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Abstract

The goal of this PhD thesis is to collect the results of the author in the study of
thin obstacle problems. We start by giving an introduction to the Signorini or thin
obstacle problem, summarizing some of the most relevant currently known results.
The next chapters correspond each to one paper by the author (and collaborators).
Thus, we start by studying the regularity of solutions for the fully nonlinear thin
obstacle problem, to then move to the study of the free boundary for general frac-
tional obstacle problems with drift, in the critical regime. This is followed by a
regularity result for minimizers of the perimeter with lower dimensional obstacles.
Finally, the last two chapters focus on the standard thin obstacle problem (and its
fractional counter-part) and fine regularity and generic regularity properties for the
free boundary.

Sommario

In questa tesi di dottorato si raccolgono i risultati dell’autore nello studio dei pro-
blemi di ostacolo sottile. Iniziamo con un’introduzione al problema di Signorini
o degli ostacoli sottili, riassumendo alcuni dei risultati piu rilevanti attualmente
conosciuti. I capitoli successivi corrispondono ciascuno ad un articolo dell’autore e
dei collaboratori. Cominciamo con lo studio della regolarita delle soluzioni per il
problema degli ostacoli sottili completamente non lineari, per poi passare allo stu-
dio della frontiera libera per i problemi generali degli ostacoli frazionari con termine
di trasporto, in regime critico. Segue un risultato di regolarita per i minimi del
perimetro con ostacoli di dimensioni inferiori. Infine, gli ultimi due capitoli si con-
centrano sul problema standard dell’ostacolo sottile e la sua controparte frazionaria,
e sulle proprieta di regolarita fine e regolarita generica per la frontiera libera.
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Summary

This thesis revolves around various aspects of the thin (or fractional) obstacle pro-
blem (also known as Signorini problem). In the introduction (Chapter [1)) we present
the problem and the main known results. In the following five chapters (Chapter
to Chapter @ we present the contributions of the author in the field. Each chapter
corresponds to a different paper. We summarize here each of the chapters.

e Chapter (1] is a general introduction to the thin obstacle problem. It is a
self-contained survey that aims to cover the main known results regarding the
thin (or fractional) obstacle problem. We present the theory with some proofs:
from the regularity of the solution to the classification of free boundary points,
ending with generic regularity-type results for the free boundary.

e Chapter [2| corresponds to the paper [Ferl6], that is,

X. Ferndndez-Real, CY< estimates for the fully nonlinear Signorini problem,
Calc. Var. Partial Differential Equations (2016), 55:94.

In this chapter we study a generalization of the Signorini problem involving
more general elliptic operators of second order in place of the Laplacian. We
consider general convex fully nonlinear operators, and show the regularity of
the solution to the fully nonlinear Signorini problem. This is a generalization
of a previous result by Milakis and Silvestre, [MS0§], where they showed reg-
ularity of solutions under some extra assumptions on the operators and the
solution itself.

Given a fully nonlinear operator defined on the space of n x n matrices M,,,
F: M, — R, satisfying[|

F is convex, uniformly elliptic (0.1)
with ellipticity constants 0 < A < A, and with F(0) = 0,

we consider the lower dimensional obstacle problem

{ F(D*) = 0 in By )\ {znp =0} (0.2)

min{—F(D?*u),u— ¢} = 0 on B;N{z, =0}

!Notice that, given a function w, we can express the nonlinear operator F as F(D?w(x)) =
SUPyep (Lif@z%w(w) + cv)‘,. for some family of symmetric uniformly elliptic operators with ellip-
ticity constants A and A, LY 0,,.;, indexed by v € T'. See [CC95} [FR20).

1
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(Notice that the Laplacian corresponds to F'(M) = tr M.) Then, we show that,
if ¢ € Y, the solution u is C** for some small o > 0 in either side of the
obstacle (that is, u € CY*(By s N {zp41 > 0})).

e Chapter (3| corresponds to the paper [FRI1S],

X. Fernandez-Real, X.Ros-Oton The obstacle problem for the fractional
Laplacian with critical drift, Math. Ann. 371(3) (2018), 1683-1735.

Another possible generalization of the thin obstacle problem consists in chang-
ing the normal derivative condition with a directional derivative in another
(non-tangential) direction. If we denote V,, the gradient in the first n vari-
ables, we consider the obstacle problem with oblique derivative condition

Au = 0 in B

{ min{—0,, ., , u+b-Vyu,u—p} = 0 on B;N{z, =0}, 03)

for some b € R fixed (cf. (1.6])). In this case, problem ((0.3) can be interpreted

as a fractional obstacle problem of the form
min {(=A)*u+b-Vu, a— ¢} =0 in R (0.4)

with s = % This kind of operators appears as infinitesimal generators of Lévy
processes with jumps (see below), and in particular, its obstacle-type
problem models optimal stopping problems for these processes. Problems of
the type had been previously studied in [PP15 [GPPS17] in the case
5 > %, where, as a general intuition, the term involving the gradient can be
treated as a lower order term. No regularity results are expected for the case
5 < %, but the situation where the gradient has to compete with the fractional

operator (s = 3) was still open.

In this chapter we study the free boundary for solutions to (or (0.3)) with
s = %, also considering more general nonlocal operators of order 1 (so that no
monotonicity formulas are available to be used). Given a solution @ to ,
we establish the C'h® regularity of the free boundary around any regular point
Z,, with an expansion of the form

u(z) — () = co((x — ) - e)i”(”““") o |z — ao| I+

1 1
F(zo) = 5t — arctan(b - e),

where e € S*! is the normal vector to the free boundary, o > 0, and ¢, > 0.
In particular, we have that the growth of the solution at free boundary points
depends on the orientation of the free boundary with respect to the vector b.

e Chapter 4] corresponds to the paper [FS20],

X. Fernandez-Real, J. Serra, Regularity of minimal surfaces with lower
dimensional obstacles, J. Reine Angew. Math., to appear.



The Signorini problem can also be interpreted as a linearization of the problem
where we want to minimize the area of a surface with prescribed boundary,
and constrained to be above a certain lower dimensional obstacle: namely, the
Plateau problem, where we restrict the set of admissible solutions to those
that contained a fixed lower dimensional smooth manifold (the thin obstacle).

In Chapter {4 we study the regularity of solutions to the minimization problem
in ]Rn+1
min {P(E;B;) : ED> O, E\ B, =E,\ B} (0.5)

where P(E; By) denotes the (variational) perimeter of E inside By, and O :=
¢ ({z,, =0, 2,41 < 0}) is the thin obstacle (which here is given by the smooth
diffeomorphism ® of a flat thin obstacle).

Perhaps surprisingly, we show that solutions to are Oz at free boundary
points (in particular, they are a graph). This is opposed to classical smoothness
of minimal surfaces, which for dimensions n > 8 need not be regular. Thus,
the thin obstacle is actively acting at contact points and forcing a graphical
and regular solution.

The difficulty in studying (with respect to the same problem with a
thick obstacle) lies on the fact that near a typical point of the contact set the
hypersurface OF consists of two surfaces that intersect transversally on 0O.
Therefore, OF is typically not flat at small scales and thus cannot be
treated as a perturbation of the Signorini problem.

Chapter 5| corresponds to the paper [F.J20],

X. Fernandez-Real, Y. Jhaveri, On the singular set in the thin obstacle
problem: higher order blow-ups and the very thin obstacle problem, Anal.
PDE, to appear.

The set of non-regular points of the free boundary can subdivided into the
set of singular points and the set of other points. The set of singular points
corresponds to those points where the contact set has zero density (in the
thin space) and can be characterized also as those where the blow-up has even
homogeneity. It is contained in a countable union of C! manifolds. Moreover,
under a certain non-degeneracy condition on the obstacle (Ap < 0), the set
of degenerate points consists only of singular points of order 2.

In this chapter we thoroughly investigate the structure of singular points for
the Signorini problem (also with weights, s € (0,1), so to cover the fractional
obstacle problem of any order as well). In particular, we adapt the techniques
that had been introduced by Figalli and Serra in [FS18] in the context of
the classical obstacle problem to our setting. By means of GMT methods we
are able to deduce higher regularity properties for the singular set outside
of certain exceptional sets with lower dimension, and establish some higher
order expansions of the solutions around those points. As a consequence of
our study, we encounter a new fractional problem, what we call the very thin
obstacle problem: an obstacle-type problem with constrains on a co-dimension



Contents

2 domain, which only makes sense in the setting s > % Thus, we also study
the regularity properties of this new problem.

Chapter [6] corresponds to the paper [FR19],

X. Fernandez-Real, X. Ros-Oton, Free boundary reqularity for almost every
solution to the Signorini problem, preprint arXiv (2019).

For general smooth obstacles, without any extra non-degeneracy assumption,
the set of non-regular points of the free boundary can be very big, of dimension
n — ¢ for any € > 0.

Thus, while one would expect degenerate (non-regular) points to be always
small, we already know it is not true in the context of the Signorini problem.
The next natural question is to ask how frequently do these degenerate points
appear: even if they can exist, we expect them to appear in very particular
configurations, or at least, to be large in very particular configurations. This
is precisely what we show in this chapter by establishing a first result of this
kind in the context of thin obstacle problems.

In particular, we show that for almost every solution to the Signorini prob-
lem, the set of degenerate points is (n — 2)-dimensional (where “almost every
solution” needs to be understood in the context of the theory of prevalence).
That is, if we denote ug the solution to

{ Au = 0 in B (0.6)

min{—0,, ., u,u —¢} = 0 on By N{x,41 =0},

with a certain boundary condition g € C°(9B;), and we denote u, the solution
to (0.6) with boundary data gy = g + A, we show that

dimy (Deg(uy)) <n—2 forae. Xe|0,1].

In fact, our results are more precise, and are concerned with the Hausdorff
dimension of I's(uy), the set of points of order greater or equal than x. We
show that if 3 <k <n+ 1, then I's . (uy) has dimension n — x + 1, while for
k> n+ 1, then I's . (u,) is empty for almost every A € [0, 1]. This is the first
result, in the context of the Signorini problem, that proves that regular points
are better, in some sense, than the rest of degenerate points.

We then use similar techniques in the context of the parabolic Signorini prob-
lem to show that, for almost all times, the set of non-regular points is lower-
dimensional.



Chapter 1

Introduction to the thin obstacle
problem

The Signorini problem (also known as the thin or boundary obstacle problem) is a
classical free boundary problem that was originally studied by Antonio Signorini in
connection with linear elasticity [Sig33, [Sigh9]. The problem was originally named
by Signorini himself problem with ambiguous boundary conditions, in the sense that
the solution of the problem at each boundary point must satisfy one of two different
possible boundary conditions, and it is not known a priori which point satisfies which
condition.

Whereas the original problem involved a system of equations, its scalar version
gained further attention in the seventies due to its connection to many other areas,
which then lead to it being widely studied by the mathematical community. Hence,
apart from elasticity, lower dimensional obstacle problems also appear in describing
osmosis through semi-permeable membranes as well as boundary heat control (see,
e.g., [DL76]). Moreover, they often are local formulations of fractional obstacle prob-
lems, another important class of obstacle problems. Fractional obstacle problems can
be found in the optimal stopping problem for Lévy processes, and can be used to
model American option prices (see [Mer76l, [CT04]). They also appear in the study
of anomalous diffusion, [BG90], the study of quasi-geostrophic flows, [CV10], and in
studies of the interaction energy of probability measures under singular potentials,
[CDM16]. (We refer to [Ros1§| for an extensive bibliography on the applications of
obstacle-type problems.)

1.1 A problem from elastostatics

Consider an elastic body € C R3, anisotropic and non-homogeneous, in an equilib-
rium configuration, that must remain on one side of a frictionless surface. Let us
denote u = (u',u?,u?) : Q — R? the displacement vector of the elastic body, €,
constrained to be on one side of a surface II (in particular, the elastic body moves
from the Q configuration to Q2+« (2)). We divide the boundary into 02 = ¥p U Xg.
The body is free (or clamped, u = 0) at ¥p, whereas Y5 represents the part of
the boundary subject to the constraint, that is, 3¢ = 02 N II. Alternatively, one
can interpret g itself as the frictionless surface that is constraining the body (2,

5



6 Chapter 1. Introduction to the thin obstacle problem

understanding that only a subset of ¥g is actually exerting the constraint on the
displacement. This will be more clear below.

Let us assume small displacements, so that we can consider the linearized strain
tensor

1 . .
é(u’_—%u;i), 1<4,j<3.

Considering an elastic potential energy of the form W (e) = a;jin(x)ej€kn, for some

functions a;jni(x) € C(2) (where, from now on, we are using the Einstein notation
of implicit summation over repeated indices), then the stress tensor has the form

eij(u) =

oij(w) = agne(x)ens ().
We also impose that a;;n, are elliptic and with symmetry conditions

aijhk(x)cijghk > >\K|2 for all C € R™" such that Cij = Cji?

@ijnk(x) = ajing(x) = azjpn(x),  for x € Q.

Let us also assume that € is subject to the body forces f = (f', f2, f3), so that by
the general equilibrium equations we have

9a(u) =f, inQ, fori=1,2,3.

&%’j
From the definitions of o(u) and ¢;;(w) above, this is a second order system, and
from the definition of a;juk, it is elliptic. Thus, the displacement vector satisfies
an elliptic second order linear system inside (2. We just need to impose boundary
conditions on ¥g (the conditions on ¥ are given by the problem, we can think of
u = 0 there).

Let us denote by m the outward unit normal vector to x € 0f). Notice that,
by assumption, the stresses in the normal direction m on Xg, o;;(u)n;, must be
compressive in the normal direction, and zero in the tangential direction (due to the
frictionless surface). That is,

Jij(u)ninj S 0 on Zs, (11)

oij(u)n;7; =0 on Xg and for all 7 € R" with 7-n = 0.

On the other hand, we have the kinematical contact condition, encoding the fact
that there exists a surface exerting a constraint and the body cannot cross it (under
small displacements, or assuming simply that IT is a plane):

u-n<0, onXg. (1.2)
In fact, conditions (|1.1)-(1.2]) are complimentary, in the sense that
(u-n)-(o;(u)nn;) =0 on Xg, (1.3)

and we are dividing ¥g into two regions: those where the body separates from II
and those where it remains touching II. That is, if there is an active normal stress
at a point x € Xg, oj(u(z))n;(x)n;(xr) < 0, then it means that the elastic body



is being constrained by g (or II) at x, and thus we are in the contact area and
there is no normal displacement, u(x) - n(zx) = 0. Alternatively, if there is a normal
displacement, u(z) - n(x) < 0, it means that there is no active obstacle and thus no
normal stress, 0;;(w(z))n;(z)n;(x) = 0. This is precisely what ambiguous boundary
condition means:

For each x € ¥ g we have that one of the following two conditions holds

g
g
—~
&
3
=
—
S
<

&
I IA
e}

. Oj ; oii(u(z))n;(z)n;(r) = 0
cither { u(z) - n(x) of { o ))u(gc)) 7;%95; < 0,
(1.4)
and a priori, we do not know which of the condition is being fulfilled at each point.
The Signorini problem is a free boundary problem because the set ¥g can be divided
into two different sets according to which of the conditions holds, and these
sets are, a priori, unknown. The boundary between both sets is what is known as
the free boundary.

The previous is a strong formulation of the Signorini problem, which assumed
a priori that all solutions and data are smooth. In order to prove existence and
uniqueness, however, one requires the use of variational inequalities with (convex)
constraints in the set of admissible functions.

The first one to approach the existence and uniqueness from a variational point
of view was Fichera in [Fic64]. We also refer to the work of Lions and Stampacchia
[LS6T], where a general theory of variational inequalities was developed, which later
led to the scalar version of the Signorini problem, and its interpretation as a mini-
mization problem with admissible functions constrained to be above zero on certain
fixed closed sets. Later, in [DL76], Duvaut and Lions studied the problem and its
applications to mechanics and physics.

Finally, we refer to [Kin81) [KOS88| for more details into the strong and weak
formulation of the (system) Signorini problem and its properties.

1.2 The thin obstacle problem

In this work we will focus our attention to the scalar version of the Signorini problem
from elasticity: our function, u, would correspond to an appropriate limit in the
normal components of the displacement vector, w,,. Our obstacle, ¢, adds generality
to the problem, and would correspond to the possible displacement of the frictionless
surface OS2 while performing w. (We refer the interested reader to [CDV19, Example
1.5] for a deduction of this fact.) As explained above, this problem also appears in
biology, physics, and even finance. Thus, from now on, functions are scalar.

Let us denote x = (2, 7,41) € R” x R and B)” = By N {z,11 > 0}. We say that
u : Bf — R is a solution to the Signorini problem or thin obstacle problem with
smooth obstacle ¢ defined on B} := By N {z,+1 = 0}, and with smooth boundary



8 Chapter 1. Introduction to the thin obstacle problem

data g on 9By N {41 > 0}, if u solves

Au = 0 in Bf
u = g ondBN{x, >0}
Oppt-(u—¢) = 0 on ByN{z, =0} (1.5)
—0Oppyu > 0 on ByN{xn,y =0}
u—¢ > 0 on By N{r, =0},

where we are also assuming that the compatibility condition g > ¢ on 9By N{x,11 =
0} holds. Notice the analogy with the ambiguous compatibility conditions —
(L-2)-(L.3) or (L.4): the set with Dirichlet conditions, Xp above, is 9By N{z,11 > 0},
where u = ¢ is imposed; whereas the set with ambiguous boundary conditions, ¥g
above, is now Bf. That is, at each point x = (2/,0) € B we have that

: —0Op,u(z) > 0 or —Op,u(z) = 0
cither {u(m)—w(x’) . {u(a:)—gp(x’) > 0.

An alternative way to write the ambiguous boundary conditions in (|1.5)) is by
imposing a nonlinear condition on B} involving v and 0,, ,u as

Au = 0 in By

{ min{—9,,,,u,u —¢} = 0 on B;N{z,4 =0}, (16

with v = g on 0By N {x,41 > 0}. This is the strong formulation of the Signorini
problem.

In order to prove existence (and uniqueness) of solutions, we need to study the
weak formulation of the problem: a priori, we do not know any regularity for the
solution.

Consider a bounded domain €2 C R”, and a closed set C C (2. Let, also, ¢ :
C(C) — R be a continuous function. In [LS67], Lions and Stampacchia prove the
existence and uniqueness of a solution to the variational problem

min [ |Vo|? (1.7)

where K = {v € H}(Q2) : v > ¢ on C}. Moreover, they also show that such solution
is the smallest supersolution.

If ¢ = Q, is also known as the classical obstacle problem: finding the
function with smallest Dirichlet energy among all those which lie above a fixed
obstacle ¢. This problem has been thoroughly studied in the last fifty years (see
[LS6T, [KNTT7, [Caf77, [CR7T, Wei99, [PSUI2|] and references therein), many times in
parallel to the thin obstacle problem, and we will sometimes refer to it also as the
thick obstacle problem.

Our problem, , corresponds to the case when C is lower dimensional, with
codimension 1. Notice that simple capacity arguments yield that, if C has codimen-
sion 2 or higher, then the restriction of functions in Hy to C does not have any effect
on the minimization of the Dirichlet energy, and thus we would simply be solving
the classical Laplace equation. This means that, in this case, there is in general no
minimizer.



Thus, (1.6 are the Euler-Lagrange equations of the following variational problem

min/ |Vo|?, (1.8)
B+

veK* ]
where
K*={ve H(B):v=gondB N{x, >0},v>pon B;N{x, =0}}

Notice that the expressions v = g on 9B;N{x,.1 > 0} and v > ¢ on ByN{x,1 = 0}
must be understood in the trace sense. The existence and uniqueness of a solution,
as in [LS67], follows by classical methods: take a minimizing sequence, and by lower
semicontinuity of the Dirichlet energy, and the compactness of the trace embeddings
into H!, the limit is also an admissible function. The uniqueness follows by strict
convexity of the functional.

In some cases, the thin obstacle problem is posed in the whole ball By, and thus
we consider

min Vo>, K*={ve H(B)):v=gondB,v>pon B N{x, =0}}
By

vEIH*
(1.9)
for some function g € C(0B1). In this case, the Euler-Lagrange equations are for-
mally

u > ¢ on ByN{x, =0}
Au = 0 in B\ ({zn1 =0} Nn{u=¢}) (1.10)
Au < 0 in By,

with the added condition that u = g on 0B;. Alternatively, making the parallelism
with (1.6]), one could formally write

{ Au = 0 in By \ {z,1 =0}

min{—Au,u — ¢} = 0 on B;N{x, =0}, (L.11)

understanding that Awu is defined only in the distributional sense. Notice that if ¢
is even with respect to x,1, the solution to is even as well, and we recover
a problem of the form . On the other hand, for general g, one can study the
symmetrised function 4(2/,2n41) = 3 (u(@’, zp41) + w(2’, —2n41)), which has the
same regularity and contact set as u. Thus, in order to study one can always
assume that u is even in x,,1, and this is enough to study .

Notice, also, that in the condition Au < 0 needs to be understood in
the sense of distributions. In fact, Au is a (non-positive) measure concentrated on
{u = 0}. We can explicitly compute it by taking any test function ¢ € C2°(B;) even
M ZTpi1,

—(Au, @) =2 Vu -V =2lim Vu -V

Bf &0 Bf'ﬂ{azqu‘s}

= —2lim O, Up = —2/ ar wep.
el0 Bf'ﬂ{mn+1:s} o Bin{xn+1=0} e
That is,

LE).

