=¢(yl/2) (Iy]™" % — (Ka(-, ) * ) (x)) € L'(R™),
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where ¢, ¢ is the constant of the fractional Laplacian, (—A)®, and Ky (x,y) is
the kernel of the operator L, . In particular,

ﬁ((sz = o( / K.(z,y)dy — / v(2)K.(z, 2 — z) dz. (3.10)
(z)

/2

Let now z € By, fixed, and let

e 1l/(3
p= mln{4 — dist(z, 833/4)} = mm{4 5 (4_1 — ]a:|)} > 0. (3.11)

Let us bound, for h € B,,
L) v(z+ h) — LE)

aeV(@)| < T+ 1T+ 111,
where, for any p € (0,1) we have

ab:p

I=lo(o+ )= o@)]| [ Ruw+hoy)dy < Cylulonin,on bl
BC
as well as (since v is bounded)

a0, et ) = Relo)ldy

/ ) ko) ) — (Kaplry) % 2)(2)] dy

S Cp|h|a
(where we used that the regularized kernels (Kup(-,y) * ¢-)(z) are uniformly
Lipschitz in (a,b) € A x B, but not in € as ¢ | 0), and

II]</ lw(2)||Ke(z, 2 — ) — Ko(2, 2 — & — h)| dz

<C, / z,2—1x) — K.(x,2 — 2 —h)|dz < C,|h|’,
5/4

since Z € JY(\, A; ).
Thanks to the previous bounds we have
[Levlon s, < C (lollens,@n + loll=@n)

where C. is independent of (a,b) € A x B. In (3.9) we can therefore bound
the Holder semi-norms of f. (being the inf sup of Hélder functions) as

[flen @) < Co ([0llcnBy) + 0] L@y + Cs) -
Thus, we obtain that
NS C£C<B3/4) and 0O S U S 0 — fs - Cl'lgc(Bg/;L), (312)

in a qualitative way.
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Moreover, v satisfies, by assumption
(—A)S’U = fs in B3/4.

Hence, we can now use interior estimates for viscosity solutions with the
fractional Laplacian, Proposition together with a bootstrap argument to
conclude: to begin with, we already know that v € C7(Bsy), hence by
(3-12)) we have f, € C"(Bs4) and by the interior estimates in Proposition
v € CH iy (By ). If 0 > ~, we can iteratively repeat this until v +ms > 0
for some m € N, at which point we have to stop when we reach C? regularity
of f.. A final application of interior estimates implies C?*% regularity of v. If
6 = 0, we only apply the iteration once. O

We can finally prove the regularization result:

Proof of Proposition[3.1. We construct Z. and u'® as (3.2) and (3.8). Then,

Lemma [3.5] gives the weak convergence of Z. to Z, and Lemma [3.6[ and a cov-
ering argument give the locally uniform convergence of u(*) in By /4 (by Arzela-
Ascoli, up to taking subsequences), towards some function @ € C(Bss) N
L*>*(R™). Hence we are in a situation where we can apply [B, Lemma 4.3] to
deduce that @ € C(Bs/4) N L>*(R") satisfies

I(ﬂ,x) = 0 in 33/4
U = U in Rn\Bg/4

By the uniqueness of continuous viscosity solutions we have @ = u, and more-
over u € C(By). The interior regularity is due to Lemma . This completes
the proof. O

4. APPROXIMATION BY STRONG SOLUTIONS

Proposition [3.1] gives an approximating sequence to a viscosity solution by
smoother solutions, which in the case § > 0 are strong (i.e., C*%). Let us now
very briefly show that, with a bit more of work, also in the most general case

= 0 we can consider strong solutions as the approximating sequence. We
refer to [13] for a similar procedure in the case s > 1/2. We believe that part
of the appeal of the following proof lies in its simplicity.