Au = 28+n+1u 7‘[” L (Bl N {xn—&-l = O}) s (112)

+ o =1 /
where 0, u = lim.}o 0, ,,u(x
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Remark 1.1. In the derivation of (1.12)), apart from (I1.10)), we have also used integra-
bility of Vu, and that the trace of the normal derivative is well-defined. This follows
because, in fact, as we will show later, the solution to the thin obstacle problem is
Lipschitz, and is continuously differentiable up to the obstacle.

Remark 1.2. Problem can be seen as a first order approximation of the Plateau
problem with a lower dimensional obstacle, originally introduced by De Giorgi
[DeGT3], which has also been studied in the last years [DeAT79l [FoSp18bl [FS20].
Indeed, the Dirichlet functional corresponds to the area functional (up to a con-
stant) for flat graphs. (See Chapter [4| for more discussions on this topic.)

Finally, let us end this section by mentioning other possible constructions of
solutions. As mentioned above, the solution to the previous minimization problem
can also be recovered as the least supersolution. That is, the minimizer u to
equals to the pointwise infimum

u(z) = inf {v(x) TV E C’z(Bl), —Av > 0in By,v > ¢ on BinN{x,1 =0},
v > g on 831},

the least supersolution above the thin obstacle. The fact that such function satisfies
(1.10) can be proved by means of Perron’s method, analogously to the Laplace
equation.

As a final characterization of the construction of the solution, we refer to penal-
ization arguments. In this case there are two ways to penalize:

On the one hand, we can expand the obstacle, and work with the classical obstacle
problem. That is, we can consider as obstacle ¢.(z) = ¢(2') — e '22, | with e > 0
very small, which is now defined in the whole domain B;. Then, by taking the
solutions to the thick obstacle problem with increasingly thinner obstacles ¢. (letting
e } 0), converging to our thin obstacle, we converge to the solution to our problem.
Alternatively, we can even avoid the penalization step: the solutions to the thin
obstacle problem must coincide with the solution of the thick obstacle problem,
with obstacle @ : Bf — R given by the solution to Ag = 0 in By, ¢ = ¢ on
By N{zp1 = 0}, ¢ = g on 0By N {x,+1 > 0}. Notice that ¢ itself is not the
solution to the thin obstacle problem since, a priori, it is not a supersolution across
{zp41 = 0}.

On the other hand, we can penalize by replacing the ambiguous boundary
condition on {z,; = 0}, by considering solutions u® with the Neumann boundary
condition u¢ = e ! min{0,u — ¢} on {x,41 = 0}. By letting ¢ | 0, u° converges

Tn+1
to a solution to our problem.

1.3 Relation with the fractional obstacle problem

Let us consider the thin obstacle problem (1.6 posed in the whole R"™!, for some
smooth obstacle ¢ : R — R with compact support. That is, we denote RTFI =
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R™™ N {z,,1 > 0} and consider a solution to

Au = 0 in R+
u(z’,0) > (') fora’ e R
Op,u(2',0) = 0 if u(z’,0) > p(2’) (1.13)
Oppu(2’,0) <0 if u(z’,0) = p(2’)
u(z) — 0 as |z| — oo.

If we denote by u : R — R the restriction of u to {z,+1 = 0}, then we can
simply reformulate the problem in terms of u instead of u, given that w is just the
harmonic extension (vanishing at infinity) of % to R?*'. That is, by means of the
Poisson kernel in the half-space,

Tn1U(y') dy’
u(mlv‘rn-&-l) = [P<mn+1’ ) * u] (ZL“,) = Cn/ 2 = ( ) ntl
G S
for some dimensional constant c,. Thus, after a careful computation and taking
limits x,.1 | 0, one obtains

u(x') — a(y’ L
—0y, u(z’,0) = ¢,PV /R" w dy =: (=A)z2u(x’),

where the integral needs to be understood in the principal value sense. We have
introduced here an integro-differential operator, acting on u, (—A)%, known as the
fractional Laplacian of order 1 (in the sense that (—A)z(3(r-)) = r((—=A)2)(r)).

Let us very briefly justify the choice of notation ( —A)% in terms of the discussion
above. Given a smooth (say, C) function @, (—A)z# is the normal derivative of its
harmonic extension. If one repeats this procedure, and takes the harmonic extension
of (—A)2, it is simply 8,, ., u. Thus, (—A)%(—A)%ﬂ =02 u= —A,u, where we

n+1 Tn+1

are using the fact that Au = 0 (up to the boundary), and we denote A = A’ +9?

Tn+41"
In all, problem ([1.13) can be rewritten in terms of @ as
u > ¢ inR"”
PO .
(=A)ra = 0 ifu>e (1.14)
(—A)zu > 0 ifu=¢
u(z') — 0 as|2|— oo,

which is the formulation of the classical (or thick) global obstacle problem, with
obstacle ¢ and operator (—A)%, also referred to as fractional obstacle problem. Notice
that now, we are considering a function u that remains above the obstacle ¢ in the
whole domain (compared to before, where we only needed this condition imposed
on a lower dimensional manifold).

Similarly, one can consider the fractional obstacle problem in a bounded domain
2 C R™ with a (smooth) obstacle ¢ : © — R by imposing exterior boundary
conditions with sufficient decay, g : R™ \ Q — R,

u = ¢ inQ
<—A>i? = 0 inQn{u> g} (1.15)
(=A)za > 0 inQN{u=¢}
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Thus, in order to study the solution to ([1.15)), by taking its harmonic extension u,
it is enough to study the solutions to (|1.6)).

Finally, another characterization of the fractional Laplacian, (—A)%, is via Fourier
transforms. In this way, one can also characterize (up to a constant) general frac-
tional Laplacians of order 2s, with 0 < s < 1, as

F((=A)a)(§) = [¢[*F (@) (),

where F denotes the Fourier transform. The operator, which now has order 2s, can
be explicitly written as

(—A)a(x) = e, PV / o) ~ 5 4y

R ‘LU/ _ y/’n+2$

In this way, one can consider general obstacle problems with nonlocal operator

L=(—A)

u > ¢ inf)

La = 0 inQN{u> ¢}

Lo > 0 inQN{u=g} (1.16)
u = g inR"\Q.

(See, e.g., [Sil07].) As we have seen, the fractional Laplacian (—A)2 can be recovered
as the normal derivative of the harmonic extension towards one extra dimension (cf.
(L.15)-(1.6)). Caffarelli and Silvestre showed in [CSO7] that the fractional Laplacian
of order (—A)® can also be recovered by extending through suitable operators. Thus,
if one considers the operator

Lou = div(|zp41|"Vu), a=1-2s€(-1,1),

then the even a-harmonic extension of the solution @ to ((1.16) (that is, u with
Lou=01in x,41 > 0 and u(2’, z,11) = u(a’, —x,41)) solves locally a problem of the

type

u > ¢ on ByN{r,, =0}
Liuw = 0 in B\ {zp1 =0} N {u=¢p}) (1.17)
Lau < 0 in Bla

that is, a thin obstacle problem with operator L,, or a weighted thin obstacle problem
(cf. (1.10)) with A,-Muckenhoupt weight.

It is for this reason that many times one studies the weighted thin obstacle
problem with a € (—1,1) (see [CS07, [CSS08]). For the sake of simplicity and
readability, in this introduction we will always assume a = 0, but most of the results
mentioned generalize to any a € (—1,1) accordingly, and therefore, they also apply
to solutions to the fractional obstacle problem (|1.16]).

Fractional obstacle problems such as , as well as many of its variants (with
more general non-local operators, with a drift term, in the parabolic case, etc.), have
been a very prolific topic of research in the last years (see [CF13| [PP15] [GPPS17,
DGPT17, [CRS17, BFR18bl [FR18| and references therein).
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1.3.1 The fractional Laplacian and Lévy processes

Integro-differential equations arise naturally in the study of stochastic processes with
jumps, namely, Lévy processes. The research in this area is attracting an increasing
level of interest, both from an analytical and probabilistic point of view, among oth-
ers, due to its applications to multiple areas: finance, population dynamics, physical
and biological models, etc. (See [DLT6, Mer76, [CT04, Ros16, [Ros18] and references
therein.) Infinitesimal generators of Lévy processes are integro-differential operators
of the form

Lu=b-Vu+tr(A-D*u)+ [ {u(x+y)—u(z)—y- Vulr)ys (v)}v(dy), (1.18)
R
for some Lévy measure v such that [min{l, |y|*}r(dy) < oo. The simplest (non-
trivial) example of such infinitesimal generators is the fractional Laplacian intro-
duced above, which arises as infinitesimal generator of a stable and radially sym-
metric Lévy process.

In particular, obstacle type problems involving general integro-differential oper-
ators of the form appear when studying the optimal stopping problem for a
Lévy process: consider a particle located at X; at time ¢ > 0, moving according a
Lévy process inside a domain €2, and let ¢ be a pay-off function defined in €2, and
g an exterior condition defined in R™ \ 2. At each time we can decide to stop the
process and be paid ¢(X;) or wait until the particle reaches a region where ¢ has
a higher value. Moreover, if the particle suddenly jumps outside of €2, we get paid
g(X;). The goal is to maximize the expected value of money we are being paid. We
refer the interested reader to the aforementioned references as well as [Pha97] and
the appendix of [BER1S] for the jump-diffusion optimal stopping problem, as well
as |[LS09, [Eval2, [FR20] for the local (Brownian motion) case.

1.4 Regularity of the solution

Once existence and uniqueness is established for solutions to ([1.6)), the next question
that one wants to answer is:

How regular is the solution u to (|1.6))?

Of course, its regularity is expected to depend on how smooth is the obstacle p. We
will assume that it is as smooth as needed, so that we do not have to worry about
it at this point.

Regularity questions for solutions to the thin obstacle problem were first inves-
tigated by Lewy in [Lew68|, where he showed, for the case n = 1, the continuity
of the solution of the Signorini problem. He also gave the first proof related to the
structure of the free boundary, by showing, also in n = 1, that if the obstacle ¢ is
concave, the coincidence set {u = ¢} consists of, at most, one connected interval.

The continuity of the solution for any dimension follows from classical arguments.
One first shows that the coincidence set {u = ¢} is closed, and then one uses the
following fact for harmonic functions: if C C €2 is closed, and Av =01in Q\ C and v
is continuous on C, then v is continuous in ).
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Rather simple arguments also yield that, in fact, the solution is Lipschitz. Indeed,
if one considers the solution u to the problem (|1.10)), and we define h € Lip(B;) as
the solution to

Ah =0 in Bl \ {xn—&—l == O}
h = —||uHLoo(Bl) on 631
h = ¢ on By N{z,+1 = 0},

then u is a solution to the classical (thick) obstacle problem with A (which is Lips-
chitz) as the obstacle. In order to close the argument, we just notice that solutions
to the thick obstacle problem with Lipschitz obstacles are Lipschitz, so u is Lip-
schitz as well. This last step is not so immediate, we refer the reader to [AC04,
Theorem 1] or [Ferl6, Proposition 2.1] for two different ways to conclude this rea-
soning. These first regularity properties were investigated in the early 1970’s (see
[Bei69) LS69, Kin71l BCT2, [GMTH]).

In general, we do not expect solutions to to be better than Lipschitz.
Indeed, across {z,+1 = 0} on contact points, we have that normal derivatives can
change sign, as seen by taking the even extension to . Nonetheless, we are
interested in the regularity of the solution in either side of the obstacle. The fact
that normal derivatives jump is artificial, in the sense that it does not come from the
equations, but from the geometry of the problem. We see that this is not observed
in , where the solution could, a priori, be better than Lipschitz, and it also does
not appear when studying the solution restricted to {z,+1 = 0}, as in the situations
with the fractional obstacle problem .

1.4.1 (O regularity

The first step to upgrade the regularity of solutions to was taken by Frehse in
[Ere77] in 1977, where he proved that tangential derivatives of u are continuous up
to {z,+1 = 0}, thus showing that the solution is C' in Bj", up to the boundary.

Later, in 1978 Richardson proved that solutions are C*'/2 for n = 1 in [Ric78];
whereas, in parallel, Caffarelli showed in [Caf79] that solutions to the Signorini
problem are C'%* for some 0 < a < % up to the boundary on either side (alterna-
tively, tangential derivatives are Holder continuous). In order to do that, Caffarelli
started showing the semiconvexity of the solution in the directions parallel to the
thin obstacle. We state this result here for future convenience.

Proposition 1.1 ([Caf79]). Let u be any weak solution to (1.6), and let ¢ €
CYY(BY). Let e € S" be parallel to the thin space, €-e,.1 = 0. Then, u is semiconvex
i the e direction. That is,

éﬂ/f ou > —C([|ull 2z, + [Velcor ),
1/2

for some constant C' depending only on n.

As a (not immediate) consequence, Caffarelli deduced the C'* regularity of so-
lutions.
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Theorem 1.2 ([Caf79]). Let u be any weak solution to (1.6), and let o € C*1(By).

Then, u € C’l’a(B;r/Q) and

lellgragziy < © (Il + [Velommn)

for some constants a > 0 and C' depending only on n.

Remark 1.3. In fact, Caffarelli in [Caf79] pointed out how to deal with other smooth
operators coming from variational inequalities with smooth coefficients. Thus, in
(1.6) one could consider other divergence form operators other than the Laplacian,
with smooth and uniformly elliptic coefficients.

Remark 1.4. A posteriori, one can lower the regularity assumptions on the obstacle,
the coefficients, and the lower dimensional manifold. We refer to [RuSh17] for a
study in this direction, with C*® obstacles, C%* coefficients (in divergence form),
and with the thin obstacle supported on a C'" manifold.

The fact that the regularity cannot be better than CY/2 is due to the simple
counter-example,
u(z) = Re ((z1 + ilTni1])®?) (1.19)

which in (21, x,41)-polar coordinates can be written as

(r,0) = % cos (20).
The function w is a solution to the Signorini problem: it is harmonic for |z,1| > 0,
the normal derivative 0,, , vanishes at ¢ = 0, and has the right sign at 6 = 7.

It was not until many years later that, in [AC04], Athanasopoulos and Caffarelli
showed the optimal C'/2 regularity of the solution in all dimensions. That is, in
the previous theorem a = %, and by the example above, this is optimal. We leave
the discussion of the optimal regularity for the next section, where we deal with the
classification of free boundary points.

Historically, the classification of the free boundary was performed after having
established the optimal regularity. In the next section we show that this was not
needed, and in fact one can first study the free boundary, and from that deduce the

optimal regularity of the solution.

1.5 Classification of free boundary points

The thin obstacle problem, (1.6) or (1.10), is a free boundary problem, i.e., the
unknowns of the problem are the solution itself, and the contact set

Alu) := {2’ € R" 1 u(2’,0) = p(2') } x {0} C R*™,

whose topological boundary in the relative topology of R™, which we denote I'(u) =
OpnA(u) = 0{a’ € R : u(2’,0) = p(2’)} x {0}, is known as the free boundary.
After studying the regularity of the solution, the next natural step in understand-
ing the thin obstacle problem is the study of the structure and regularity of the free
boundary. This is also related to the optimal regularity question presented above,
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since one expects that the worst points in terms of regularity lie on the boundary
of the contact set.

Let us suppose, for simplicity, that we have a zero obstacle problem, ¢ = 0.
Notice that, if the obstacle ¢ is analytic, we can always reduce to this case by
subtracting an even harmonic extension of ¢ to the solutionﬂ. This is not possible
under lower regularity properties (in particular, this does not include the case where

p € C, see Section .

Our problem is

u > 0 on By N{x, =0}
Au = 0 in B\ ({zpp1 =00 {u=0}) (1.20)
Au < 0 in By,

and the contact set is
A(u) = {(2/,0) € R : u(z’,0) = 0}.

In order to study a free boundary point, z, € I'(u), one considers blow-ups of
the solution u around z,. That is, one looks at rescalings of the form

w(xo + 1)

< f(')Br(xo) “2) )

The limit of such rescalings, as » | 0, gives information about the behaviour of
the solution around the free boundary point x,. Thus, classifying possible blow-up
profiles as r | 0 around free boundary points will help us better understand the
structure of the free boundary. Notice that, by construction, the blow-up sequence
(1.21)) is trivially bounded in L?(0B;). To prove (stronger) convergence results, we
need the sequence to be bounded in more restrictive spaces (say, in W'?), by taking
advantage of the fact that u solves problem .

In order to do that, a very powerful tool is Almgren’s frequency function. If we
consider a solution w to the Signorini problem and take the odd extension
(with respect to x,41), we end up with a two-valued map that is harmonic on
the thin space (and has two branches). Almgren studied in [Alm00| precisely the
monotonicity of the frequency function for multi-valued harmonic functions (in fact,
Dirichlet energy minimizers), and thus, it is not surprising that such tool is also
available in this setting.

Let us define, for a free boundary point x, € I'(u),

Up oo (T) = (1.21)

=

r fBT(IO) VU|2

faBr(%) u?

We will often denote N(r,u) whenever we take z, = 0. Notice that N(p,u,) =
N(rp,u), where u, := u, (see (1.21))). Then, we have the following.

N(r,u,x,) ==

UIf the obstacle ¢ is analytic, then ¢ has a harmonic extension to B, and its even extension
in the whole B; is harmonic as well. Thus, the function u — ¢ solves a thin obstacle problem with
zero obstacle. This is no longer true if ¢ is not analytic (not even when ¢ € C'*°), and in such
situation one needs to adapt the arguments. However, the ideas are the same.
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Lemma 1.3. Let u be a solution to (1.20)), and let us assume 0 € T'(u). Then,

Almgren’s frequency function

TfB,« |Vul|?

J; OB, u?

is nondecreasing. Moreover, N(r,u) is constant if and only if u is homogeneous.

r— N(r,u) =

Proof. We very briefly sketch the proof. By scaling (N (p, u,.) = N(rp,w)) it is enough
to show that N'(1,u) > 0. Let us denote

1 1
= vl = [ wups B =5 [ = e
T JB, By " JaB, oB,

so that N(r,u) = ZE:Z; and N'(1,u) = ZSZ; (g((lljj)) — 11{1/((11,75))) Now notice that

D(r,u) =

D'(1,u) =2 Vu-V(x-Vu)dm:2/ u?,—Q/ Au(z - Vu) dx,
By 2B, B

where u, denotes the outward normal derivative to B;. Since u is a solution to the
Signorini problem, either Au = 0 or u = 0 and Au > 0 (in which case, - Vu = 0 by
C' regularity of the solution). Thus, the second term above vanishes. On the other
hand, we have that

H'(l,u):2/ uu, and D(1,u) = |Vu|2:/ Uy,
8B1 By 8Bl

where in the last equality we have used again that w solves the Signorini problem,
uAu = 0. Thus,

N'(1,u) =2

D(1, u) ( Jon, W B Jog, uu,,) >0,

H(1,u) faBl Uy, faBl u?

by Cauchy-Schwarz inequality. Equality holds if and only if w is proportional to u,
on 0B, for every r (that is, u is homogeneous). ]

And from Lemma [1.3| we have the following.

Lemma 1.4. Let u be a solution to (1.20), and let us assume 0 € I'(u). Let \ :=

N(0T,u), and let
o(r) = ][ u?.
0B,

Then, the function r — r~**¢(r) is nondecreasing. Moreover, for every ¢ > 0 there
exists some ro = ro(g) such that if r < pr <r.(e) <1,

—2)

Ae)

e(pr) < p*Mop(r).
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Proof. Notice that by Lemma A is well-defined. By differentiating
d

— (7“_2’\30(7“)) = 2 2An—l {T/ |Vul? — )\/ u2} >0,
dr . 8By

where we are also using the monotonicity of N(r,u) from Lemma
On the other hand, choose 7,(¢) such that N(r,,u) < A +e. Then, just noticing

that

d
N(r,u) = galog o(r) < A4e (1.22)

for r < pr <r, and integrating in (r, pr) we get the desired result. O

As a consequence of Almgren’s monotonicity formula we get the existence of
a (homogeneous) blow-up limit around free boundary points, uy. Notice that we
are not claiming the uniqueness of such blow-up, but its degree of homogeneity is
independent of the sequence.

Corollary 1.5. Let u be a solution to (1.20), and let us assume 0 € I'(u). Let us

denote
u(rz)

< faBT u2> 1/2°

Then, for any sequence 1y, | O there exists a subsequence ry; | 0 such that

up(z) =

Up,, — U strongly in LE (R™Y), (1.23)
Vuy,  — Vug  weakly in L (R™1) (1.24)
Uy, — g strongly in Ch (R, (1.25)

for some N (0", u)-homogeneous global solution ug to the thin obstacle problem with
zero obstacle, (1.20), and ||uo||z2(0m,) = cn, for some dimensional constant ¢, > 0.

Proof. The proof of the strong convergence in L? and weak convergence in W2 is a
consequence of Lemma , which shows that the sequence u,, is uniformly bounded
in W12(By). Indeed, take any ball centered at the origin, B C R™. Then, using the
notation from Lemma |1.4

1-n n—1
/ IV, |2 = L/ wul2 < T v < c(RING, ),
Br o(r) Jp.n o(r)
where in the last step we are using that r is small enough together with the second
part of Lemma with e = 1. Also notice that |lu,|r2@8,) = cn, 50 u, is bounded
in W2 for every compact set (again, by Lemma [1.4).
The homogeneity of ug comes from the fact that

N(p,ug) = lig)l N(p,u,) = lifél N(rp,u) = N(0", u),
and Lemma [L.3]

Finally, the strong convergence in C! follows from the C'%* regularity estimates
for the solution, Theorem [I.2] O
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Hence, we obtain the following result, describing the structure of blow-ups at
free boundary points.

Theorem 1.6. Let u be a solution to (1.20)), and let us assume 0 € I'(u). Let ug
denote any blow-up at 0. Then, ug satisfies

o € O ({sn 2 0))
ug solves the thin obstacle problem ((1.20)) in R™H1 (1.26)
ug 15 A-homogeneous, with \ € {%} U[2,00).

Moreover, if X\ =3, then ug is (after a rotation) of the form (1.19).

Proof. The fact that uy € CL%({zn41 > 0}) solves the thin obstacle problem (T.20)
in R"*! comes directly from the strong convergence . Also, from Corollary [1.5|
up is a A := N(0T, u) homogeneous function. We just need to determine the possible
values A\ can take when \ < 2.

Thus, from now on, let us assume that A < 2. We separate the rest of the proof
into two steps.

Step 1: Convezity of ug. Let us start by showing that wug is convex in the directions
parallel to the thin space, and thus, in particular, the restriction ug|(s,,,—oy is convex.
We do so by means of the semiconvexity estimates from Proposition applied to
up. Indeed, by rescaling Proposition to a ball of radius R > 1 we get

R2 inf (’9eeu0 2 _CR_%”UOHLQ(BR) = _CR)\HUOHLz(Bl)a

Bry2

for some dimensional constant C, and for e - e, ; = 0, where in the last equality we
are using the A\-homogeneity of uy. That is, by letting R — oo,

énf Dectio > —CR ?||uolr2(p) — 0, as R — oo.
R/2

Hence, ug is convex in the tangential directions to the thin space.

Step 2: Degree of homogeneity of ug. From the C! convergence of the blow-ups, it
is clear that A > 1. Let us now consider A(ug) C {x,4+1 = 0} the contact set for u,
which is a convex cone, from the convexity and homogeneity of wy.

If A(up) has empty interior (restricted to the thin space), then 0,,, uo is a
harmonic function in {z,;; > 0}, identically zero on the thin space, and (A —
1)-homogeneous. In particular, from the sublinear growth at infinity, 0,,,,uo = 0
everywhere, and thus uy = 0, a contradiction. Hence, A(ug) has non-empty interior
on the thin space.

Let us denote e € S™! a direction contained in the interior of A(ug) (in particu-
lar, e-e, 1 = 0). Let us define, w; := 0_cup and wq := —|0, , uo|, which are (A —1)
homogeneous functions, harmonic in {x,1 # 0}.

Notice that w; = 0 in A(up). In particular, for any z, € {z,+1 = 0}, z, + te €
A(up) for ¢t € R large enough (since A(uy) is a cone with non-empty interior and e is
a direction contained in it). Thus, from the convexity of ug, w; has to be monotone
along z, + te, and thus w; > 0 on the thin space. Since w; is (A — 1)-homogeneous
(i.e., it has sublinear growth), and is non-negative on the thin space, there is a

n+1
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unique (A — 1)-homogeneous harmonic extension that coincides with w; (by the
Poisson kernel), and it is non-negative as well. Hence, w; > 0 in Rt

In addition, wy > 0 on the thin space as well (since ug solves the thin obstacle
problem), and it has sublinear growth at infinity. That is, its harmonic extension is
itself, and thus wy > 0 in R™™. Moreover, notice that wy = 0 in {x,,; = 0} \ A(uo)
(in particular, wyws = 0 on {z,1 = 0}).

On the one hand, we have that the restriction of w; to the unit sphere must be
the first eigenfunction of the Dirichlet problem for the spherical Laplacian with zero
data on 0By N A(ug) (since it is non-negative), and it has homogeneity A — 1. On the
other hand, the restriction of ws to the unit sphere must be the first eigenfunction
with zero data on 0By N ({zp41 = 0} \ A(ug)), and it has the same homogeneity
A — 1. Since A(uyg) is a (convex) cone, it is contained in a half-space (of {z,+1 = 0}),
and therefore, {z,.; = 0} \ A(u) contains a half-space. Since the corresponding
homogeneities are the same (i.e., A — 1), by monotonicity of eigenvalues with respect
to the domain we must have that, after a rotation, A(up) and its complement are
equal, and hence, they are half-spaces themselves. The homogeneity for the half-
space in this situation is %, SO\ = g, and the corresponding eigenfunction is

up(z) = Re ((3:1 + i|37n+1|)3/2) ;
as we wanted to see. O

As a consequence of the previous result, we have a dichotomy for free boundary
points.

Proposition 1.7 (Classification of free boundary points). Let u be a solution to
(1.20). Then, the free boundary can be divided into two sets,

I'(u) = Reg(u) U Deg(u).
The set of regular points,
Reg(u) := {z, € ['(u) : N(0",u,z) = 2},
and the set of degenerate points,
Deg(u) := {z, € T'(u) : N(0F,u,z,) > 2}.
Moreover, u € CYV/2(B}) with

il < Cllull o) (1.27)

01,1/2(?72)
for some C' depending only on n, and the set of reqular points is open (in the relative
topology of the free boundary).

Proof. The classification result is an immediate consequence of Corollary and
Theorem [L.6

For the optimal regularity, we observe that by Corollary [I.5] since the sequence
u, is uniformly bounded in r, for z, € I'(u),

1

2
lolimer <C({ ) <Clulimmort (129)
OBr(x0)
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where in the last inequality we are using Lemma together with the fact that,
by Theorem , N0t u,z,) > g This establishes a uniform growth of the solution
around free boundary points. Combined with interior estimates for harmonic func-
tions, this yields that u is C“'/2 on the thin space, and thus v € C“'/2(B;") with
estimates in B;Q.

Indeed, take y € {z,41 = 0} N {u > 0}, and let r = dist(y,I'(u)). Then u is
harmonic in B,(y), and by harmonic estimates together with

_ 1
IV ot oo (B, ) < O Hullzoe(s, () < Cllullze(s)r?.

In particular

IVartll 25, 0oy < Cllullzoe (s (1.29)
for z, € I'(u), since Vyu = 0 on the contact set {x, 1 = 0} N {u = 0}. Take now
Y1, Y2 € {x,11 = 0}, so that we want to obtain the bound

1
|Varu(yr) — Veu(ye)| < Cllull sy |yr — v/ (1.30)

to get C"'/2 regularity of w on the thin space. Notice that, since Vyu = 0 on
{Zn+1 =0} N{u = 0}, we can assume that y;,ys € {41 =0} N {u > 0}.

Let us suppose r = dist(y1, I'(u)) > dist(ys, I'(u)). Then, if dist(y;,y2) < %, and
since u is harmonic in B, (y;), by harmonic estimates we have

\Varu(yr) = Vau(ys)
’yl - y2\1/2

where in the last step we have used (1.29). On the other hand, if dist(y,y2) >
from ([1.29)) and dist(yq, ['(u)) <7,

|vz’u(yl) - V:v’u(y2>| < |V$’u<y1>| + |vm’u(y2)|
< Cllullzoesyr'”® < Cllull ey v — 12! 2.

< [vx/u]cl/2(BT/2(y1) < Cr*l/ZHVI/uHLoo(BT(yl)) < CHUHLOO(Bl)

r
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In all, always holds, and u is C%/2? on {x,,; = 0}. By standard harmonic
estimates, its harmonic extension to B is also C'''/2 with estimates up to the
boundary {x,+1 = 0}, which gives (L.27).

Finally, we note that I'(u) > = +— N(r,u,z) is continuous for every r > 0,
and is monotone nondecreasing. Thus, N (0%, u, ) = inf,~q N(r, u, ) is the infimum
of a family of continuous functions, and therefore, it is upper semi-continuous. In
particular, if Deg(u) > xp — x,, then N(07,u,z,) > limsup,_,., N(0T,u, zx) > 2,
and thus =, € Deg(u). The set of degenerate points closed, and the set of regular
points is open (in the relative topology of the free boundary). O

1.6 Regular points

We have shown that the free boundary can be divided into two different sets: regular
points, and degenerate points, according to the value of the frequency.

As we will show next, the set of regular points received this name because we
can show smoothness of the free boundary around them, [ACS0S].
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Let 0 be a regular free boundary point, and consider the rescalings
u(rz)
-
2
( faBr u2)

Since 0 is a regular point, by Theorem , there exists some sequence r; | 0 such
that, up to a rotation,

u,(x) =

ur, — ug := Re ((z1 + 2'|xn+1|)3/2) strongly in CI(B;“/Q). (1.31)

Notice that, on the thin space, g is a half-space solution of the form ug(z’,0) =
c(xl)i/ ?. In particular, the free boundary is a hyperplane (in {z,+; = 0}) and thus
smooth. We want to show that the smoothness of the free boundary in the limit is
inherited by the approximating sequence, u,,, for j large enough.

Let us start by showing that the free boundary is Lipschitz. In the following
proposition, C(eq, #) denotes a cone with axis e; an opening 6 > 0, in the tangential

directions,
Cler,0) == {r e R"™ : 7,11 =0, 7-e1 > cos()|7]| } .

Proposition 1.8. Let u be a solution to (1.20)), and let us suppose that the origin
is a reqular free boundary point, 0 € Reg(u). Suppose, also, that (1.31]) holds.
Then, for any fived 6, > 0, there exists some p > 0 such that

Oru>0 in B,, for all T € C(ey,b,). (1.32)

In particular, the free boundary is Lipschitz around regular points. That is, for
some neighbourhood of the origin, T'(u) is the graph of a Lipschitz function x, =

f(za, ..., xy) in {xm1 = 0}.

Proof. We use that d;u,, is converging to d;ug uniformly in Bj/,. Notice that, by
assumption, 0,ug > 0, and in fact, d,ug > ¢(0,,0) > 0 in {|zp41]| > o}

Thus, from the uniform convergence, for any ¢ > 0 there exists some r, =
7.(6,, 0) such that, if r; < .,

aTuT‘j >0 in B3/4 \ {lanrl’

>
. =9 (1.33)
Ortty; > ¢(0) >0 in By \ {|znnr] > 1}

Moreover, from the optimal C' Ly regularity of solutions,

Oy, > —co?  in Bsja N {|zn < o} (1.34)

Combining ([1.33)-(1.34) with the fact that A(d;u,;) = 0 in By \ A(u,,), and
d-u,; = 0 on A(u,,), by standard comparison principle arguments (see [ACS0S,
Lemma 5]) we deduce that there exist some o, = 0,(6,) such that if ¢ < oo,

O-uy; > 01in Byjy. In particular, there exists some p (depending only on 6,, but also
depending on the regular point) such that d;u, > 0 in B;. Thus, (1.32) holds.
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We finish by showing that ([1.32)) implies that the free boundary is Lipschitz. We
do so by considering the two (half) cones

Z:I: = j:C(el, 00) N Bp/g.

Notice that, since 0 € I'(u), u(0) = 0, and from v > 0 on {x,,; = 0} together
with we must have u =0 on ¥_, so ¥_ C {u = 0}.

On the other hand, suppose that y, € 3, is such that u(y,) = 0. Again, by
and the non-negativity of u on the thin space, we have © = 0 on y, — C(eq,6,). But
notice that, since y, € X, 0 € y, —C(ey, 6,), that is, 0 is not a free boundary point.
A contradiction. Therefore, we have that u(y,) > 0, so ¥ C {u > 0}.

Thus, the free boundary at 0 has a cone touching from above and below, and
therefore, it is Lipschitz at the origin. We can do the same at the other points around
it, so that the free boundary is Lipschitz. O

In fact, the previous proof not only shows that the free boundary is Lipschitz,
but letting 6, | 0 we are showing that it is basically C'. In order to upgrade the
regularity of the free boundary around regular points we use the boundary Harnack
principle.

Theorem 1.9 (Boundary Harnack Principle, [ACS08, [DS19]). Let Q C {z,+1 =
0} N By be a Lipschitz domain on the thin space, and let vi,vy € C(By) satisfying
Av; = Avg = 0 in By \ Q. Assume, moreover, that vy and ve vanish continuously
on 2, and vy > 0 in By \ Q. Then, there exists some o > 0 such that Z—; 1s a-Holder
continuous in By \ € up to €.

As a consequence, we can show that the Lipschitz part of the free boundary is,
in fact, C1e.

Theorem 1.10 (C%® regularity of the free boundary around regular points). Let
u be a solution to (1.20)). Then, the set of reqular points, Reg(u), is locally a C**
(n — 1)-dimensional manifold.

Proof. We just need to apply Theorem to the right functions. Notice that, by
Proposition (1.8 we already know that around regular points, the free boundary is a
Lipschitz (n — 1)-dimensional manifold.

Let us suppose 0 is a regular point. Take 7 = \/Ai (e1 + e;) withi € {2,...,n}, and
notice that in B, such that holds (with 8, = 7/4) we have that v; := Je, u and
vy := Ozu are positive harmonic functions, vanishing continuously on Q := A(u)NB,,
by Proposition [1.8] Thus, v /v, is Holder continuous, which implies that 9e,u/e,u
is Holder continuous, up to A(u), in B,.

We finish by noticing that, if we take x € {x,11 = 0} such that u(z) = ¢, then
v(x) denotes the unit normal vector to the level set {u = ¢} on the thin space, where

Oe, U Oe,; U/ Oy 1t

vi(z) = =

|(Deyty - .., O, 1) (1+ 2?22(8eiu/881u)2)1/2.

Thus, v = (v4,...,v,) is Holder continuous. In particular, letting ¢ | 0 we obtain
that the normal vector to the free boundary is Holder continuous, and therefore, the
free boundary is C* in B, /5. O]
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It is possible to keep iterating a higher order boundary Harnack principle to

obtain higher order free boundary regularity estimates around regular points. Hence,
Theorem [1.9] also has a higher order analogy.

Proposition 1.11 (Higher order Boundary Harnack Principle, [DS15]). Let 2 C
{Zps1 = 0}N By be a C* domain on the thin space for k > 1, and let vy, vy € C(B;)
satisfying Avy = Avy = 0 in By \ Q. Assume, moreover, that vi and vy vanish
continuously on §, and vy > 0 in By \ Q. Then, ohis Cke in B2 \ 2 up to Q.

Moreover, if Uy(z'") = \/dist(2/,2), and vy is even in x,,1, then (’}—10 is Ck=be in
By \ 2 up to Q.

And from the higher order Boundary Harnack Principle we can deduce higher
order regularity of the free boundary (at regular points).

Corollary 1.12 (C regularity of the free boundary around regular points). Let
u be a solution to (1.20). Then, the set of reqular points, Reg(u), is locally a C*
(n — 1)-dimensional manifold.

Proof. Follows analogously to the proof of Theorem by using Proposition [1.11
instead of Theorem [1.9] O

As a consequence of the previous argumentation we also get an expansion around
regular points, proving that, up to lower order terms, the solution behaves like the
half-space solution. In particular, this next theorem proves the uniqueness of blow-
ups.

Theorem 1.13 (Expansion around regular points). Let u be a solution to (1.20)),
and let us assume 0 € Reg(u). Then, there exists some ¢ > 0 and some a > 0
(possibly depending on everything) such that

u(x) = cup(z) + o (|x|g+°‘> :

where ug is the blow-up of u at 0 (i.e., ug(x) = Re ((x1 + i|z,41])*?) up to a rotation
in the thin space).

Proof. We here use the second part of Proposition[I.11] By taking 7 € S"N {21 =
0} and vy = 0;u (a tangential derivative to the thin space), by Proposition we
have

oru

Uo
in the thin space, for some o > 0 (coming from the regularity of the free boundary),
outside of the contact set and up to the free boundary. In particular,

cC”

Or !
) —eo| SO = |orue!) - cli(a)) < CU) | < Cla'| b,
0
for some constant ¢y = %(0). We recall that Uy(z) = /dist(2, Q). By the C*® re-

gularity of the free boundary, there exists some ¢, such that Uy—c,0,ug = o (|x| %J“O")

for some o’ > 0, where ug is the blow-up at 0. Thus, we have that

106, u(2') — ;0,0 ()] < Cla! |2+
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From the local uniform convergence 9,u, — 0,14y we must have ¢; = ¢ > 0 for all

¢t =1,...,n in the previous expression, where
1
2
|
c=limr 2 f u?) .
'IZLO 6Br
Thus,

IVou(@') — cVaue(z')] < Cla’|2+.
Since Vu(0) = Vuo(0) = 0, by integrating the previous expression we deduce
[ua) = cuola)] < Cla[*.

By harmonic estimates, such inequality also holds outside of the thin space. Now, if
¢ = 0, it means that the frequency at 0 is at least % + /. This contradicts 0 being
a regular point, and thus, ¢ > 0. This concludes the proof. O

We finish by noticing the uniqueness of blow-ups at regular points.

Corollary 1.14 (Uniqueness of blow-ups at regular points). Let u be a solution to
(1.20)), and let us assume 0 € Reg(u). Then, up to a rotation,

w| 3

u<:')—>cu0 as 10,
r

V]

locally uniformly, for some ¢ > 0. Here, ug(x) = Re ((z1 + i|zn41])%?).

Proof. This is a direct consequence of Theorem [1.13] O]

1.7 Singular points

In the classical (or thick) obstacle problem, all points of the free boundary have
frequency 2, and thus the classification of free boundary points must be performed
differently: regular points are those such that the contact set has positive density,
whereas singular points are those where the contact set has zero density.

This motivates the definition of singular point. Whereas it is not true that all
points of positive density belong to the set Reg(u) as defined above, one can char-
acterize the points with zero density.

Let us start defining the set of singular points, which was originally studied by
Garofalo and Petrosyan in [GP09]. Let u denote a solution to the thin obstacle

problem, ((1.20)), then we define

Sing(u) = {x € I'(u) : liminf H(Aw) 0 Br(z) ) = O} : (1.35)

rlo - H™(B.(z) N {xp1 = 0}

where we recall that A(u) denotes the contact set, and H"(E) denotes the n-
dimensional Hausdorff measure of a set E.
The first result in this direction involves the characterization of such points.
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Proposition 1.15 (Characterization of singular points, [GP09]). Let u be a solution
to (1.20). Then, the set of singular points (1.35)) can be equivalently characterized

by
Sing(u) = {z € T'(uv) : N(0*,u,z) =2m, m e N}.

That is, singular points are those with even frequency.

Proof. Let us suppose that 0 € Sing(u) according to definition (1.35)), and take a
sequence 1; | 0 such that
H"(A(u) N B,))
Hn(BTj N {:L‘n+1 = O})

— 0. (1.36)

Consider the sequence u,;, and after taking a subsequence if necessary, let us
assume u,, — U uniformly in B;. Notice that Aurj is a non-positive measure sup-
ported on A(u,,). By assumption, H"(A(u,,) N By) — 0. Thus, since u,; converges
uniformly to ug, ug has Laplacian concentrated on a set with zero harmonic capacity,
and thus, it is harmonic.

By Theorem [1.6] ug is a global homogeneous solution to the thin obstacle prob-
lem, with homogeneity x := N (0", u). In particular, being homogeneous and har-
monic, it must be a polynomial. Moreover, since u, is even with respect to {z,1; =
0}, so is up. Thus, uy is a non-zero, harmonic polynomial, even with respect to
{zn+1 = 0} and non-negative on the thin space. Its homogeneity must be even, and
thus k = 2m for some m € N.

Suppose now that 0 € I'(u) is such that N(0T,u) = 2m for some m € N. Take
any blow-up of u at zero, uy. Then wug is a global solution to the thin obstacle
problem, with homogeneity 2m. As a consequence ug must be harmonic everywhere,
and thus, an homogeneous harmonic polynomial (we refer to [Mon09, Lemma 7.6]
or [GP09, Lemma 1.3.4] for a proof of this fact).

Now, since ug is non-zero even homogeneous harmonic polynomial, and is non-
zero on the thin space (by Cauchy-Kovalevskaya), H™({uo = 0} N {x,41 = 0}) = 0.
Thus, from the uniform convergence u,, — up, we must have that holds. [

Thus, the set of singular points consists of those points with even homogeneity.
It is then natural to define

so that
Slng(“) = U FQm(u) = 1_‘even(u)-

In fact, singular points present a particularly good structure. At singular points
of order 2m, the solution to the thin obstacle problem is 2m times differentiable (in
the sense ([1.37))) and in particular, the blow-up is unique, and belongs to the set

Pom :={p: Ap=0,2-Vp=2mp,p(z’',0) > 0,p(z', xp41) = p(’, —2411)},

2m-homogeneous, harmonic polynomials, non-negative on the thin space. That is,
the following result from [GP09], which we will not prove, holds.
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Theorem 1.16 (Uniqueness of blow-ups at singular points, [GP09]). Let u be a
solution to (1.20)). Let x, € Ty, (u) for some m € N. Then, there exists a non-zero
polynomial p,, € Pop, such that

u(z) = P, (T — 70) + 0|z — T|*™). (1.37)

In particular, the blow-up at 0 is unique. Moreover, the map xo 3 Top(u) — po, is
continuous.