Proposition 4.1. Let s € (0,1), and let T € (N, A). Let u € C(By) N
L>*(R"™) be any viscosity solution of

Z(u,z) =0 in Bi.
Then, there exist 6 > 0, a sequence of functions,

028+6(B3/4) NCY(R™) 3 u'® — u locally uniformly in Bsyy and in L'(R™; wy),

loc
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and a sequence of operators I. € J9(N, A) of the form (4.2), such that
fa(u(s), ) =0 in By
1. —~ T in the sense of Definition [2.,

as € | 0. Moreover, we have
||u(€)||Loo(]Rn) S O <||U/||L00(Rn) —+ ||I<O, l‘)|IL°°(Bg/4) =+ w(&)) (41)
or some epending only on n, s, A\, and A.
f Cd ds [ A d A

In order to prove it, we proceed following a similar strategy to the one before.
Now, however, we need to regularize the ¢, (x) in the definition of Z, as well
as the value of u outside of Bs/s. We will do that by means of a convolution.

We define Z. analogously to (3.2) but also regularizing the terms cq(x).
(1.6)

That is, for any Z of the form we consider

Z.(u,z) == inf sup {—ﬁ(‘g) u(z) + cg‘? (x)} , £

beB g ab,x ab,x

€ L(\A),  (4.2)

where E((;))x are the corresponding operators to L, but with kernel given by

(3.6]), and where cl(fb)(:v) = (e * cap) () (recall (3.4)-(3.5))). Lemma still

holds in this case:

Lemma 4.2. Let s € (0,1), and let T,7. € 39(\,A) be as above. Then
7. ~T in R" as €0,

in the sense of Definition[2.8,

Proof. The proof is exactly the same as that of Lemma [3.5] where we now use

that since cq(z) are equicontinuous, then cg;) (x) converges locally uniformly

to cq(z) as € | 0 independently of (a,b) € A x B (that is, depending only
on w). O

IfZ e 3%\ A) and u € C(B;y) N L®(R™) is a viscosity solution to
Z(u,z) =0 in By, (4.3)
we define our new functions u(*) to be the unique solution to (given, for exam-

ple, again by [17, [14])

{ :Z-E(U(E),.T) =0 in B3/4 (4 4)

U(E) = (UXBl/g) * g in R" \ B3/4.

In doing so, the following analogue of Lemma 3.6 also holds now:
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Lemma 4.3. Let s € (0,1) and T € JY(\,A). Let w € C(By) N L®(R™) be
any viscosity solution of ([£.3)), and let u'® € C(Bs4) N L>(R") be the unique
solution of (4.4). Let v > 0 be given by Theorem . Then

I ooy + 145, < C (Il ey + 1T, @)l 2wy ) + ()
for some C' depending only on n, s, X\, and A.
Proof. The proof is the same as that of Lemma by using that
[(uxs,,.) * elle@n) < lluxs,,. lle@ < llullLoe@n).
The main difference is the appearance of w(e) on the right-hand side of the
estimate. This is because we now have Hcg‘? — CapllL(By,) < w(e), and so
1Z:(0, 2) = Z(0, 2) || oo (B, ) < w(€)- O

By regularizing the boundary datum we have now improved the regularity
of u(®) with respect to the previous case, Lemma :

Lemma 4.4. Let s € (0,1). Let u® be defined by (&.4), for a fized T €
3“(\,A). Then, there exists § > 0 independent of ¢ > 0 such that u'® €
CE¥3(Byya) N CORY).

loc
Proof. For the sake of readability, we denote v = u(®). Observe that the exterior
datum satisfies
IV((uxs,,.) * @)l Loo®ny < C-,
for some C. that might blow-up as € | 0. This is enough to deduce that, from

the boundary regularity in Lemma there exists some § > 0 (independent
of € > 0) such that v € C°(R").