The proof of the previous theorem is based on a Monneau-type monotonicity
formula, saying that if u has a singular points of order 2m at the origin, the following
function is non-decreasing,

1 / 9
(U - p2m) )
,rn+2m B,

for all p € Py, and 0 < r < 1. From here, in [GP09] they establish first non-
degeneracy at singular points, and then the uniqueness of a blow-up. The continuity
with respect to the point then follows by a compactness argument.

Theorem [1.16| establishes a connection between singular points and their blow-
ups. This also allows to separate between different singular points according to “how
big” the contact set is around them. We already know it has zero H"-density. In
fact, the contact set around singular points has the same “size” as the translation
invariant set of the blow-up. Thus, we can establish a further stratification within
the set of singular points, according to the size of the translation invariant set (which
is a subspace) of the blow-up.

Given a solution to the thin obstacle problem, , u, and given = € I'(u), let
us denote by p, any blow-up of v at x. In particular, if x is a singular free boundary
point, p, € Ps,, is uniquely determined by the result above.

Let us denote by L(p) the translation invariant set for p, where p is a blow-up,

T Mk(ra uame) =

L(p) == {¢ e R"" : p(z + &) = p(x) for all x € R}
={{eR": ¢ - Vpx)=0forall z e R""'},

where we recall that blow-ups p are homogeneous. Then, if we denote
I, ={xely, :dimL(p,)=¢}, (€{0,...,n—1}, (1.38)

we have .
Sing(u) = Feven(u) = | J Tam = |J (J o
meN meN (=0

As a consequence of Theorem [1.16] combined with Whitney’s extension theorem
and the implicit function theorem, one can prove the following result regarding the
structure of the singular set.

Theorem 1.17 ([GP09]). Let u be a solution to (1.20)). Then, the set T'5, (u) (see
(1.38))) for ¢ € {0,...,n — 1}, is contained in a countable union of C' (-dimension

manifolds.
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Notice that the fact that each stratum of the singular set is contained in countable
union of manifolds (rather than a single manifold) is unavoidable: there could be
accumulation of lower-order points (say, of order 2) to higher order points (say, of
order 4).

On the other hand, the previous result can also be applied to the whole singular
set: Sing(u) can be covered by a countable union of C* (n—1)-dimensional manifolds.
The fact that the manifold id C! is due to the expansion of the solution . In

[FJ20], Jhvaeri and the author show higher order expansions at singular points

To € Iy (u), analogous to ((1.37)), as
W) = oy (T — T6) + oo (T — @0) + 0|z — 2o[*" ) (1.39)

for some (2m + 1)-homogeneous, harmonic polynomial ¢,,. Expansion of the form
hold at almost every singular point, and thus, analogously to the previous
case we obtain a structure result, that holds for all singular points up to a lower
dimensional set:

Theorem 1.18 ([F'J20]). Let u be a solution to (1.20). Then, there exists a set
E C Sing(u) of Hausdorff dimension at most n—2 such that Sing(u)\ E is contained
in a countable union of C* (n — 1)-dimensional manifolds.

1.7.1 The non-degenerate case

So far we have been studying the thin obstacle problem with zero obstacle. When
solving for an (even) boundary datum

g € CO(aBl>7 g(x/7$n+l) = g(xly _xn—‘rl)

the problem looks like

u Z 0 on Bl N {xn-l—l = O}
Au = 0 inBy\ ({zn =0}N{u=0}) (1.40)
Au < 0 in B; ‘

u = g onJdBy,

We had reduced to this problem from by subtracting the harmonic even
extension of the analytic obstacle . Alternatively, from (|1.40)) we can reduce to the
case of zero boundary data by subtracting the harmonic extension of g to the unit
ball. Thus, we obtain a problem of the form

v > ¢ on B N{r, =0}
Av < 0 inDB '
v o= O on aBl,

that is, a thin obstacle problem with obstacle ¢. Problems (|1.40)) and (1.41)) are the

same when
{ Ap=0 in B

o=—g ondB,. and v=u+p. (1.42)
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In this setting, we say that problem (1.41)) with p € C*'(B; N {z,1, = 0}) is
non-degenerate if

Ay < —co <0in ByN{zp1 =0tN{p >0}, @#{p>0} (1.43)

where A,/ denotes the Laplacian in the first n coordinates (Laplacian along the thin
space). The last condition above is to avoid having a non-active obstacle. Alterna-
tively, in terms of problem ([1.40)) we have

Apy,=0 in By

. def. .
(1.40) is non-degenerate <= ¢, : { oy = —g ondB. satisfies (1.43). (1.44)

In particular, when we deal with concave obstacles, we say that our problem is
non-degenerate. In [BFRIS], Barrios, Figalli, and Ros-Oton show that, under a non-
degeneracy assumption, we have a better characterization of free boundary points.

Theorem 1.19 ([BFRI1S8|). Let u be a solution to (1.40), and suppose that the non-
degeneracy condition holds, (1.43|). Then, there exists a constant ¢ (depending on ¢,)
such that for any xo € I'(u) N By )2,

sup u > ErQ,
Br(zo)

for all r € (0, %L) In particular, if (1.43|) holds, then
I'(u) = Reg(u) U T (u),
i.e., the free boundary consists only of reqular points and singular points of order 2.

Proof. We prove it for v satisfying ([{1.41]) and the proof follows by the transformation
(1.42) with ¢ = ¢4 as in (1.43).
Let us define for Z = (7',0) € Byo N {xnt1 = 0} N {u > ¢},
Co
2n + 2

wi(‘r/’ ZEn+1) = U(xla an—l—l) - gO(J]/) (‘(L’/ - ‘f/|2 + x?H»l) )
where ¢, is the constant in (1.43]). Notice that, since Av = 0 in outside of the contact
set A(v),

Awz; = —App—co >0, in B.(7)\ Av).

On the other hand, wz(Z’,0) > 0 and w < 0 on A(v). By maximum principle, we
must have supyp, ;) wz > 0. Letting  — z, € I'(u) we deduce

sup w,, >0,
OBr(x0)
which implies the desired result.
Finally, since the growth at the free boundary is at least quadratic, there cannot
be any blow-up at a free boundary point with homogeneity greater than 2. O]

In this case, therefore, the non-regular part of the free boundary consists, exclu-
sively, of singular points of order 2. In particular, in Theorem [I.17] we have instead a
single C! (-dimensional manifold covering the whole of T’ (u). We can also establish
a more refined version of Theorem [1.18]
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Theorem 1.20 ([EJ20]). Let u be a solution to (1.20), and suppose that the non-
degenerate condition (1.43) holds. Then,

(i) ¥9(u) is isolated in Sing(u) = TY(u) U--- UTH (u).

(ii) There exists an at most countable set Ey C T3(u) such that T3(u)\ E is locally
contained in a single one-dimensional C* manifold.

(iii) For each ¢ € {2,...,n — 1}, there exists a set E,, C T'5(u) of Hausdorff
dimension at most { — 1 such that T'5(u) \ E, is locally contained in a single
(-dimensional C* manifold.

1.8 Other points

The free boundary contains, in general, other points different from regular and
singular. Even in two dimensions (n = 1) one can perform the simple (see [FoSpl8|
Proposition A.1]) task of manually classifying all the possible homogeneities that an
homogeneous solution to the thin obstacle problem (with zero obstacle) can present.

Indeed, for n = 1 homogeneous solutions to the thin obstacle problem must have
homogeneity belonging to the set

1
{Qm, 2m — =, 2m + 1}
2 meN
Solutions with homogeneity 2m are harmonic quadratic polynomials, non-negative
on the thin space. On the other hand, homogeneous solutions with homogeneity
2m — % or 2m + 1 are of the form

Re <(x1 - i]:c2|)2m’%> and  Im ((zq +i|z])*" "), for m e N.
Notice that when the homogeneity is 2m —% we have half-space solutions on the thin

space. Indeed, in this case, restricting to xs = 0, solutions are of the form u(x1,0) =

77'1—l . . . . .
(:cl)i 2. On the other hand, solutions with odd homogeneity are identically zero on

the thin space (in particular, this type of homogeneous solution is not an example
of a free boundary point with odd homogeneity, and in fact, they do not exist in
dimension n = 1).

Given that no other homogeneities can appear in dimension 2, one can show that,
in any dimension, the previous homogeneities comprise all of the free boundary,
up to a lower dimensional set. It is for this reason that we separate the possible
homogeneities of the free boundary as

['(u) = I'gja(u) U Teyen(v) U Toga () U Tpaie(u) U T (u), (1.45)

where I'3/o(u) = Reg(u) are regular points; I'even(u) = Sing(u) are singular points;
[oqa(u) denotes the set of points with odd homogeneity, 2m + 1 for m € N; T'pa¢(u)
are the points with homogeneity Qm—i-% for m € N; and ', (u) are the rest of possible
free boundary points (in particular, I',(u) = @ if n = 1, dimy(Ty(u)) < n — 2 in
general).
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1.8.1 The set ['oqq(u)

The free boundary points belonging to I',qq(u) are those with odd homogeneity,
2m + 1 for m € N. They are analogous to the singular set, in the sense that in this
case, points belonging to I',qq(u) can also be characterized via the density of the
contact set: these points have density 1.

They are not known to exist (no single example has been constructed so far).
Notice that the homogeneous solutions presented above are vanishing identically on
the thin space, and thus they do not have a free boundary.

In fact, in dimension n = 1, if such a point existed its blow-up would be of the
form

Im ((zq + i|z])*" "), for m e N, (1.46)

(Think, for example, of the zs-even extension of the harmonic polynomial z5 —
33y for xo > 0.) However, solutions of the form have non-vanishing normal
derivative on the thin space, whereas a free boundary point can be approximated
by points with vanishing normal derivative. From the C! convergence of blow-ups,
we reach a contradiction: free boundary points with odd homogeneity do not exist
in dimension n = 1.

The set of points belonging to I'pqq(u) has been studied in a recent work by
Figalli, Ros-Oton, and Serra [FRS19, Appendix B].

Proposition 1.21 (Characterization of points in I'oqq(u), [FRS19]). Let u be a
solution to (1.20). Then, the set of points with odd homogeneity, Toqq(u), can be
equivalently characterized by

Coaa(u) := {x € I'(u) : limsup H"(A(w) N B, () ) = 1} , (1.47)

o H*(Br(z) N {2041 = 0}
That is, points with odd homegeneity are those where the contact set has density 1.

Proof. Let us suppose that 0 € I'(u) fulfills definition ((1.47)), that is, we can take a
sequence 7; | 0 such that

H(A(u) N B,,)
(B, N {#ns1 = 0})

Consider the sequence u,;, and after taking a subsequence if necessary, let us
assume u,, — uo uniformly in Bj. In particular, uy vanishes identically on the thin
space. Since it is homogeneous, and harmonic on x,,; > 0, it must be a polyno-
mial. It cannot have even homogeneity, since by the discussion on singular points it
would have zero density. Thus, it is an homogeneous harmonic polynomial with odd
homogeneity in x,,; > 0 (and extend evenly in the whole space). Notice also that
it cannot be linear (on each side) because the minimum possible homogeneity is %

On the other hand, suppose that 0 € I'(u) is such that N(0",u) = 2m + 1
for some m € N. Take any blow-up of u at zero, ug. Then ug is a global solution
to the thin obstacle problem, with homogeneity 2m + 1. Let us define the global
(homogeneous) solution to the thin obstacle problem given by P,

1. (1.48)

P(e) = Im((2; + iz )™

i=1
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so that J;, P < 0in {z,;, = 0} \ {0}. Using (L.12), we obtain that for any test
function ¥ = ¥(|z|) (so that V¥ = \I/’(|x|)ﬁ),

2/ of  PUuy= /AP\PUO = — / (VP -Vugl + VP - VWu)
{zn41=0}

Tn+1
= / (PAugV + PVuy - V¥ — ugVP - V)
v’ v’
= / (PVUO - x—(lxD —upVP - $_(|x])) =0,

| |z]

where we have used that PAug = 0 everywhere, and Vug -z = (2m+ 1)ug, VP -x =
(2m +1)P. Since ug > 0 on the thin space, and 9; , P < 0 outside of the origin on
the thin space, we deduce ug = 0 on the thin space.

As a consequence 1y must be harmonic everywhere, vanishing on the thin space.
Thus, it is an homogeneous harmonic polynomial with degree 2m + 1. In particular,
Oy, Uo 15 a non-zero 2m-homogeneous polynomial on Rﬁlfl. From the C' conver-
gence of u,, — ug (that is, the uniform convergence of 0., ,,u,, to 0,,,,uo) we deduce

Tn+1

([T47). O

We also have a result analogous to Theorem at odd-frequency points. Let
us start by defining for m > 1

Qomai1 i= {q : ¢ solves the thin obstacle problem (T.20)) in R™™!,
xZ - V(] = <2m + 1)Q7 Q(x,wrn—i—l) = Q(m/a _xn—l—l)}v

namely, the set of (2m+1)-homogeneous even solutions to the thin obstacle problem
(notice that by the proof of Proposition [1.21} in particular, ¢(z’,0) = 0). Then, we
have

Theorem 1.22 (Uniqueness of blow-ups at odd-frequency points, [FRS19]). Let u
be a solution to (1.20). Let x5 € Dypyiq(u) for some m € N. Then, there exists a
non-zero ¢, € Qomi1 such that

w() = qp, (. — 20) + 0|z — x> ). (1.49)

In particular, the blow-up at 0 is unique. Moreover, the set T'opyq(u) is (n — 2)-
rectifiable.

1.8.2 The set I'yq¢(u)

The free boundary points belonging to I'ya¢(u) are those with homogeneity 2m + %
for m € N.

They do exist: the homogeneous solutions are themselves examples of solutions to
the thin obstacle problem with free boundary points belonging to 'ya¢(u). Whereas
they are currently not very well understood, they seem to exhibit a similar behaviour
to regular points. However, the fact that they are not an open set (in the free
boundary), makes it harder to study regularity properties of the free boundary
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around them (there could even be, a priori, singular points of order 2 converging to
a point of order ).

The following proposition shows that points in I'y,¢(u) can present a behaviour
similar to that of regular points.

Proposition 1.23 ([FR19]). Given a C* domain Q C BiN{z,4+1 = 0}, and m € N,
there exists o € C*, and g € C°(0By), such that the solution u to the thin obstacle
problem with obstacle ¢ and boundary data g has contact set A(u) = 2, and
all the points of the free boundary I'(u) have frequency 2m + %

The proof of this proposition is an explicit computation based on a previous
result by Grubb, [Grulf].

1.8.3 The set I',(u)

We call T',(u) the rest of free boundary points. That is, points with homogeneity
not belonging to the set {2m,2m + 1,2m — %}meN,

y(u) = {a:o e T(u): N1, u,z,) € (2,00) \ U {Zm, 2m +1,2m — %}} :

(1.50)

It is currently not known whether such points exist. Nowadays, the only result in

this direction is the following by Colombo, Spolaor, and Velichkov, saying that points

with order close to 2m do not exist (except for singular points themselves). Apart

from this result, the possible existence (or not) of points with these homogeneities
is still an open problem.

Theorem 1.24 ([CSV19]). Let u be a solution to the thin obstacle problem with
zero obstacle,

u > 0 onBiN{r, =0}
Au < 0 in B '
u = g ondB,

Let T'y(u) denote the points of order A > 0. Then,

Cy(u) =2 for every X € U ((2m — ¢, 2m + c) \ {2m}),

meN

for some constants c,, depending only on m and n.

The goal of the rest of the subsection is to prove that, if the set I'.(u) existed,
then it would be lower dimensional. That is, we will show the following proposition,
stating that points of order £ € (2, 00)\{2m, 2m+1,2m+3},,cn are n—2 dimensional
for general solutions to the thin or fractional obstacle problem. We do that through
a dimension reduction argument due to White, [Whi97].
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Proposition 1.25. Let u be a solution to the thin obstacle problem with zero obsta-

cle, (1.51)). Let us define I'y(u) C I'(u) by (1.50)). Then
dimy [y (u) <n — 2.
Moreover, if n =2, I'y(u) is discrete.

In this proposition, dimy, denotes the Hausdorff dimension of a set.
In order to prove this result, we will need two lemmas. We will use the notation
u*(z) for z, € I'(u) to denote translations. That is, we denote

u* (z) = u(z' + 2}, xp11),
so that, in particular, N(r,u,z,) = N(r,u™).

Lemma 1.26. Let u be a solution to the thin obstacle problem (L.51)). Let T'(u) as
m .

Let y, € I'x(u). Then, for every e > 0 there exists some § > 0 such that for every
p € (0,0], there exists an (n — 2)-dimensional linear subspace L, , of R™ x {0} such
that

{z € B,(yo) {@ps1 =0} : N(0T,u") > N(0F,u*)—6} C {a: dist(z, yo+Ly, ,) < ep}-.

Proof. Let us denote n = N(0F,u%) € (2,00) \ {2m,2m + 1,2m + 3},,en. Let us
proceed by contradiction. Suppose that there exist € > 0, and sequences ¢ | 0 and
pr 4 0 such that

{x € B, (o) {ny1 =0} : N(0T,u") > n—0;} & {x : dist(z, yo+L) < epr} (1.52)

for every (n — 2)-dimensional linear subspace L of R™ x {0}.

In particular, if we denote u> = u¥(r-) and d, = r="/?||u®||2(sp,), then ube /d,,
converges, up to subsequences, to some v, a global solution to the thin obstacle prob-
lem with zero obstacle, homogeneous of degree 7. Let us denote L(v,) the invariant
set in R™ x {0} of v,. In particular, it is a subspace of dimension at most n — 2 (this
follows since two dimensional homogeneous solutions to the thin obstacle problem
have homogeneity belonging to {2m,2m + 1,2m — %}meN). As an abuse of notation,
let us take as L(v,) any (n — 2)-dimensional plane containing the invariant set.

Now, by assumption and choosing L = L(v,), for every k € N there exists
some 7y, € By, (Yo) N {Tpt1 = 0} with N(0F,u™) > n — ), such that dist(xy, yo +
L(v,)) > epy.

Let us denote 2, = p; (74 — yo) € B1(0), and notice that dist(zy, L(v,)) > . By
scaling, we know that

N, u™) = N, u (- + 2)).

> TPk

Moreover,

dp_klugz — v, uniformly in compact sets as k — co.

Thus,

N =0k = N(OF,u™) = N0, ufs (- + 2)) = N(OF, dplufs (- + 21)),

? TPk > TPk
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and by the upper semi-continuity of the frequency function (and after taking a
subsequence such that z; — z € B;(0)) we get that

N vo(-+2)) 2,

for some z € B;(0) such that dist(z, L(v,)) > . Since v, is n-homogeneous, N (0", v, ( -
z)) > n implies that z belongs to the invariant set of v, (see, for instance, [FoSpl8|
Lemma 5.2]). This contradicts dist(z, L(v,)) > €, and we are done. O

The following is a very general and standard lemma. We give the proof for
completeness. We thank B. Krummel, from whom we learned this proof.

Lemma 1.27. There exists 5 : (0,00) — (0,00) with B(t) — 0 as t | 0, such that
the following holds true.

Let € > 0. Let A C R™ such that for each y € A and p € (0, p,) there ezists a
J-dimensional linear subspace L, , of R™ for which

ANB,(y) C{z : dist(z,y + L,,) < ep}.
(Note that we do not claim that L, , is unique.) Then HITPE(A) = 0.

Proof. Let B(t) = n+1—j for t > 1/8 and observe that H"**(A) = 0. Thus it
suffices to consider € € (0,1/8).