As in Lemma , we rewrite the operator Z. as

T.(v,z) = —c; L (=A)*v(z) + fo(z),

n,s
where

e A(e) (e)
fé(x) T })2};32}2 {‘Cab,xv(x) + Cab (I)}

and (13.10]) holds.
For z € Bs), fixed, we proceed as in Lemma taking p as (3.11) and

bounding, for h € B,,
1£9 v(@+h)— LS v(@)| < T+ 1T+T11,

ab,x ab,x
where, for any p € (0, 1) we have
I < CP[U]C”(Bp(f’?))’h’M> IT < CP’hL

and now we rewrite [11 as

T <III; +111;
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with
T, = [ ooty 1) = oo+ DIR(o + by) dy < CylhTlosen,
B

c
e/2

and

IIT;; = / (2 + y)[[(Kab (-, y) * o) (€ + h) = (Ka(,y) * @) (2)] dy < Cplh]
B2
(proceeding as in the bound of 7).
Together with the fact that cg? € C*, we get that

fe(x) € Cioo(Bsya)

for some 6 > 0 independent of €. By the interior estimates for viscosity solu-
tions with the fractional Laplacian, Proposition , we deduce v € C2(Bs /4)

loc
as wanted. O

We can finally prove Proposition [4.1}

Proof of Proposition[{.1. We proceed as in the proof of Proposition [3.1], with
the corresponding changes in this new situation.

We construct Z. and u(® as an, and Lemma gives the weak
convergence of 7. to Z, while Lemma and a covering argument give the
locally uniform convergence in By and the convergence in L'(R"; wy) of ul®
to some % € C(Bs;4) NL>(R™). The stability of viscosity solutions under limits
(see [0, Lemma 4.3]) implies that @ satisfies

I(u,z) = 0 in By
U = U in Rn\B3/4,

and by uniqueness, we have @ = u, and u € C(B;). The qualitative interior
regularity is due to Lemma and this completes the proof. U

4.1. Equivalence between viscosity and distributional solutions. As a
consequence of Proposition 4.1| we obtain that, in the linear and translation
invariant case (taking operators £ € £4(\, A), whose kernel does not depend
on x), the notions of viscosity and distributional solution are equivalent:

Lemma 4.5. Let s € (0,1), u € L*(R"), f € C(By), and L be a translation
wmwvariant operator with kernel comparable to the fractional Laplacian:

Lu(z) = P.V./ (u(z) — u(z+y))K(y) dy

with
K(y)=K(-y) and 0<A<|y""™K(y)<A in R"

Then, u solves Lu = f in By in the distributional sense if and only if it does
so in the viscosity sense.
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Proof. If u is a distributional solution, it is continuous (by [8, Theorem 3.8]),

and we can regularize it and consider (recall (3.4)-(3.5))
Us = U * @,
for some smooth mollifier ¢, = e "p(z/e). Then u. satisfies
Lu. = f. in By,

in the strong sense, and therefore, in the viscosity sense as well. Taking the
limit ¢ | 0, by [5, Lemma 4.3] u is a viscosity solution to Lu = f in Bj.

Conversely, if u € C'(By) is a viscosity solution to the equation, by Propo-
sition it can be approximated by strong solutions (and therefore, distribu-
tional solutions) u. — u to an equation of the form

Eaus:fs in B3/47

with a sequence of explicit operators L..

Then, the limit € | 0 is a distributional solution (see [8, Lemma 3.2 and
proof of Theorem 3.8]) to Loou = f in Bs/y, where by construction Lo, = L.
A covering argument, yields that Lu = f in B; in the distributional sense. [J

Remark 4.6. Lemma [4.5| may also apply to non-translation invariant kernels,
as long as they admit both definition of viscosity and distributional solutions
(which requires regularity in z).

5. PROOF OF MAIN RESULT

The goal of this section is to finally prove that we can actually approximate
viscosity solutions by C2°(R™) solutions, Theorem [1.1]

In order do it, we will combine the approximation by strong solutions in
Proposition [4.1] with the next result, in which we provide a way to regularize
the operator Z itself.

Proposition 5.1. Let s € (0,1), and let T € T\, A) NI\, A). Let u €
C2H(By) N CY(R™) be any solution of

loc
Z(u,x) = f(x) in B

for some f € C(By) and § > 0. Let (¢:)eso be given by (3.4)-(3.5)).
Then, there exist I. € J9(A\,A) N TIX(N\,A) such that the sequence u. :=

u* p. € CX(R™) satisfies
T (ue,x) = fo(x) in By
for some f. € C>(By) such that
fe = f uniformly in B3y ase | 0.

Moreover,
Z.(0,2) = Z(0,2) wuniformly in By, as e | 0.
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Proof. We divide the proof into four steps. For the sake of readability, we
assume f = 0. The general case follows analogously by taking Z(-,z) — f(x).

Step 1: We define cab = Cap * . € C°(R™) and we consider
I.(v,z) = ll)nf sup { Lapov(z) + ) (:E)} : Lapz € LA AN) NLE(AA).

€B acA
Notice that La,u. € C2 (By) (see Lemma with local uniform (in a, b,
and ¢) estimates in By, as well as Ly ,u. € C°(R™) (locally uniformly in
a and b, but not in €) with vanishing derivatives at infinity. Since ¢y, are
equicontinuous, the family Lg u.(x) + cffb) (x) is locally equicontinuous in Bj.
In particular, there exists a modulus of continuity w, such that L u-(z) +

cl(fb)(x) is continuous with modulus w, in Bs4, for all (a,b) € A x B and € > 0.

Hence, in fact, (Z.(ue, ))e>o is locally equicontinuous in By, and
Z(ue, ) = 0 locally uniformly in By, (5.1)
(recall f =0) as well as
7.(0,2) = Z(0,z) locally uniformly in B;. (5.2)

Step 2: We now consider, for any ¢ > 0 fixed, a finite collection of points
G: == {wy1,...,yn.} with y; € By, for 1 < i < N, such that dist(z,G.) < ¢
for all z € By, where ¢ = ((¢) is chosen small enough so that w.(¢) < /4
(where w, is the modulus of continuity of the previous step).

We want to take a finite redefinition of Z. such that its value at u. and 0 is
not altered too much. Namely, for any y; € G., we consider b;, by.; € B such
that if we define

Gi(v,x) := sup {—Eabi,xv( )+ cgz)( )} for 1<i<2N,

acA
then
0 < gi(u@yi)_i(ug,yl) < ¢g/4,
0 < Gn.vil0,y:) —Z.(0,y) < /4  for 1<i<N.

Together with the fact that G;(v,z) > Z.(v,z) in R for all 1 < i < 2N., and
from the choice of (, we have
0 < 1nf gz(ug,x) —fg(ug,x) <e/2 in  Bs,

1<

0 < mf gz(o 2) —1.(0,x) <e/2 in Bs.

1<i<2N,

(5.3)
Similarly, for each 1 < ¢ < 2N, fixed, and for any y; € G. we consider
Q5,5 A4 N.+j € A such that

Loyt (yy) + ¢ () — Gilue, yy)

a”

CEZ,)NEHbi(yj) - gz(ov yj)

<e/4,

<e/4 for 1<j<N..
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In particular, again by the choice of ( above, we have that

sup {—Eaijbi,xue( )—i—c(g) (x )} — Gi(ue, v)

1<j<2N.

SET/Q in 33/4,

sup c() () G:(0,x)

a;
1<j<2N. isb

Combined with (5.3) we get

§€/2 in 33/4.

inf  sup {—Eaijbi,xug( )_|_C(E) (z )} — I.(u., x)

1<i<2N: 1<j<2N, aigbi

<e¢ in B3/47

inf  sup {cgb(aﬁ)} — j€(0>$)

S € in 83/4.
1<i<2Ne 1<j<2N,

Thus, we can define

Z¥(v,x) := inf  sup {—Eimv(x) + 52(»;) (x)}

1<i<2N: 1< j<2N.

where

Lijo = Laypie € L5 A)NLXNA) and & = for 1<4,j <2N.

a;;b;
and we have that
|I;"(u€,x) —fs(ug,x)} <e in DBsu,

N (5.4)
7:(0,2) — Z.(0,2)| <e in B

The key difference now is that Z} is a finite inf sup.
Step 3: Let us denote, for the sake of readability, N := 2N.. We define F; :
R¥N & R as

T11 12 ... T1N
T21 T2 e ToN
F.({zijh<ij<n) =Fo | | . . = inf sup zy,
: : . : 1SN 1< j<N
IN1T IN2 ... INN

so that
T:(v,z) = F. ({—va(x) + &) (@}KWN) . (5.5)

Then, F. is a piecewise linear function with |VF;| = 1 a.e. and such that
for a.e. © € RVN VF.(2) € {e;;}1<ij<n, where e;; € RV*N is the matrix
with (e;;);; = 1 and (e;;)re = 0 for all (k,¢) # (i, 7).