By a covering argument, after rescaling and translating, we may assume that
A C By(0) and 0 € A. By assumption, there exists a subspace Lo ; such that

AN B;(0) C {x : dist(x,y + Lo1) < €}.

~~~~~

.....

and thus covers A N By(0). Throw away the balls By.(2x) that do not intersect
A. For the remaining balls, let y, € A N Ba(2). Now {By.(yk)}r=12.. .~ covers
AN Bi(0), yp € A, N < C(j)e, and N(4e)It? < C(j)eP. Choose 3 = B(g) so that
C(j)e? <1/2.

Now observe that we can repeat this argument with By.(yx) in place of By(0) to
get a new covering { Besy2 (Y1) i=1,2,...,8, of AN Byc(yy) with Ny (4e)?*P < 1/2. Thus
{Bacy2 (Yr) te=1,2,..N,1=1,2,..N, covers A with y,; € A and Zgzl Ny (42)>0+H) <
(1/2)%. Repeating this argument for a total of p times, we get a finite covering of
A by M balls with centers on A, radii = (4¢)?, and M (4e)PU*+5 < (1/2)P. Thus
H{Za?p(A) < wjy5(1/2)? for every integer p = 1,2,3,.... Letting p — oo, we get
HIPE(A) = 0. O

Thus, we can directly prove Proposition |1.25]

Proof of Proposition[1.25 We want to show that I'.(u) has Hausdorff dimension
at most n — 2. Let ¢ > 0 and define, for © € N, GG; to be the set of all points
T, € I'y(u) such that the conclusion of Lemma holds true with 6 = 1/, so that
I'.(u) =, Gi. For each ¢ € N, define

Gig={1-€G;:(¢g—1)/i < N, u™) <q/i}.
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Observe that I'.(u) = U; , Gig, and for every . € G,
Giq C{y: N(O", ) > N0, u™) —1/i}

so that, by Lemma for every p € (0,1/i] there exists a (n — 2)-dimensional
linear subspace L, , of R" x {0} such that

Gy N B,y(x,) C{z : dist(z, 20 + Ly, ,) < ep}.

Now, thanks to Lemma with A = G,, (taking p, = 1/i uniform on S;,),
HHPE(G, ) = 0. Hence H2+8E)(T,(u)) = 0. Since ¢ is arbitrary, for all 8 > 0
we have H"2*%(T,(u)) = 0, and thus T',(u) has Hausdorff dimension at most n — 2.

The fact that for n = 2, I',(u) is discrete, follows by similar arguments in a
standard way. O

1.9 (C* obstacles

Let us suppose now that the obstacle ¢ € C*°(By), and therefore, we cannot reduce
the the zero obstacle situation. Our problem is then

u > ¢ on ByN{x, =0}
Au = 0 in B\ ({zh1 =0} Nn{u=¢p}) (1.53)
Au < 0 in By,

where, as before, we are assuming that our solution is even in the x,-variable.

Let us assume that 0 is a free boundary point, 0 € Ogn{u = ¢}. Given 7 € N>y,
let us consider the T-order expansion of ¢(2’) at 0, given by @.(z'). In particular,
(0 — Q) (") = O(|2'|"*Y). Let Q"(2',2,,41) be the unique even harmonic extension
of (), to B;. Let us now define

'&(m/, anrl) = u<l_/’ anrl) - (p(xl) + QT(x/) - Qﬁ(l‘/a anrl)'

Then, @ solves the zero thin obstacle problem with a right-hand side,

u > 0 on By N{r,1 =0}
Aa = [ in B\ ({zn1 =0} N {u=¢})
—Au Z f in Bl,

where
f(@) = Ap(Q-(2") — p(a”)) = O] ™).
Since | f| < M|2'|""" and ||Vul|pe(s,,,) < M for some constant M > 0, we can
consider the generalized frequency formula,

d
O, (r,u) = (r+ CMTQ)%logmax{H(T),T”“T}, where H(r) ::/ w?,
0B,

(cf. (1.22))) and the constant Cj; depends only on the dimension and M. Then,
there exists some 7, > 0 such that ®,(r, @) is non-decreasing for 0 < r < rp;. In
particular, ®, (0%, @) is well-defined and

n+3<®.(07,4) <n+27
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(see [CSSO08, IGP0O9]). We say that the origin is a free boundary point of order £ < 7
if ®.(07,a) = n+ 2k (in particular, as before, k > %) If Kk = 7, we say that the
origin is a free boundary point of order at least 7. At this point, all the theory
developed above for regular free boundary points and singular points, also applies
to the situation where there are non-analytic (i.e., non-zero) obstacles, by using the
new generalized frequency formula. Notice that this theory can be developed even
if the obstacle ¢ has lower regularity than C'*°.

Finally, we say that the origin is a free boundary point of infinite order if it is of
order at least T for all 7 € N>o. Notice that this set of free boundary points has not
appeared until now, it did not exist in the zero obstacle case.

Intuitively, in the thin obstacle problem ([1.53) a point is of order x when the
solution u detaches from the obstacle at order x on the thin space.

Thus, the free boundary for solutions to the thin obstacle problem with ¢ €
C>(By), (1.53), can be split as

I'(u) = I'sja(w) U leyen (1) U Toga(w) U Thare(u) U T (u) U T'oo (1),

(cf. (1.45))), where the new set I'o(u) denotes the set of free boundary points with
infinite order.
The set of points in ', (u) can be very wild. In fact, the following holds.

Proposition 1.28 ([FR19]). Let C C B}, C R" be any closed set. Then, there

exists an an obstacle p € C®(BY}) and non-trivial solution u to (1.53) such that

Proof. Take any obstacle ¢ € C*(R™) such that suppy CC Bys(2e;), with ¢ > 0
somewhere, and take the non-trivial solution to with obstacle .

Notice that u >+ in Bj , (in particular, u € C*°(B)2)). Let fe : Bj = R be
any C'* function such that 0 < fe <1 and C = {fe = 0}.

Now let 7 € C2°(Bjg) such that n > 0 and n = 1 in Bj,. Consider, as new
obstacle, p = ¥ +n(u—1)(1— fe) € C‘”(Bi/z). Notice that u — ¢ > 0. Notice, also,
that for 2’ € Byje, (u — ¢)(2') = 0 if and only if 2’ € C. Thus, u with obstacle ¢
gives the desired result. O

That is, the contact set can, a priori, be any closed set. In particular, the free
boundary can have arbitrary Hausdorff dimension (n — e for any £ > 0). It is worth
mentioning that the points constructed like this are not really acting as an obstacle
(the Laplacian around them vanishes).

1.10 Generic regularity

We have seen that, in general, the non-regular (or degenerate) part of the free
boundary can be of the same size (or even larger, in the case of C' obstacles) than
the regular part. This is not completely satisfactory, since we only know how to
prove smoothness of the free boundary around regular points.

It is for this reason that generic regularity results are interesting: even if there
exist solutions where degenerate points are larger than regular points, this is not
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true for a generic solution. That is, for almost every solution, the free boundary is
smooth up to a lower dimensional set. Let us start by defining what we mean by
“almost every” solution.

Let p € C*(B}) and let g € C°(0By) even with respect to z,.1. Let A € [0, 1],
and let uy, be the solution to

uy > @ on By N{x,41 =0}
Auy = 0 in By \ ({xny1 =0} N {u = ¢}) (1.54)
Auy < 0 in By '
uyn = g+A ondbB.

That is, we consider the set of solutions {u}iep,1 with a fixed obstacle ¢ by
raising the boundary datum by A. Alternatively, we could raise (or lower) the ob-
stacle, or just make small perturbations (monotone) of the boundary value. We say
that a property holds for almost every solution if it holds for a.e. A € [0, 1] for any
such construction of solutions.

Now notice that since points of order x are detaching from the obstacle with
power k, when raising the boundary datum, the larger s is, the faster the free
boundary is disappearing (and thus, the less common is that type of point). As a
consequence, establishing a quantitative characterization of this fact together with
a GMT lemma (coming from [FRS19]), one can show the following proposition. We
recall that given a solution v to a thin obstacle problem, (1.53), we denote by I's(v)
the set of free boundary points of order greater or equal than x.

Proposition 1.29 ([FR19]). Let ¢ € C(B}) and let g € C°(OB;) even with respect
to Tpy1. Let {ur}acp,) the family of solutions to the thin obstacle problem (1.54).
Then,

o If3< Kk <n+1, the set I's.(uy) has Hausdorff dimension at most n — K + 1
for almost every X\ € [0, 1].

o If Kk > n+1, the set I's.(uy) is empty for all X € [0,1] \ &, where &, has
Hausdorff dimension at most .

o The set I'o(uy) is empty for all X € [0, 1]\&, where £ has Minkowski dimension
equal to 0.

On the other hand, by means of a Monneau-type monotonicity formula one can
also show that the set (Jycpy I'2(ur) (union of singular points of order 2 for all
A € [0,1]) is contained in a countable union of (n — 1)-dimensional C' manifolds.
As a consequence,

Proposition 1.30 ([FR19]). Let ¢ € C=(B}) and let g € C°(OBy) even with respect
to xpy1. Let {ur}rcpo the family of solutions to the thin obstacle problem ((1.54)).
Then T'y(uy) has dimension at most n — 3 for a.e. A € [0, 1].

And finally, combining Proposition [1.29, Proposition [1.30, and Proposition [1.25]
we get the generic regularity theorem we wanted:
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Theorem 1.31 ([FR19)). Let ¢ € C*(B}) and let g € C°(0By) even with respect
to xpy1. Let {ur}rcpoq the family of solutions to the thin obstacle problem (1.54)).
Then, the set Deg(uy) has Hausdorff dimension at most n — 2 for a.e. A € [0, 1].

In particular, the free boundary is smooth up to a lower dimensional set, for
almost every solution.

The previous theorem also holds true for obstacles with lower regularity. Namely,
in the proof of the result, only C®! regularity of the obstacle is really used.

1.11 Summary

Let us finish with a summary of the known results for the solutions to the thin
obstacle problem.

Let ¢ € C>(BY) and consider an even solution to the thin obstacle problem,
with obstacle ¢,

u > ¢ on ByN{r,1 =0}
Au = 0 in By \ ({xn1 =0} Nn{u=¢}) (1.55)
Au < 0 in Bl-

Then, the solution u is C*'/? on either side of the obstacle. That is, there exists
a constant C' depending only on n such that

lullenaraqag,y + lellensraqa,y < C (lelloray + lullwesy)

Moreover, if we denote A(u) := {u = ¢} the contact set, the boundary of A(u)
in the relative topology of R", OgnA(u), is the free boundary, and can be divided

to two sets
I'(u) = Reg(u) U Deg(u),

the set of reqular points,
Reg(u) := {x = (2/,0) €D(u) : 0 < er¥? < sup (u— ) <Cr¥? Vre (0,7’0)} :
B.(2')

and the set of non-regular points or degenerate points

Bi(a')

Deg(u) := {x = (2/,0) €T(u): 0 < sup (u—p) <Cr*, Vre (077’0)} :

Alternatively, each of the subsets can be defined according to the order of the
blow-up (the frequency) at that point. Namely, the set of regular points are those
whose blow-up is of order %, and the set of degenerate points are those whose blow-up
is of order k for some k € [2, 00].

The free boundary can be further stratified as

F(u) = I‘3/2 UTeven UT'odaa U lpair UL, U T, (156)

where:
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I'32 = Reg(u) is the set of regular points. They are an open (n — 1)-dimensional
subset of I'(u), and it is C* (see [ACS08|, [KPS15| [DS16]).

Leven = U, ['2m(u) denotes the set of points whose blow-ups have even homo-
geneity. Equivalently, they can also be characterised as those points of the free
boundary where the contact set has zero density, and they are often called singu-
lar points. They are contained in the countable union of C'! (n — 1)-dimensional
manifolds; see [GP09]. Generically, however, points in I'y(u) have dimension at
most n — 3, and points in I'y,,(u) have dimension at most n — 2m for m > 2; see
[FR19].

Lodaa = U,ps1 Fama1(u) is, a priori, at most (n — 1)-dimensional and it is (n — 1)-

rectifiable (see [FoSpl8, [KW13| [FoSp19]), although it is not known whether it
exists. Generically, I'y,11(u) has dimension at most n — 2m; see [FR19].

| AT Um21 ['51m43/2(u) corresponds to those points with blow-ups of order %,
%, etc. They are much less understood than regular points, although in some
situations they have a similar behaviour. The set I',¢ is an (n — 1)-dimensional
subset of the free boundary and it is a (n — 1)-rectifiable set (see [FoSp18| [KW13|

FoSp19]). Generically, the set I'y,43/2(u) has dimension at most n —2m — 1/2.

I, is the set of all points with homogeneities k € (2,00), with x ¢ N and
K ¢ 2N — % This set has Hausdorff dimension at most n — 2, so it is always small,
see [FoSpl8, [KW13], [FoSp19].

I'w is the set of points with infinite order (namely, those points at which u — ¢
vanishes at infinite order). For general C* obstacles it could be a huge set, even
a fractal set of infinite perimeter with dimension exceeding n — 1. When ¢ is
analytic, instead, 'y, is empty. Generically, this set is empty; see [FR19).



Chapter 2

CL® estimates for the fully
nonlinear Signorini problem

We study the regularity of solutions to the fully nonlinear thin obstacle problem. We
establish local C1® estimates on each side of the smooth obstacle, for some small
a > 0.

Our results extend those of Milakis-Silvestre [MS0§] in two ways: first, we do
not assume solutions nor operators to be symmetric, and second, our estimates are
local, in the sense that do not rely on the boundary data.

As a consequence, we prove C® regularity even when the problem is posed in
general Lipschitz domains.

2.1 Introduction

The aim of this work is to study the regularity of the solutions to the Signorini or
thin obstacle problem for fully nonlinear operators.

Given a domain D C R", the thin obstacle problem involves a function v : D —
R, an obstacle ¢ : S — R defined on a (n — 1)-dimensional manifold S, a Dirichlet
boundary condition given by ¢g : 0D — R, and a second order elliptic operator L,

Lu = 0 inD\{zxeS:ulx)=ep)}

Lu < 0 inD
u > @ onsS (2.1)
u = g ondD.

Intuitively, one can think of it as finding the shape of a membrane with pre-
scribed boundary conditions considering that there is a very thin obstacle forcing
the membrane to be above it.

When L is the Laplacian, the C1® regularity of solutions was first proved in 1979
by Caffarelli in [Caf79]. Later, the optimal value of a was found by Athanasopoulos
and Caffarelli in [AC04], where solutions were proved to be in C2 on either side
of the obstacle. More recently, this has been extended to linear operators with x
dependence L = ) a;j(x)0;;u in [Gui09, [(GS14, [KRS16].

Here, we study a nonlinear version of problem (2.1]). More precisely, we study
[2.1)) with Lu = F(D?u), a convex fully nonlinear uniformly elliptic operator. Since

41
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all of our estimates are of local character, we consider the problem in By,

F(D*u) = 0 in By \{u= ¢}
F(D) < 0 inB (2.2)
u > on By N{x, =0}.

Here, ¢ : By N {x, = 0} — R is the obstacle, and we assume that it is C'. We
study the regularity of solutions on either side of the obstacle.
We assume that

F is convex, uniformly elliptic (2.3)
with ellipticity constants 0 < A < A, and with F'(0) = 0.

When wu is symmetric, this problem was studied by Milakis and Silvestre in
[MSO08], and is equivalent to

{ F(D?*u) = 0 in Bf (2.4)

max{u,, ,p—u} = 0 on By N{z, =0}

Moreover, they also implicitly assume a symmetry condition on the operator F', in
particular, that F'(A) = F(fl), where A;, = A,; = —A;, = —A,; for i < n and
flij = A;; otherwise. Under this assumption, they proved interior C** regularity up
to the obstacle on either side by also assuming that u > ¢ + ¢ on 0B; N {z, = 0},
for some € > 0. Equivalently, they assume that the coincidence set is contained in
some ball B;_;s for some 6 > 0. This assumption is important in [MSO08|] to prove
semiconvexity of solutions.

Our main result, Theorem [2.1| below, extends the result of [MS08| in two ways.
First, we do not assume anything on the boundary data, so that we give a local
estimate. Second, we consider also non-symmetric solutions u to ([2.2)) with operators
not necessarily satisfying any symmetry assumption, and prove C1® regularity for
such solutions.

In the linear case, one can symmetrise solutions to , and then the study of
such solutions reduces to problem . However, in the present nonlinear setting
an estimate for does not imply one for (2.2)).

Our main result is the following, stating that any solution to ([2.2)) is CY on
either side of the obstacle, for some small o > 0.

Theorem 2.1. Let F' be a nonlinear operator satisfying (2.3) and let u be any
viscosity solution to (2.2) with ¢ € C. Then, uw € CY*(B{,) N CY*(By,) and,

||UHCM(;+/2) + HUHCW(@) < C (ullzes) + lleller (mingza=op)

for some constants o > 0 and C' depending only on n, A\, and A.

Our proof of the semiconvexity of solutions is completely different from the one
done in [MS0§] and follows by means of a Bernstein’s technique. On the other hand,
to prove the O regularity in the non symmetric case we follow [Caf79, [MSO0g|, but
new ideas are needed. We define a symmetrised solution to the problem and follow
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the steps in [Caf79] and [MSO8] using appropriate inequalities satisfied by the sym-
metrised solution. This yields the regularity of the symmetrised normal derivative
at free boundary points. Then, we show that this implies the C%* regularity of the
original function w at free boundary points, by using the ideas from [Caf89]. Finally,
we show that the regularity of u at free boundary points yields the regularity of
the symmetrized normal derivative at all points on z,, = 0, and that this yields the
regularity of v on either side of the obstacle.

As an immediate corollary it follows an estimate when the thin obstacle problem
is posed in a bounded Lipschitz domain D C R"™.

Corollary 2.2. Let D C R" be a bounded Lipschitz domain, and let K € D. Let
F be a nonlinear operator satisfying (2.3). Let o : D N {z, = 0} — R be a C™!
function, and let u be the solution to

F(D*u) = 0 inD\{u=¢}

F(D>t) < 0 inD 2.5
u > ¢ onDN{x,=0} '
u = g ondD,

for some g € C°(OD). Let K+ := K N{x, >0} and K~ := K N {x, < 0}. Then,
ue CH(Kt)NCY(K-), with

[ull graery + 1ullra @y < C (lgllz=@p) + [l orionian=oy)

for some constant o > 0 depending only on n, X\, and A, and C' depending only on
n, \, A\, D, and K.

Let us introduce the notation that will be used throughout the work. We denote
r = (2, x,) € R" and

By :={2 e R"':(2,0) € By }.

The obstacle ¢ is defined on B} seen as a subset of R"”, and problem ([2.2)) is written
as

F(D?*u) = 0 in By \ {(2/,0) : u(2’,0) = p(2)}
F(D*u) < 0 in By
u(z’,0) > @(a') for 2’ € Bj.

We also denote
Bf ={(2,z,) € By : z, >0}, (0B))* =0B;Nn{x, > 0},

and analogously we define By and (0B;)~. On the other hand, we call the coinci-
dence set
A*={r e B} :u(2',0) =p(z)}, A=A*x{0},

and its complement in Bj is denoted by
Q" =Br\ A", Q=" x{0}.

Our work is organised as follows. In Section [2.2] we give a Lipschitz bound and
prove semiconvexity of solutions. Then, in Section [2.3] we prove Theorem
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2.2 Lipschitz estimate and semiconvexity

2.2.1 Lipschitz estimate

We begin with a proposition showing that any solution to (2.2)) is Lipschitz, as long
as the obstacle is C1.

Proposition 2.3. Let u be any solution to (2.2)) with F satisfying (2.3)) and ¢ €
CY. Then u is Lipschitz in By o with,

[ullip(s, ) < C (lullz=my + llellora) (2.6)
for some C depending only on n and the ellipticity constants X\ and A.

Proof. We will extend the obstacle ¢ to a function h defined in the whole By, and we
treat u as a solution to a classical “thick” obstacle problem. We define h separately
in B and By, as the solution to

F(D?h) = 0 in Bf
h = _||u||L°°(Bl) in (0Bl)+ (27)
h(z',0) = o(2’) for 2’ € By,
and analogously
F(D?h) = 0 in By
h = —|lu|pem,) in (0B;)” (2.8)
h(z',0) = o(z’) for 2’ € By.

Notice that h is Lipschitz in B7/s; see [MS06, Proposition 2.2]. By denoting

Ko := [Julley) + l¢llori s,

we have
17 Lip(B, ) < C'Ko,

and by the maximum principle u > h. Moreover, u is a solution to a classical obstacle
problem in B; with h as the obstacle. We show next that this implies u is Lipschitz,
with a quantitative estimate.

To begin with, since h is Lipschitz, fixed any x¢ € By, and 0 < r < 1/4, there
exists some Cy depending only on n, A, and A such that

sup |h(z) — h(zg)| < CoKyr. (2.9)

By (zo)

Notice that, by the strong maximum principle, the coincidence set {u = h} is
A, the coincidence set of the thin obstacle problem. Suppose then that xq € A, i.e.,
u(zg) = h(zp). Since w > h, in particular we have that

Bir(lafo) (u(z) —u(zg)) > —CoKor. (2.10)

because h is Lipschitz. Now let

q(z) = u(x) — u(x) + CoKor.
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We already know ¢ > 0 in B,(zo). On the other hand, from (2.9),
q(x) < 2CoKor on  B.(xg) NA.
Moreover, ¢ is a supersolution,
F(D?*q) = F(D*u) <0 in B,(x0).

Let ¢ be the viscosity solution to F(D?*G) = 0 in B,(zo) with ¢ = ¢ on dB,(xy).
We have ¢ < g in B,(z) and by the non-negativity of ¢ on the boundary, ¢ > 0 in
Br(xo).

Thus, ¢ < §+2CyKor on 0B,(xg), and ¢ < G+ 2CyKor in B,(x¢) N A. Therefore,

q S (j—F 2COKOT in BT<ZL‘0).

On the other hand, we know 0 < g(z) < q(z9) = CoKor, and by the Harnack
inequality, ¢ < CCyoKor in B, /s(x9). Putting all together we obtain that u(z) —
u(zg) < CCyKyr for some constant C' > 0. Thus, combining this with ([2.10]),

Sup [u(z) — u(zo)| < C ([ullzzy + lellcrisy) . (2.11)
r{Z0

for some constant C' depending only on n, A, and A.

We have obtained that the solution is Lipschitz on points of the coincidence set.
Let us use interior estimates to deduce Lipschitz regularity inside By .

Take any points z,y € By /s, and let r = |z — y|. Define

p = min{dist(z, A), dist(y, A)},

and let z*, y* € A, z* = (2/,0), y* = (¢/,0) for 2,y € A*, be such that dist(z, A) =
|z — z*| and dist(y, A) = |y — y*|. We now separate two cases:
o If p < 4r, then

u(z) — u(y)| < Ju(@) —u(z")| + uly) — uly)] + o) — o)
<Cp+C(r+p)+20(r+p) <Cr

for some constant C'. We are using here that ¢ is Lipschitz and that if |z — 2*| = p,
then |y — y*| <7+ pand |z* —y*| < 2(r + p).

o If p > 4r, we can use interior estimates. Suppose x is such that dist(z, A) = p,
and notice B,(z) C By \ A, so that in B,js(x), F(D*u) = 0. We can now use the
interior Lipschitz estimates (see, for example, [CC95, Chapter 5]),

C

[u]Lip(BpM) < ;OSCBp/Q(x)u < C

for some constant C. We are using here that the supremum and the infimum of u
in B,/(x) are controlled respectively by Cp + ¢(z*) and —Cp + ¢(z*).
Thus, we have proved that the solution is Lipschitz in By, with the estimate

£9). =
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2.2.2 Preliminary consideration

Before continuing to prove the semiconvexity and semiconcavity result, we introduce
a change of variables that will be useful in this section and the next one. Notice that,
given a function w, we can express the nonlinear operator F' as

F(D*w(z)) = sup (Lijamim].w(x) + Cw) ;

yel’

for some family of symmetric uniformly elliptic operators with ellipticity constants
A and A, Lij@xixj, indexed by v € I'. Since F(0) = 0, there is some symmetric

uniformly elliptic operator from this family given by a matrix L such that

A

tr(LD*w(z)) = f}ijaxixjw(x) < F(D*w(z)).

We now change coordinates in such a way that the matrix of this operator in the
new coordinates, denoted L A, fulfils [in = A% = 0 for 7 < n. More precisely, if we
denote L’ the matrix in Sym,, , given by the n — 1 first indices of L, and we denote
[2;1 = (f/in)lgign_l the vector of R"™!, we change variables as

Ty = Ax,

where A is the matrix given by

~ ~

and @ = (L)' L is a vector in R*~'. We define the new nonlinear operator F' as
F(N)=F(ATNA), for all N € Sym,,,

so that it is consistent with the change of variables, in the sense that if @w(y) =

w(A™ly), then F(D*w(x)) = F(D*w(y)).

We trivially have that F is convex and F(0) = 0. In the new coordinates we still
have that ﬁi{ayiyj is a symmetric uniformly elliptic operator, but now the ellipticity
constants A and A have changed depending only on n, A, and A. The same occurs
with all the operators in the family defining F', so that after changing coordinates,
F' is still a convex uniformly elliptic operator with ellipticity constants depending
only on n, A, and A. Indeed, for any matrices N, Np € Sym,,_; with Np > 0 we have
that (using the definition of uniform ellipticity in [CC95, Chapter 2] and noticing
that ATNpA > 0),

AT 2N < MJATNpA|| < F(N 4 Np) = F(N) < A|ATNpA|| < A[JA|]*|[ N,

and it is easy to bound ||A7!|| and || A|| from the definition of A, depending only on
n, A and A.

After changing variables, the regularity of the solution remains the same up to
multiplicative constants in the bounds depending only on n, A, and A.
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As an abuse of notation we will call the new variables (2, x,,), the new operator
F, and the new ellipticity constants A and A, understanding that they might depend
on the original ellipticity constants and the dimension, n. This will not be a problem,
since in all the statements of the present work n, A\, and A appear together in the
dependence of the constants.

Thus, throughout the paper we will assume that there exists a fixed symmetric
uniformly elliptic operator L such that

f/ijaxixjw < F(D*w), and L™ =L" =0 for i <n. (2.12)
This change of variables is useful because, for any function w,
iij@:vﬂj (w(x/7 —T)) = L (axixjw>($,> —Tn),

which will allow us to symmetrise the solution and still have a supersolution for the
Pucci extremal operator M~. We also use it to prove a semiconcavity result from
semiconvexity in the following proof of Proposition [2.4]

2.2.3 Semiconvexity and semiconcavity estimates

We next prove the semiconvexity of solutions in the directions parallel to the domain
of the obstacle. To do it, we use a Bernstein’s technique in the spirit of [AC04].

Proposition 2.4. Let u be the solution to (2.2)). Then
(a) (Semiconverity) If T = (7*,0), with T* a unit vector in R"™

inf u > =C (Jul| oo 0y + el cracan)) »
3/4

for some constant C' depending only on n, X\, and A.

(b) (Semiconcavity) Similarly, in the direction normal to B} x {0},

SUp Ug,z, < C (||U||L°°(Bl) + ||90||cl,1(3;)) )
B34

for some constant C' depending only on n, \, and A.

Proof. The second part, (b), follows from (a) using the definition of uniformly elliptic
operator and the fact that we changed variables (ir} the previous subsection) in order
to have matrix L fulfilling (2.12]). We denote by L’ and D?_;u the square matrices

corresponding to the n — 1 first indices of L and D?u respectively. Now, from
i@'iam].u(x) <0, Lm™=L"=0 for i<n,

and
Dy_yu > =C ([ullzesy + lelleriay) Ida-t,

we directly obtain that

n—1
L™ 0yzu < = Y L0, 0u < C (|Jull ) + @llornisn) trl.

i,7=1
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The desired bound follows because L™ is bounded below by A and tr(L') is bounded
above by (n — 1)A.
Let us prove (a). As in the proof of Proposition we define h as the solution

to
F(D?h) = 0 in B} F(D?h) = 0 in By
ho = —lullzem) n(0B)7 h = —llulle=) n (0B1)
h(z',0) = o(z') x' € Bf h(z',0) = o(z') z' € By.
(2.13)

Recall that h is Lipschitz and that, by the strong maximum principle, v > h in Bf/Q
and B1_/2-
Define now, for ¢ > 0,

and

he(a',2,) = max {h(z', z,), he(2', 2,) } .

Since, h is Lipschitz continuous and h(a’,0) = h.(2’,0), this implies that there exists
a constant C' > 0 depending only on n, A, and A such that

h(z' z,) > ho(2',2,) for |z,] > CKoe, (2.14)

where we define
Ko = [Jull ey + l@llorsr)-

In particular, h. is Lipschitz continuous in B7/g, uniformly on €.
Let u. be the solution to the “thick” obstacle problem with obstacle A.,

F(D?*u.) = 0 in By \ {u. = h}

F(D?*u.) < 0 in By
u. = max{u,h.} on d(B) (2.15)
u. > he in By,

and the analogous expression in By . By ([2.14)), the coincidence set satisfies
{u. =h.} C{h. > h} C {(2',2,) € By : |7,| < CKye}

for some C' > 0. We want to bound 0,,u. from below independently of ¢.

Notice that D?(u. — h.) > 0 in the coincidence set, and since u. > h., this also
occurs along the free boundary. By the definition of h. and recalling that h. = h.
in the coincidence set, this implies 0,,u. > —CKy in {u. = h.} N By g, for some
constant C' depending only on n, A, and A. Thus, it is enough to check that 0, u.
is uniformly bounded from below outside the coincidence set. We proceed by means
of a Bernstein’s technique.

Let n € C°(Brs) be a smooth, cutoff function, with 0 <7 < 1 andn =1 in
Bg/4. Define

fe(@) = n(2)0rrue(z) — pVue(z)[?
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for some constant u to be determined later. Notice that, since h. is Lipschitz con-
tinuous independently of € in By/g, then |Vu.(z)| is bounded independently of € in
Bz)g. If the minimum =z in By/g is attained in the coincidence set, then 0, u.(zo) >
—CKj, and we get that for every x € By,

Orrtie(z) > —CKy — p|Vue(xo)]* + p|Vue(2))* > —CKy — ,uHVuEH%oo(Bm). (2.16)
If the minimum x is attained at the boundary, 0By/s, then for every x € Bsy,
Orrtte () > —p| Vue(0) [ + pl Vue (2)* > =l Vel 5, - (2.17)

Let us assume now that the minimum ¢ of f. in By/g is attained at some interior
point xy outside the coincidence set {u. = h.}.

Let us also assume that the operator F' not only is convex, but also F' € C'*°, so
that solutions are C* outside the coincidence set (see the end of the proof for the
general case F' Lipschitz). In this case, the linearised operator of F' at z,

L(ﬂ) = aijvij = Ej(D2ua($0))vijy
is uniformly elliptic with ellipticity constants A and A. Moreover, for any p € S" 1,
L()U,E(I0> Z O, Loapug(l’o) = O, Loappug(l’o) S 0 (218)

This is a standard result, which can be found in [CC95, Lemma 9.2].
For simplicity in the following computations we denote w = u.. If z( is an interior
minimum of f, (which is a C? function) in Bys, then

0= Vf.(xo) = (Vnw,r + nVw,, — 2pw;Vw;)(zo), (2.19)
and by (2.18)) and the fact that (a;;) is elliptic,
0 < @ feij(wo) < (@iNijwer + 205001 j — 2[10;5Wkj W) (To).- (2.20)

Combining (2.19) and ([2.20]), we find

Observe that |Vn|* < Cn (since /7 is Lipschitz). Therefore, for some constants Cy
and C depending only on n and A,

0 < (Colwyr| 4+ pCh|D*w||Vw| — 2pa;jwijwi;) (2o).
Using |w,(zo)| < |D?*w(xo)| and the uniform ellipticity of (a;;),
aijwiwg; > AC(n)|D*w|?,

we obtain o
| D*w ()| < 70 + C1[Vw(xo)l,
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for some constants Cy and C; depending now also on A. Now, since z is a minimum
in B7/8, for any x € Bg/4,

wﬂ'(x) > n(wo)wrr(T0) — M|VUE(IED)’2 + ,UIVUE(IE”Z
> —|D*w(wo)| — pl| Vel 5, ) (2.22)

Co
> =) = OVl ) = 1l Vlm

We now fix u = |]Vu5|\2§0(37/8). Notice that, in all three cases ([2.16)), (2.17)), and
(2.22)), we reach that for some constant C' depending only on n, A, and A,

inf 0.,u. > —C' [ sup |Vu.| + Ky | .
B34 Bys

We had already seen that w. is Lipschitz continuous independently of ¢ > 0 and
controlled by the Lipschitz norm of u, so that by Proposition ({2.3)),

é?i Orrue 2 =C <||u||Lip(B7/s) + lellorsr + Ko) > —C ([[ull Loy + lellcriay) -

(2.23)

If F' is not smooth, then it can be regularised convoluting with a mollifier in the
space of symmetric matrices, so that it can be approximated uniformly in compact
sets by a sequence {F}}ren of convex smooth uniformly elliptic operators with el-
lipticity constants A and A; also, by subtracting Fj(0), we can assume Fy(0) = 0.
Note that, in B;/s and for every ¢ > 0 we have uniform C'7 estimates in k for the
solutions to (2.15)) with operators F}, since the obstacle h is in C*! in a neighbour-
hood of the free boundary. By Arzela-Ascoli there exists a subsequence converging
uniformly, and therefore, the estimate can be extended to solutions of
with operators not necessarily smooth. Thus, follows for any F' not necessarily
.

Note that u. converges uniformly to u, since for all § > 0, there exists some € > 0
small enough such that v + 6 > u. > v in Bj.

Since the right-hand side of is independent of €, and u. converges uniformly
to u in Bysg as € | 0, we finally obtain

i e 2 =C (lullimon + ellcrios). (2.24)

as desired. n

2.3 (1 estimate

2.3.1 A symmetrised solution

By the results in the previous section we know that Vu is bounded in the interior
of B;. Moreover, u,, ., is bounded from above inside B;. In particular, the following
limit exists

U(l'/) = xlnligh Ug,, (ac/, xn) - m}j{gf Ug,, (x’, xn) = x{g{)ﬂ (ufl'n (x/’ xn) — Uy, (xl7 _xn))
(2.25)
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A main step towards Theorem [2.1| consists of proving that o € C*(Bj ) for some
a > 0. We will prove this in this section.

We begin by noticing that o(z’) = 0 for 2’ € Q* (by the C** interior estimates),
where we recall that Q" := {2’ € B} : u(2/,0) > ¢(2')}. In general, however, we
have the following:

Lemma 2.5. The function o defined by (2.25)) is non-positive, i.e., o < 0 in Bj.

Proof. Suppose it is not true, and there exists some 7’ € Bj such that o(z’) > 0.
Let 0 > 0 be such that Bj(z’) C Bj, so that by the semiconcavity in Proposition [2.4]
applied to Bs2((7',0)), Ug,s,(Z',0) < C for some constant C', that now depends
also on §. However,

o(7') = xliigi (U, (T, ) — g, (T, —2,)) > 0,

which means B .
Uy, (IL’ ,Z‘n> — Ug, (.73 ) _‘r”>

— 400, as x, 0T,
27,

a contradiction with the bound in u,,,,, . ]

We will now adapt the ideas of [Caf79] to our non-symmetric setting. For this,
we use a symmetrised solution, defined as follows

u(x', xy,) + u(x', —x,) —

(' x,) = 5 , for (2',x,) € By. (2.26)
Here u is any solution to ([2.2]).
Notice that
o(z") =2 liin Vg, (2 2,) <0 (2.27)
Tnd0
is well defined, and in particular, we have that
o(z') = 2v,, (2/,0) =0, for 2’ € Q. (2.28)

The following result follows from the results in the previous section. We will
use the notation M™ and M~ to refer to the Pucci’s extremal operators with the
implicit ellipticity constants A and A (see [CC95l, Chapter 2] for the definition and
basic properties of such operators).

Lemma 2.6. Let u be a solution to the nonlinear thin obstacle problem (2.2)), and
let v be defined by (2.26)). Then v is Lipschitz in Bf/z and satisfies

M=(D?*v) < 0 in By,

{ max{v,, (¢',0), p(z') —v(z’,0)} 0 fora' € B (2.29)

Moreover,

(a) (Semiconverity) If T = (7,0), with 7* a unit vector in R"™1,

]ignf Uy > —C (||ul|goe(my) + ||80Hc*1»1(3;)) ;
3/4

for some constant C' depending only on n, X, and A.
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(b) (Semiconcavity) In the direction normal to Bf x {0},

SUp Vg,z, < C (||U||L°°(B1) + ||<P||clv1(3{)) )

B34
for some constant C' depending only on n, \, and A.

Proof. The Lipschitz regularity comes from the Lipschitz regularity in u, proved in
Proposition

In (2.29 - the first inequality follows thanks to the change of variables introduced
in Subsection . Indeed, there exists some operator given by a matrix L as in
uniformly elhptlc with ellipticity constants A and A such that

L9, (u(@', —2,)) = L (g, u) (2, —1,) < F((D*u) (2, —,)) <0,

so that -
M7 (D?*v) < LY8,,5,v <0,

as we wanted.

The second expression in - follows from equations ([2.27] - Lemma-
and the fact that v(2,0) = u(2’,0) for 2’ € Bj.

Finally, the semiconvexity and semiconcavity follow from Proposition [2.4] n

2.3.2 Regularity for ¢ on free boundary points

The next steps are very similar to those in [Caf79] (and [MS08]), but we adapt them
to the symmetrised solution v instead of u. For completeness, we provide all the
details. We begin with the following lemma, corresponding to [Caf79, Lemma 2] (or
IMSO08), Lemma 3.3]).

In the next result, we call ¢ the extension of the obstacle to By, i.e. p(2/, x,) =

p(a’).

Lemma 2.7. Let v be the symmetrised solution (2.26)). Let k be a constant such
that k > sup |o.,| for any T a unit vector in R"™1 x {0}. Let zy € Q fized and vy,
denote the function

A
Vao = @(20) + Vep(x0) - (T — 30) + K|z — 0|* — KN — 1)}”31-

Then, for any open set U, such that xy € U,, C By,

sup (v —1hyy) 2 0

OUqzyN{zn>0}

Proof. Define w = v — 1., and notice that by definition of ¢,, and the fact that v
is a supersolution for M~, we have w(xy) > 0 and M~ (D?*w) < 0. Therefore, we
can apply the maximum principle on U,, \ A (recall A is the coincidence set) and
use the symmetry of w to obtain that

sSup (U - w:po) >0

B(Usg \A)N{zn >0}
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Now notice that on the set {v = u = ¢} we have that 1., > ¢, since zo € 2 and
K > sup |p,-|. Thus, v — 1., < 0 on this set, so that

sup (U - ’ll)xo) = sup (U - ,QZ}CC()) Z 07
O(Uzp\A)N {25, >0} OUygzoN{xn>0}

and we are done. O

We now proceed with the following lemma, corresponding to [Caf79, Lemma 2]
(or [MSO8, Lemma 3.4]).

Lemma 2.8. Let v be the symmetrised solution as defined in (2.26)), and let o as

defined in (2.25)-(2.27). Let g = (24,0) € Q and define S, = {2’ : o(2') > —~}.
Then, for suitable positive constants C, C, and vy and for all v € (0,70) there exists
a ball B¢ (3') for @' € By such that

B (7)) C B%W(xg) ns,.
The constants C, C, and vy depend only on n, \, A, el sy, and |ul|Leo(s,)-

Proof. We apply Lemma 2.7 with Uy, = Bey(20) x (—Cay, Ca7) for some constants
to be chosen C > (), and study two cases.

e Assume sup(v — 1,,) is attained at a point (z},y;) (for ; € R""! y € R)
on the lateral face of the cylinder U,,, i.e. with |2} — x| = C1y and 0 < y; < Cyy.
Then we have

/ / / / A
wl‘o(xlay1> - 90(1.1) > ('Li — Sup |¢TT’) ’ml - .’L‘0|2 - K’(n - 1)Xy%

A
> (k= sup |6r]) C17" = k(n — 1) 57" = Gy,

provided that C; > (). The positive constant C3 depends only on &, n, the ellipticity
constants, C, and Cs. Thus,

V(2 Y1) > e (1, 91) > o(2)) + C3y°.

Now pick a x5 € B¢, (z7) for some positive constant Cy to be chosen and (zf —
) - V(v —@)(2],y1) > 0. We are considering here ¢ in the whole By by simply
putting p(2’,y) = @(a'). Take T = <%,O), and use the semiconvexity from

2 1

Lemma, [2.6| together with the fact that ¢ € CH! to get
(v —p)(ah y1) =
= (0= )+ (=) Vo)) + [ (0= $)er
(xlvyl) ({E2,y1)]
> Cyy? — Claty — 21|* > (C3 — CCy)y* > 0,

if Cy is chosen appropriately, small enough depending only on Cj, ||¢|/c1: and the
semiconvexity constant of Lemma . Here, and in the next steps, [ f[a i denotes

the double integral over the segment between the points a and b,

o= [ o (o i) ] s
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To get a contradiction, now suppose that z}, ¢ S,. In particular, this means
v(xh, 0) = p(zh), and from (2.27) and the semiconcavity in Lemma [2.6] we get

(0 — &) (&) = (v — 9)(a 0) + 3o 222 / / —

< —y1§ + 0yt <yiy (002 - 5) <0
if Cy is small enough depending only on the semiconcavity constant of Lemma [2.6]
Thus, we have reached a contradiction.

e Assume now that sup(v — 1,,) is attained at a point (z,y;) in the base of
the cylinder U,,, i.e. with |2} — x| < Cyy and y; = Cyy. Then, from & > sup |p.-|,
we deduce A
1)XC§72-

Now choose z/, such that |z, — 2| < Cyy and (2, — 2)) - V(v — ) (2], 1) > 0.
As before,

v(xllayl) Z wmo(xllvyl) 2 (p(xll> - KJ(TL -

(v = ) ) =
= 0= PG+ =) Vel [ e
[(@1,51),(z5,y1)]

Z—li(n—l)AC’g 2 Olohy —2|]* > 02( (n—l))\—i—C’)

A
Now, if 2, ¢ S, then v(x},0) = p(x}),

2 1
(U - 90)@/273/1) < _021 + // Vpay, < (‘CC% - Cg) ’72
2 [(5,0),(,y1)] 2

The contradiction follows if one chooses C5 small enough, depending only on «, n,
A, A, and the semiconvexity and semiconcavity constants from Lemma [2.6] O

The following lemma is useful to prove the C'“ regularity of o, and can be found
in [MS08, Lemma 3.5]. It follows from an appropriate use of the strong maximum
principle for M™, the Pucci’s extremal operator.