In particular, by considering a regularization F! := F; * ¢, where ¢, €
C°(B.) with B, € RNV (see (3.4)-(3.5))) we have that F € C(R"*") with

Grad(FY) : U VF!(z) C 9Conv({e;}i<ij<n),

rERNXN
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where Conv(A) denotes the convex hull of A € RM*¥. Since [VF.| <1,
||F€—FETHL00(RN><N) S g, (56)
and we can write it as

Fl(x) = inf su M-x—M-z+F'(2)}.
E( ) ZERNXNMEGraI?l(FT){ E( >}

(This representation formula is valid for any Lipschitz function.) We then
define

L) = 17 ({-Lpto + )} ). 6.7)
so that

N
Z.(v,z) = inf sup { Z <_Mij£~ij,xv($) + Mz‘jéz(‘;) (1’)> + Cz€\4,z}

ZERN*N MeGrad(FT)
N ~
= inf sup {— <Z M Ly, x) (Z sz zj )+ Cly z)
4,7=1
(5.8)

ZERNXN MeGrad(FT)

where
Cy. =F(2) = M-z
In particular, since Zgjzl M;; =1, M;; > 0, and £2(X, A)NLX (A, A) is convex,
we have that Z. € 3%(\, A) N I (A, A) with
I(v,2) = infsup { ~£5,0(x) + 65 (@)}, L5 € 220, 0) X (A ),
beB 4 A

and where éffb) are equicontinuous with modulus w (the same as for Cab)-

Step 4: To finish, we notice that by the chain rule, since £;; yu,, é w ) e C>*(R™),
it follows from . that Z.(u., z) € C*(R").

Moreover, thanks to . . 5.5)) together with . and . . we have

Z.(tug,x) — 0 uniformly in Bsy
Z.(0,2) = Z(0,2)  uniformly in Bs/,.

This completes the proof. U

With this, we can complete the approximation result by C'2>° solutions:

Proof of Theorem[1.1. By defining the operator J(-,z) := Z(-,x) — f(x), we
consider first the sequence of functions u(®) from Proposition applied with
operator J in Bsg (after a scaling argument), so u(®) € C2%9(Bs,6) N C(R™).

2If f # 0, we would have now Z (v, ) — (f*p. ) (z) as a regularized version of Z(v, z)— f (x),
since 2, ; Mi; = 1.
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Notice that this also generates a sequence of operators J.(-, ) = Z.(-, x) — (f
@:)(z). Observe, also, that J € J3°(\, A) as well (see Remark [3.3)).

Each u(®) can then be regularized by applying Proposition (rescaled to
Bs/6), which together with a diagonal argument yields the desired result. The
bound on ||| L(&n) is a consequence of Lemma [4.3] O

Remark 5.2. In Theorem we have that, in fact, f. = f x ¢.. Furthermore,
notice that from the proof of Proposition [5.1] and more precisely, from the
representation together with Lemma , we have that if Z € 3“(\, A; 0)
for some 6 > 0, then Z. € J3¥(\,A;60) as well, with [Z.]; < C[Z]], and C
depending only on n, s, A, A, and 6 (the regularity in z is also preserved, since
it is regularized with a convolution). Finally, also from ({5.8)), if Z is of the
form , and Z. is of the form

Is(u7 .1') = b’lglg SHE { o E((jg)’,mu(x) + C((;i;)’ (x)}a ‘Ca’b’,z S ’Q:)()\? A)7
ca’' €A

then for any (a/,0') € A. x B,

[ng/]cu(R") < sup [Cab]C“(R”)’
(a,b)eAxB

for p > 0.
The same conclusion also holds for pointwise norms, like the ones in Re-

mark (thanks to [3.4).
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