Lemma 2.9 ([MS08]). Let w be a non-negative continuous function in By x (0,1)
that solves
M~ (D*w) <0 in Bjx(0,1).
Assume
limsupw(z',z,) >1 for 2 € Bj(T'),
0T

for some ball By (z'") C Bf. Then

13
>e>0 Bj -, =
w(z) > e for x € By, X {474},

for some e depending only on &, and the ellipticity constants A and A.
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We now show the following lemma, analogous to [Caf79, Lemma 4] (or [MSO0S,
Lemma 3.6]).

Lemma 2.10. Let o as defined in (2.25))-(2.27), for u the solution to the thin ob-
stacle problem (2.2). Let xj, € Q, then

o(2') =2 =C (lull=(s)) + ”SOHCIJ(BT)) |z" — x|, for 2’ € Bj
for some a > 0 and C' depending only on n, X\, and A.

Proof. Define
Ko = |[ullzoe(sy) + lellerrsy,

and notice that by taking u/Kj instead of u if necessary we can assume

1wl oo (myy + l@llcrrsry < 1.
Indeed, if Ky > 1 then

1
Fi,(D*u) := ?F(Dz(Kou)),
0
is a convex elliptic operator with ellipticity constants A and A, and u/Kj is a solution
to the nonlinear thin obstacle problem for the operator Fy, with obstacle ¢/K,. In
this case,
||u/K0HL°°(B1) + ||<P/KOHCL1(B;) =1,
as we wanted to see. Thus, from now on we assume K, < 1.

Using Lemmas [2.5] [2.6] and [2.9) now the proof of this lemma is very similar
to the proof of [MS08, Lemma 3.6]. We give it here for completeness.

We will show

o(z") > =Cla" — x|, (2.30)
with C' and a > 0 depending only on n, A, and A.

Recall that o(z’) = 2lim,, o+ Vg, (2',2,), and that from Lemma 2.6 v, is
bounded and v,, ., < C. Moreover, ¢ is non-positive by Lemma [2.5] so that v,, <
Czx, for z,, > 0.

In order to reach (2.30) we will prove v, (x) > —0F for x € B (xp) x (0,~4%).
Assume this has been already proved for some k with 0 < v < 6 < 1, and consider

the function ot
Vg, T . ¥
w = - in By« (7) X (0, uy™)
for p1 small enough. Notice that w fulfils the hypotheses of Lemma [2.9] so that using
it together with Lemma |2.8] we get

1
U, (1) 2 —0" + (0" — Cpn*) > —0* + Se0*

pyk /2

for x € B*_, ,(zh) x (uy*/4,3u~" /4), since v < 6. Now, by means of Lemma ,
Vpzp < C, and therefore, for any y = (y/7yn) € B;,Yk/z(ité)) X (07 ,u’yk/4]>

py* /4
Ul‘n (y) Z - / U$n$n (y/’ S)dS + /U:ann (y/7 H/yk/ll)
Yn

k
1
>_C (ﬂ - yn> — 0%+ Set,
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so that we obtain ) .
Vg, (z) > —0% + 550’“ — Z,LLnyk

for z € B , /Q(xg) x (0,3uy*/4). To end the inductive argument we must see
kls gk L 1 k
0 20—550 +Z,u(]7.

For this, we pick ¥ < 6 so that the right-hand side is smaller than (1 — 1£)6",
with 6 larger than 1 — fe. Then, the inductive argument is completed, and (2.30)
follows. u

2.3.3 Proof of Theorem 2.1

Before proving our main result, let us show the following compactness lemma.

Lemma 2.11. Let F be a nonlinear operator satisfying (2.3), and let w be a con-
tinuous function defined on By. Suppose that w satisfies the problem

F(D*w) =0 in B U By, (2.31)

and that
||y =1,  [wLips,) < 1.

Let 1) be the solution to

{F(D%p) = 0 B

Y = w on 0By, (2.32)

and let us define the following operator

o(w) := lim (0, w)(', hn) = (0o, w)(@", ~hn)) -

Then, for every e > 0 there exists some n = n(e,n, A\, A) > 0 such that if
16 (W)l =By <7

then
[ — wl| L (my) <e,

1.€., ¥ approrimates w as n goes to 0.

Proof. Let us argue by contradiction. Suppose that there exists some fixed € > 0,
a sequence of functions wy and a sequence of convex nonlinear operators uniformly
elliptic with ellipticity constants A and A, Fy, with F;(0) = 0, such that

F.(D*w) =0 in B U By (2.33)

and
lwi|lzesy =1,  [WelLips) < 1,
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with
16 (wi)ll Lo B2y < 7 (2.34)

for some sequence 1, — 0, but such that

|k — will L= (5,) > €, (2.35)
for all k, where 1), is the solution to

Fk(D2@/Jk) =0 in Bl
{ Y = w, on 0Bj. (2.36)

By Arzela-Ascoli, up to a subsequence, wy converges to some function w uni-
formly in By, with ||@||r~(p,) = 1. On the other hand, since F(0) = 0 and they
are uniformly elliptic and convex, they converge up to subsequences, uniformly over
compact sets, to some convex nonlinear operator F uniformly elliptic with ellipticity
constants A and A such that F'(0) = 0. Notice also that v, converges uniformly to
the solution 9 to

F(D*)) = 0 inB
{ Y = w ondB;. (2.37)
and in the limit we obtain, from ([2.35]),
HTE - ’LT)HLoo(Bl) >e > 0. (238)

Now consider the function wy, + ng|z,| on By. From (2.34)), wy + ny|x,| now has
a wedge pointing down in the set By U {z, = 0}, i.e.,

o(wg + Mklxn]) > ne >0, in B,
Therefore, since Fy(D?*wy,) = 0 in Bf” U By, we have that, in the viscosity sense,
F(D*(wy, + nlx,])) >0, in By

Now, passing to the limit, noticing that wy 4|z, | converges uniformly to w and
using [CC95|, Proposition 2.9], we immediately reach that, in the viscosity sense,

F(D*w) >0, in B.

Repeating the same argument for wy, — ng|x,| we reach F'(D?w) < 0 in By, to finally
obtain B
F(D*w) =0, in B.

This implies @ = v in By, which is a contradiction with ([2.38)). O
Using the previous results, we now give the proof of Theorem

Proof of Theorem [2.1. We separate the proof into three steps. In the first step we
prove that the solution u is C*® around points in Q* by means of Lemmas and
In the second step, we use the result from the first step to deduce that o is C¢
in B /30 tO finally complete the proof in the third step.
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As in the proof of Lemma [2.10] we assume

ullLoo(myy + lollcriry < 1,
to avoid having this constant on each estimate throughout the proof.

Step 1: Let us suppose that the origin is a free boundary point. Under these cir-
cumstances we will prove that there exist some affine function L = a 4+ b - x such
that

lu— L|| g,y < Cr'*t®, forall r >0, (2.39)

for some constants C' and o > 0 depending only on n, A, and A. To do so, we proceed
in the spirit of the proof of [Caf89, Theorem 2].
Notice that from Lemma [2.10| we know that there exists 7 > 0 such that

lo(2)| < n|2|*, for all 2’ € Bj. (2.40)

Up to replacing from the beginning u(x) by u(roz) with ro < 1, we can make 7 as
small as necessary. The choice of the value of ry, and consequently the magnitude
in which the constant 7 is made small, will depend only on n, A, and A.

Let us show now that there exists p = p(a,n, A, A) < 1 and a sequence of affine
functions

such that
lu— Lillzes ) < PO+, (2.42)
and
]ak - ak—l‘ § Cpk(1+a), ’bk — bk_1’ S Cpka (243)

for some constant C' depending only on n, A, and A.
We proceed by induction, taking Ly = 0. Suppose that the k-th step is true, and

consider
(u— Ly)(pFx)

prcEs , for z € By.

wi(x) =
Begin by noticing that

for some operator Fj of the form (2.3). On the other hand, from the induction
hypothesis,

lwel|s, < 1.

Moreover, if we define

op(2') = l}ilﬁ)l (Op, wi (2, h) — Oy, wi (2, —h)), for 2’ € By,

then one can check that, from ([2.40)),

low(2")] < nl2'|*.
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We apply now Lemma [2.11] That is, given £ > 0 small, we can choose n small
enough such that

vk — willzee(m,) <€,
where v;, is the solution to

{Fk(D%k) =0 in B;

v, = w, on dBbj. (2.44)

Notice that, by interior estimates, vy, is C?® in B, /2 with estimates depending
only on n, A\, and A. Then, let [, be the linearisation of v around 0, so that up to
choosing p,

lwe = il oo (B,) < llwik — villzoo(B,) + 106 — Ikl 2o (B,)
< e+ Cp? < pite,

where C' depends only on n, A\, and A, p is chosen small enough depending only
on a, n, A, and A so that Cp? < 1p'™, and n is chosen so that ¢ < p'*®. It is
important to remark that the choice of  depends only on n, A\, and A.

Now, recalling the definition of wy, we reach

U — Lk . pk(1+a)lk (_k)
p

so that the inductive step is concluded by taking

L(B k+1)

< D (+a)

x
Lisi(x) = Ly(x) + p" (E) '
By noticing that there are bounds on the coefficients of the linearisation of v
depending only on n, A, and A, the inequalities in (2.43)) are obtained.
Once one has (2.41)), (2.42), and (2.43)), define L as the limit of Ly as k — oo
(which exists, by (2.43])), and notice that, given any 0 < r = p* for some k € N,
then

lu = Lll oo () < llu = Lillzecs,) + > 1 i1 = Lyl < Cr'*e
ik

for some C' depending only on n, A, and A; as we wanted.

Step 2: In this step we prove that the function o defined in ([2.25)-(2.27) is C*(B; /3)

for some @ = a(n, A\, A) > 0, and
loflce(s;,,) < C, (2.45)

for some constant C' depending only on n, A, and A.

We already know ¢ is regular in the interior of A* (by boundary estimates) and
(2*; respectively the coincidence set and its complement in Bj. In particular, from
the interior estimates ¢ = 0 in Q*. From Lemma [2.10| we also obtain C'* regularity
at points in OA*. Namely, we have that given (x5, 0) = xy € 0A*,

lo(z")| < Cla" — x|, for 2’ € By, (2.46)
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for some constant C' depending only on n, A, and A.
Therefore, we only need to check that given z,y € A, x = (2/,0), y = (¢/,0),
then there exists some C' depending only on n, A, and A such that, if |x —y| =7,

lo(2') —a(y)| < Cr".

Let R := dist(x,2) and suppose that dist(z, Q) < dist(y, ). Let z = (2/,0), 2’ €
OA*, be such that dist(x, z) = dist(z, ), and assume that lim,, o+ Vu(z',2,) =0
and V,(z') = 0 by subtracting an affine function if necessary. Notice that we can
do so because we already know from the first step that v has a C1 estimate around
Z'. Let us then separate two cases:

o If R < 4r, then using (2.45))
0(z") —o(y)] < |o(z") — ()] + [o(y) — o(2')]
<C(R*+ (R+1)%)
< Cr«.
e In the case R > 4r we need to use known boundary estimates for this fully
nonlinear problem and the previous step of the proof. Notice that 2/, 3 € B}, /Z(x’ ) C

By(2') € A*, and u restricted to Bj(z') is thus a C! function, since u = ¢ there.
In particular, we use that under these hypotheses

RH&[U]CI,Q(%) <C (OSCBg(x)U + RZ[@]OM(B;;@/))) ;

see, for example, [MS06, Proposition 2.2]. Now, remember that the gradient of u at
z is 0, so that from the previous step using the bound ([2.39) around z,

lu(p) — ()| < Clp — 2["** < CR™ for p € Bf(x). (2.47)
In particular, OSCpp (4)U < CRY*, and thus, this yields

— <
[u]cl’a(BE/2(3})) = C?

from which (2.45]) is proved.

Step 3: Our conclusion now follows by repeating Step 1 around every point on Bj.
Notice that in the first step we only used that the origin was a free boundary point

to be able to apply Lemma in ([2.40)).

Now, given any point 2’ € B} /2> We can consider the function u, given by

u,(z) = u(x) — () (zn)",

where (x,)% denotes the positive part of z,,.
Note that this function fulfils the hypotheses of Step 1, in particular,

o ()] := %ﬁ)l (O, ur (2’ h) — Oy u (2, —h))| < Clz’ — 2'|*, for 2’ € By,

for some constant C' depending only on n, A, and A.



61

By repeating the exact same procedure as in Step 1, we reach that for every point
z € ByjsU{z, = 0}, and for every x € Bf there exists some L7 affine function such
that
u(z) — L¥| < Cla — 2|,

and the same occurs in By for a possibly different affine function L; . Therefore, in
particular,
||u||cl»a(B;/2) <C

for some C' depending only on n, A, and A.

To finish the proof, we could now repeat a procedure like the one done in Step 2,
or directly notice that solutions to the nonlinear problem with C'Y® boundary data
are C1* up to the boundary (see, for example, [MS06, Proposition 2.2]). ]

We finally give the:

Proof of Corollary[2.3 Tt is an immediate consequence of Theorem [2.1] Indeed, con-
sider balls of radius Ry := dist(K,0D) around points on K N {z,, = 0} and apply
Theorem [2.1] To cover the rest of K we use interior estimates, and the result follows
by noticing that ||u||=(p) < ||gllz@p) + |||z by the maximum principle. O
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Chapter 3

The obstacle problem for the

fractional Laplacian with critical
drift

We study the obstacle problem for the fractional Laplacian with drift,

min {(=A)*u+0b-Vu, u—¢}=0 in R",
in the critical regime s = %
Our main result establishes the Ch® regularity of the free boundary around any
regular point xy, with an expansion of the form

1+5(z v(x o
u(z) — () = co((z — o) -e):ﬂ R (| — o+ +e)

1 1
(zp) = = + —arctan(b - e),
2 7

where e € S"7! is the normal vector to the free boundary, o > 0, and ¢y > 0.
We also establish an analogous result for more general nonlocal operators of order
1. In this case, the exponent §(z) also depends on the operator.

3.1 Introduction
We consider the obstacle problem for the fractional Laplacian with drift,
min {(=A)’u+b-Vu, u—p} =0 in R" (3.1)

where b € R", and ¢ : R® — R is a smooth obstacle.

Problem appears when considering optimal stopping problems for Lévy pro-
cesses with jumps. In particular, this kind of obstacle problems are used to model
prices of (perpetual) American options; see for example [CE13| BFRI§| and refer-
ences therein for more details. See also [Sall2] and [KKP16] for further references
and motivation on the fractional obstacle problem.

We study the regularity of solutions and the corresponding free boundaries for
problem . Note that the value of s € (0,1) plays an essential role. Indeed, if

63
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s > %, then the gradient term is of lower order with respect to (—A)®, and thus
one expects solutions to behave as in the case b = 0. When s < % the leading term
is b- Vu and thus one does not expect regularity results for . Finally, in the
borderline case s = 1 there is an interplay between b- Vu and (—A)'/2, and one may
still expect some regularity, but it becomes a delicate issue.

In this work we study this critical regime, s = % As explained in detail below,
we establish the C1® regularity of the free boundary near regular points, with a fine
description of the solution at such points.

It is important to remark that, when s = %, problem is equivalent to the
thin obstacle problem in RZ‘FH with an oblique derivative condition on {z,+; = 0}.
Thus, our results yield in particular the regularity of the free boundary for such
problem, too.

3.1.1 Known results

The regularity of solutions and free boundaries for (3.1)) was first studied in [Sil07,
CSS08] when b = 0. In [CSS0§|, Caffarelli, Salsa, and Silvestre established the op-
timal CY* regularity for the solutions and C1® regularity of the free boundary
around regular points. More precisely, they proved that given any free boundary
point xy € 0{u = ¢}, then

(i) either
0<cr'™ < sup (u—g) <Crtts
By (zo)

(ii) or
0< sup (u—¢p) <Cre.
Br(z0)

The set of points satisfying (i) is called the set of regular points, and it was proved
in [CSSO8] that this set is open and C.

Later, the singular set — those points at which the contact set has zero density
— was studied in [GPQ09] in the case s = % More recently, the regular set was proved
to be C* in [JN17, [KRS19]; see also [KPS15, [DS16]. The complete structure of the
free boundary was described in [BFR18| under the assumption Ay < 0. Finally, the
results of [CSSO8] have been extended to a wide class of nonlocal elliptic operators
in J[CRS17).

All the previous results are for the case b = 0. For the obstacle problem with drift
, Petrosyan and Pop proved in [PP15] the optimal C'* regularity of solutions in
the case s > % This result was obtained by means of an Almgren-type monotonicity
formula, treating the drift as a lower order term. In [GPPS17], the same authors
together with Garofalo and Smit Vega Garcfa establish C1* regularity for the free
boundary around regular points, again in the case s > % They do so by means of a
Weiss-type monotonicity formula and an epiperimetric inequality. The assumption
5> % is essential in both works in order to treat the gradient as a lower order term.

In the supercritical regime, s < %, only the linear stationary and evolution prob-
lem have been studied. In [Sil12], Silvestre established immediate spatial and tempo-
ral Holder continuity for the solutions to the linear evolution problem; and in [EP16]
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Epstein and Pop studied the Sobolev regularity for the linear stationary problem by
means of a completely different approach.

3.1.2 Main result

We study the obstacle problem with critical drift

min { (-A)"2u+b-Vu,u—¢} = 0 in R

limg oo u(z) = 0. (3.2)
Here b is a fixed vector in R”, and the obstacle ¢ is assumed to satisfy
¢ is bounded, ¢ € C**(R"), and {¢ > 0} € R". (3.3)

The solution to (3.2) can be constructed as the smallest supersolution above the
obstacle and vanishing at infinity.
Our main result reads as follows.

Theorem 3.1. Let u be the solution to (3.2)), with ¢ satisfying (3.3)), and b € R™.
Let xy € 0{u = @} be any free boundary point. Then we have the following
dichotomy:

(i) either

0 < ertti@) < 51(1p)(u — ) < Ottt Y(zo) € (0,1),
Br(zo

for all r € (0,1),
(i) or

0< sup (u—¢p) <Car*e foralle >0, re(0,1).
By (z0)

Moreover, the subset of the free boundary satisfying (i) is relatively open and is locally
CYe for some a > 0.
Furthermore, 5(xo) is given by

F(xo) = % + % arctan (b - v(z)), (3.4)

where v(xg) denotes the unit normal vector to the free boundary at xo pointing to-
wards {u > p}. Finally, for every point xq satisfying (i) we have the expansion

u(z) — p(z) = CO<(x — 1) - V(xo))iw(m) +o0 <|33 - l’o!lw(m)w) (3.5)

for some o0 >0, and ¢y > 0. The constants o and o depend only on n and ||b|.
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We think it is quite interesting that the growth around free boundary points
(and thus, the regularity of the solution) depends on the orientation of the normal
vector with respect to the free boundary. To our knowledge, this is the first example
of an obstacle-type problem in which this happens.

The previous theorem implies that the solution is C* at every free boundary
point z, with -

MW= arctan(]|b|]). (3.6)
Nonetheless, the constants may depend on the point zy considered, so that if we
want a uniform regularity estimate for u we actually have the following corollary. It
establishes almost optimal regularity of solutions.

Corollary 3.2. Let u be the solution to (3.2) for a given obstacle ¢ of the form
(13-3), and a given b € R™. Let v, given by (3.6). Then, for any € > 0 we have

[ullcrap—e@ny < C,
where C is a constant depending only on n, ||b||, €, and ||¢||c21 @n).

In order to prove Theorem we proceed as follows. First, we classify convex
global solutions to the obstacle problem by following the ideas in [CRS17]. Then, we
show the Lipschitz regularity of the free boundary at regular points, and using the
results in [RS19] we find that the free boundary is actually C1*. Finally, to prove
— we need to establish fine regularity estimates up to the boundary in C1®
domains. This is done by constructing appropriate barriers and a blow-up argument
in the spirit of [RS16]. Notice that, since we do not have any monotonicity formula
for problem , our proofs are completely different from those in [PP15, [GPPS17].

3.1.3 More general nonlocal operators of order 1 with drift

We will show an analogous result for more general nonlocal operators of the form

2 |y|n+1

with
pe L°(S™ 1) satisfying  p(0) = u(—0) and 0 < A < pu <A, (3.8)
The constants A and A are the ellipticity constants. Notice that the operators L we

are considering are of order 1.
The obstacle problem in this case is, then,

min{—Lu—l—b-Vu,u—ap} = 0 in R",
lim|xHoou(x) = 0.

(3.9)

Our main result reads as follows.

Theorem 3.3. Let L be an operator of the form —. Let u be the solution
to , with o satisfying , and b € R™.

Let xg be any free boundary point, xo € 0{u = ¢}. Then we have the following
dichotomy:
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(i) either

0 < epl+i@) < 81(1p)(u — ) < Cyl+i(@o) Y(zo) € (0,1),
By (xg

for allr € (0,1).
(i) or

0< sup (u—¢p) <Cua?*e foralle >0, r e (0,1).
Br(550)

Moreover, the subset of the free boundary satisfying (i) is relatively open and is locally
CYHe for some o > 0.
Furthermore, the value of Y(xo) is given by

3 1 1 b-v(x) )
rg) = — + —arctan | ———= |, 3.10

o) = 5+ ot (TS (10
where v(xg) denotes the unit normal vector to the free boundary at xy pointing to-
wards {u > ¢}, and

™

x(e) = B /Sn1 0 -e|lp(0)dd  for eecS"L. (3.11)

Finally, for any point xqy satisfying (1) we have the expansion

1= =l =)o e )

for some o > 0, and ¢y > 0. The constants o and o depend only on n, the ellipticity
constants, and ||b]|.

This result extends Theorem [3.1] and the dependence on the operator L is re-
flected in ((3.10)). For the fractional Laplacian we have y = 1, and thus becomes
B3).

We will also prove an analogous result to Corollary regarding the almost
optimal regularity of solutions; see Corollary [3.29]

3.1.4 Structure of the work

We will focus on the proof of Theorem [3.3] from which in particular will follow
Theorem [3.1| The paper is organised as follows.

In Section 3.2 we introduce the notation and give some preliminary results regard-
ing nonlocal elliptic problems with drift. In Section we establish O™ estimates
for solutions to the obstacle problem with critical drift. In Section [3.4] we classify
convex global solutions to the problem. In Section [3.5| we introduce the notion of reg-
ular points and we prove that blow-ups of solutions around such points converge to
convex global solutions. In Section we prove C1® regularity of the free boundary
around regular points. In Section we establish estimates up to the boundary for
the Dirichlet problem with drift in C'** domains, in particular, finding an expansion
of solutions around points of the boundary. In Section [3.8] we combine the results
from Sections and to prove Theorems and [3.3] Finally, in Section [3.9]
we establish a non-degeneracy property at all points of the free boundary when the
obstacle is concave near the coincidence set.
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3.2 Notation and preliminaries

We begin our work with a section of notation and preliminaries. Here, we recall
some known results regarding nonlocal operators with drift, and we also find a 1-
dimensional solution.

Throughout the work we will use the following function in order to avoid a heavy
reading, v : R — (0, 1), given by

~y(t) == % + %arctan (t). (3.12)

We next introduce some known results regarding the elliptic problem with drift
that will be used. The first one is the following interior estimate.

Proposition 3.4. Let L be an operator of the form (3.7)-(3.8]), and let b € R™. Let

u solve

(=L+b-Vu=f, in By,
for some f. Then, if f € L>(By), and for any € > 0,

uy)
lorio = € (Ilmiay + llmeay + [ 40 ay),

where C' depends only on n, e, the ellipticity constants, and ||b||.

The proof of Proposition is given in [Serl5] in case b = 0 (in the much more
general context of fully nonlinear equations). The proof of [Serl5] uses the main
result in [CD14]. The proof of Proposition follows simply by replacing the use of
the result [CD14] in [Serl5] by [SS16L Theorem 7.2] or [CD16l Corollary 7.1].

We also need the following boundary Harnack inequality from [RST19).

Theorem 3.5 ([RS19]). Let U C R™ be an open set, let L be an operator of the

form (3.7)-(3.8), and let b € R™.

Let uy,us € C(By) be viscosity solutions to

{(—L+b-V)ui =0 m UnNB i=1.2,

u; = 0 m Bl\U, ’
and such that

u; >0 n R ———dy=1, i=1,2.
- /R 1 [y

Then,
0< CUy < Uq < CUQ m UnN Bl/g,

for some constants ¢ and C' depending only onn, ||b||, U, and the ellipticity constants.

We will also need the following result.
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Theorem 3.6 (JRS19]). Let U C R" be a Lipschitz set, let L be an operator of the
form (3.7)-(3.8), and let b € R™.

Let uy,us € C(By) be viscosity solutions to

{(—L—i—b-V)ui = g i UN DBy =12

U; = 0 m Bl\U, ’

for some functions g; € L>°(U N By), i = 1,2. Assume also that

U,LZO m R, /Rnwdy—l, 2—1,2.

Then, there exists § > 0 depending only on n, U, the ellipticity constants, and
||b]| such that, if

9illLoe@wnpy <6 in UN By, i=1,2,
then
U <C
Uz |l co(UnB, ) ’

for some constants o and C' depending only on n, U, the ellipticity constants, and
1611

Finally, to conclude this section we study how 1-dimensional powers behave with
respect to the operator, and in particular, we find a 1-dimensional solution to the
problem. This solution is the same as the one that appears as a travelling wave
solution in the parabolic fractional obstacle problem for s = %; see [CF13| Remark
3.7].

Proposition 3.7. Let b € R, and let u € C(R) be defined by

u(w) = (z4)7,

for B € (0,1). Then u satisfies
(—A) 2+ bu' = B(bsin(Br) + cos(Bm)) (z1)?F in Ry,
u=0 m R_.

In particular, let us define

where

1 1
Y(t) == 5T~ arctan (¢) € (0,1).
7r

Then, ug satisfies
(=AY 2ug +buhy =0 in Ry,
u =0 m R_,

i.€., Ug 1S a solution to the 1-dimensional non-local elliptic problem with critical drift
and with zero Dirichlet conditions in R_.
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Proof. Define the harmonic extension to R?, @ = u(x,y), via the Poisson kernel, so
that @(z,0) = u(x), and —0,u(x,0) = (— )1/2 (x). We have that u solves,

{Aa = 0 in R?nNn{y>0}

@ = 0 in {z<0}n{y=o0} (3.13)

For simplicity, define the reflected function w(x,y) = u(—=x,y), and let us con-
sider that, by separation of variables in polar coordinates, w(r,0) = g(r)h(6), for
r>0,0 € [0,xm] (we use the standard variables, x = rcos#, y = rsin ). Notice that
we are considering homogeneous solutions, so that g(r) = r®. Then, from we
get

g'h+rtgdh+r2gh” = 0 in {r>0}n{0ec(0,7)}
hO) = 0

(3.14)
from which arise that w can be expressed as
w(r,0) = r’sin(36).
Now notice that, for r > 0,

(=A)Y20u + b ) (r) = (170 + b0, )w(r, 0)!0:7r = B (bsin(Br) + cos(pm)) rP7L.

Solving for  we obtain that it is a solution for 8 = v(b). Moreover, notice that
for 5 < ~(b) it is a supersolution, and for 5 > ~(b) a subsolution. O]

3.3 C'7 regularity of solutions

In this section we prove C17 regularity of solutions to the obstacle problem with
critical drift. For this, we use the method in J[CRSI7, Section 2].
Throughout this section we can consider the wider class of nonlocal operators

Lu(z) = / n (“(m Fy)tu—y) u(x)) ) g (3.15)

2 ‘y|n+1

with
a € L>*R") satisfying a(y) =a(—y) and X <a <A, (3.16)

so that we are dropping the homogeneity condition of the kernel.

Lemma 3.8. Let L be an operator of the form (3.15)-(3.16) and let b € R™. Let ¢
be any obstacle satisfying (3.3)), and let u be a solution to (3.9)). Then,

(a) u is semiconvex, with

Decw > —||p||cramny for all e € S*

(b) w is bounded, with
[ ]| oo (rmy < o] Lo (.-
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(¢) w is Lipschitz, with
lulluip@n) < ll@llLipn)-

Proof. The proof is exactly the same as in [CRS17, Lemma 2.1], since the operator
—L + b - V still has maximum principle and is translation invariant. O

We next prove the lemma that will yield the C17 regularity of solutions.

Lemma 3.9. There exist constants 7 > 0 and 6 > 0 such that the following state-
ment holds true.

Let L be and operator of the form (3.15)-(3.16), let b € R™, and let u € Lip(R")
be a solution to

u > 0 m R”
Ot > —0 in By foralle € S* !
(—=L+b-V)(u—u(-—nh)) < 6lh| in {u>0}NBy forallh R,

in the viscosity sense.
satisfying the growth condition

sup |Vu| < R" for R > 1.
Br

Assume that u(0) = 0. Then,
|Vu(z)| < 2|z|.
The constants T and 0 depend only on n, the ellipticity constants and ||b]|.

Proof. The proof is very similar to that of [CRS17, Lemma 2.3].

Define

O(r) := sup {(F)T sup |Vu|}
Fzr B;

Note that, by the growth control on the gradient, #(r) < 1 for r > 1. Note also
that 6 is nonincreasing by definition.

To get the desired result, it is enough to prove 6(r) < 2 for all r € (0,1). Assume
by contradiction that 6(r) > 2 for some r € (0, 1), so that from the definition of 6,
there will be some 7 € (r, 1) such that

(7) " sup | Vel > (1~ £)0(r) > (1 - )0(r) > 3.

T

for some small € > 0 to be chosen later.

We now define
u(rz)

= g e

and

oty = [ (B0 ) ol
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Notice that L; is still of the form (3.15))-(3.16]).

The rescaled function satisfies

u > 0 in R"”
D*u > —(7)*7'770ld > —0Id in Byjr D By
(—Ly +b-V)(@—a(-—h)) < (7)70|Fh| < || in {u >0} N B,

for all h € R™,

Moreover, by definition of 6 and 7, the rescaled function @ also satisfies

1—e < sup sup u-al—h) and  sup sup w < (R+1/4)" (3.17)
|h|<1/4 Bi |h| |h|<1/4 Br |h|
for all R > 1.

Let n € C?(Bsj) with p =1in By, n <1 in Bjj,. Then,

= (. B
sup sup (w + 3517) > 1+ 2e.
|h|<1/4 Bsj2 |h|

Fix hy € By4 such that

0l —h
to :zm(w—k&sn) >1+e.
B3z |h0|
and let zo € B3/, be such that
U —u(zg—h
U(xO) U(!Eo O) + 357]($0) = ty. (318)
| hol
Let us denote - - )
) o ) = = o)
|ho

Then, we have

v+ 3en < wv(xg) + 3en(zg) =ty in Byjs.

Moreover, if 7 is taken small enough then

supv < (44 1/4)7 < 1+¢ <y,
By

so that in particular z¢ is in the interior of Bs/s, and
v+3en <ty in Bs. (3.19)

Note also that g € {u > 0} since otherwise u(x)—u(zo—ho) would be a nonpositive
number.

We now evaluate the equation for v at zy to obtain a contradiction. To do so,
recall that D?u > —6Id in By, @ > 0 in R™, and @(0) = 0. It follows that, for z € By
and ¢ € (0,1),

|2

a(t'z) < t'u(z) + (1 — t)a(0) + ol=” |2]?

Y-y <alz)+ 2 — g
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and thus, for ¢ € (0,1), setting z = x(1+t/|z|) and ' = 1/(1 +t/|z|) we obtain, for
x € By,

T

a(z) — 1 (x +t—> < g(|x| +1)?

]

t/|z| B S|zt

Axtjla)E - 2 =%

Therefore, denoting e = hg/|ho|, t = |ho| < 1 and using that by (3.17), if 7 small

enough,

_ 4
allLipes,) < 3
we obtain
o(z) = u(x) — u(z — te) < u(r) —u(x —te) Y <$ + t|i|> u(z) s
t t t
u (:E + t%) u(z — te) 3.20
< B v (3.20)
t
< 4 L T L5 < 1
— e —_— —
— 3 || !
in C. N By provided 4 is taken smaller than 1/12; where C, is the cone,
T 1
C. .= : — <=
s or il <5
On the other hand, we know that
v(zg +y) —v(zo) < 35(77(370) —n(xo + y)) in Bs. (3.21)

This allows us to define

_ [ v(wo) + 3¢ (n(wo) — n(wo +y)) inB
d(xo +y) = { ’ ( " U(;O + y)) otheisise.

Notice that ¢ is regular around zy and that ¢ > v everywhere, and recall that
(—Lz+b-V)v(zg) < in the viscosity sense. Therefore, we have

— Lid(xo) — Cblle < (=L +b- V)(z0) < 0. (3.22)

Now, using
1—2e<w(rg) <1+4e,

and defining

we can bound d¢(z,y) as
Cely|? in B
0p(zo,y) < ¢ (Jyl+2)"—1+2 in R"\ B
-3/8+Ce in (—xzo+CcNBy)\ By
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The first inequality follows because around x( and from we have the bound
6d(z0,y) < 2e(2n(z0) — n(xo +y) — n(zo — y)) and n is a C? function. The second
inequality follows from (3.17), and using that 1 (Jzo +y|+ 1) + 3 (Jzo —y| + 1)" <
(ly| +2)7. For the third inequality, notice that

() = LY = 00) o0 —y) — vlo)
1 1 3 .
§§_§+€+C€§—§+C€ m (—.T0+CemB1)\Bl/47
where we have used (3.20)) to bound the first term and (3.21)) to bound the second

one. The constant C' depends only on the 7, so it is independent of everything else.
We then find

LW@MSA/

B1

CelyPlyl™ " dy + A/ {(lyl +2)7 = 1 +2¢ |y dy

Rn\B1

3
+ /\/ (—— + CE) ly| " dy
(—20+CenBI\Byja \ O

<cero [ {(l+ 2 -1y

R™\ By /o

with ¢ > 0 independent of ¢ and 7 (for € small).
Thus, combining with (3.22)) we get

2)7 —1 ~
c—c [ (ol + e +/ UAE2T =00 ) < —Ofbfle — Eedlan) < 6. (3.23)
R™\By 5 |y|

If £ and 7 are taken small enough so that the left-hand side in ([3.23)) is greater than
¢/2, we get a contradiction for 6 < ¢/4. O

The following proposition implies that the solution to the obstacle problem ((3.9))
is C*7 for some 7 > 0.

Proposition 3.10. Let L be any operator of the form (3.15))-(3.16)), let b € R™,
and let w € Lip(R™) with uw(0) = 0 be any function satisfying, for all h € R™ and
e € S"L, and for some e > 0,

u > 0 mn R”

Oeet. > —K in By
(=L+b-V)(u—u(-—h)) < K|h| in {u >0} N By

Vu| < K@+ |z|'¢) inR"

Then, there exists a small constant T > 0 such that
||U||01,T(Bl/2) S CK
The constants T and C' depend only on n, ||b||, €, and the ellipticity constants.

Proof. The proof is standard and it is exactly the same as the proof of [CRS17,
Proposition 2.4] by means of Lemma . O
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3.4 Classification of convex global solutions

In this section we prove the following theorem, that classifies all convex global solu-
tions to the obstacle problem with critical drift.

Theorem 3.11. Let L be an operator of the form (3.7)-(3.8)). Let Q@ C R™ be a
closed convex set, with 0 € Q. Let u € C*(R™) a function satisfying, for all h € R™,

(=L+b-V)(Vu) = 0 in R*"\Q
(=L+b-V)(u—u(-—h)) < 0 in R"\Q
D>uv > 0 in R (3.24)
u = 0 in
u > 0 m R™
Assume also the following growth control satisfied by u,
|Vullzoppy < R forall R>1, (3.25)
for some € > 0. Then, either u=0, or
Q={e-z<0} and u(x)=C(e-z), /X (3.26)

for some e € S"! and C' > 0. The value of x(e) is given by (3.11)) with the kernel
p of L, and v is given by (3.12)).

We start by proving the following proposition.

Proposition 3.12. Let X be a non-empty closed convex cone, and let L be an oper-
ator of the form (3.7)-(3.8). Let u1 and us be two non-negative continuous functions

satisfying
ui(y) :
——dy <oo, 1=1,2
/]R” T+ Jyp
Assume, also, that they are viscosity solutions to

(=L+b-V)u; = 0 in R*"\ X
U; 0 mo
u; > 0 in R™\ 2.

Then,
uy = Kuy in R",

for some constant K.

Proof. The proof is the same as the proof of [CRS17, Theorem 3.1], using the bound-
ary Harnack inequality in Theorem [3.5]

Suppose, without loss of generality, that X C R™. Take P a point with |P| =1
and B,(P) C R™\ ¥ for some r > 0, and assume that u;(P) = 1. We want to prove
U1 = Usg.

Define, given R > 1,
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with Cj such that [, @(y)(1+ |y|)~" 'dy = 1. Thus, by Theorem [3.5| there exists
some ¢ > 0 such that

U 2 ClUs and Usg Z Ccluq in Bl/g. (327)

In particular, 4,(P/R) and us(P/R) are comparable, so that C; and Cy are
comparable. Thus, from (3.27)),

uy > cup and up >cuy; in Bgys,

for any R > 1, so that the previous inequalities are true in R".
Now take
c:=sup{c>0:u; >cuy in R"} <oc.

Define
v =1u; — Cug > 0.

Either v = 0 in R” or v > 0 in R™ \ ¥ by the strong maximum principle. If v =0
we are done, because in this case ¢ = 1 due to the fact that u;(P) = us(P) = 1.
Let us assume then that v > 0 in R™ \ ¥. Apply the first part of the proof
to v/v(P) and us to deduce that, for some § > 0, v > Juy. This contradicts the
definition of ¢, so v = 0 as we wanted. O

We can now prove the classification of convex global solutions in Theorem |3.11

Proof of Theorem[3.11]. First, by the same blow-down argument in [CRS17, Theo-
rem 4.1}, we can restrict ourselves to the case in which 2 = X for ¥ a closed convex
cone in R"™ with vertex at 0.

We now split the proof into two cases:

Case 1: When Y has non empty interior there are n linearly independent unitary
vectors e; such that —e; € 3. Define

v; 1= O, U,
and note that, since D*u > 0 and —e; € ¥ = {u = 0}, we have
(—L+b-V)o; = 0 in R"\Y

v = 0 in % (3.28)
V; 0 in R™

AV

From Proposition [3.12] we must have v; = a;v;, for some 1 < k <n, a; € R, and
for all ¢ = 1,...,n, so that 0,4, v = 0 in R™ for all ¢ # k. Thus, there exists a
non-negative function ¢ : R — R, ¢ € C'!, such that u = ¢(e - z) for some e € S";
so that, since 0 € 0%, ¥ = {e -z < 0}.

Notice that ¢’ > 0 solves (=L + (b-€)0)(¢') = 0in Ry and ¢ = 0 in R_, with
the growth ¢'(t) < C(1 +¢'¢). From [RS14, Lemma 2.1], we have

(x(e)(=A)2 4+ (b-e)d)(¢) =0 in Ry,

where x(e) is given by (3.11]). Now, a non-negative solution to the previous equation
is given by Proposition [3.7] Such solution is unique up to a multiplicative constant
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thanks to Proposition [3.12] Indeed, notice that the hypotheses of the lemma are
fulfilled due to the growth control of ¢’ and the fact that ¢’ > 0. Thus, we obtain

B(t) = (1) X for teR,

where v and x are given by (3.12)) and (3.11)) respectively.

Case 2: If ¥ has empty interior then by convexity it must be contained in some
hyperplane H = {z - ¢ = 0}. From Proposition [3.10, rescaling,

[Vulcr () < C(R),

for some constant C'(R) depending on R; and for any R > 1. In particular, for any
h € R", if we define

v(z) =u(x) —u(zx —h) for xeR"

then v € CL7(R™). This implies that (—L+b-V)v € Cf

loc loc

that (=L +0b-V)v =01in R™\ H, so we must have

(R™), but we already knew

(=L+b-V)v=0 in R"
Now, from the interior estimates in Proposition |3.4] rescaled on balls Br we have

1—¢/2 [v(Ry)|
R [U]CI*E/Q(BR/Q <cC (HUHL"O(BR) + /]Rn 1+ ’y|n+1dy :

On the other hand, from the growth control on the gradient, we have
1—
[0l Lo () < [R[RF.
Putting the last two expressions together we reach

Clh|
[0]0175/2(31%/2) < Re/2

Now let R — 0o to obtain that v must be constant for all A. That means that u
is affine, but ©(0) =0 and v > 0 in R™, so u = 0. O
3.5 Blow-ups at regular points

By subtracting the obstacle if necessary and dividing by C/||¢||c2.1(n), we can assume
that we are dealing with the following problem,

u > 0 in R"
(—L+b-Vu < f in R" (3.29)
(=L+b-V)u = f in {u>0} '
D>u > —Id in R™

Moreover, dividing by a bigger constant if necessary, we can also assume that

| fllermny <1, (3.30)
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and that
HUHCI,T(RR) S 1. (331)

The validity of the last expression and the constant 7 come from Proposition [3.10
and Lemma [3.8]
Let us now introduce the notion of reqular free boundary point.

Definition 3.1. We say that xy € d{u > 0} is a regular free boundary point with
exponent ¢ if
u|| oo (B, (2
lim sup 14 B _ o
rl0 ree

for some ¢ > 0.

The following proposition states that an appropriate blow up sequence of the
solution around a regular free boundary point converges in C' norm to a convex
global solution.

Proposition 3.13. Let L be an operator of the form -, and let b € R™.
Let w be a solution to (3.29)-(3.30)-(3.31)). Assume that 0 is a reqular free boundary
point with exponent .

Then, given 6 > 0, Ry > 1, there exists r > 0 such that the rescaled function

u(rz)

v(x) =

- rlIVulrea,)

satisfies
V|| o (Br) < 2R forall R>1,

‘(—L+b~V)(VU)| <dé in {v >0},

and
v —uo| + |Vv —Vug| <6 in Bg,,

for some uq of the form (3.26) and with ||Vuol|p~s,) = 1.
Before proving the previous proposition, let us prove the following lemma.

Lemma 3.14. Assume u € C'(By) satisfies |Vu| peo@n) =1, u(0) = 0, and
sup———— — o0 as pl0.

Then, there exists a sequence 1y | 0 such that HVUHLOO(BTk) > 57“,1_5, and for which
the rescaled functions
u(rpz)

UL\T) =
) = Nl

satisfy
IVug(z)| <214 |z|*™°) in R™
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Proof. Define

Notice that, since u(0) = 0, we have

|ulle=zy _ VUl
r2—e - rl—e

Therefore, 0(p) — oo as p | 0, and notice also that 6 is non-increasing.
Now, for every k € N, there is some 1, > % such that

9(1/k) > 00r0) (332)

B 1
e Vulle(s,,) > >

Since ||Vul|goe(rny = 1, then
871 1
rr 5 0(1/k) - o0 as k — oo,

so that 7, — 0 as k — oo. We also have 6(ry) > 1, and therefore ||Vu|z=s, ) >

115

Finally, from the definition of 6 and (3.32)), and for any R > 1, we have

VUl (s, ) o O(riR)(ri )"

< < 2R,
IVl (B,,) 5 (rk)1==0(ry)

VgL 8y =

which follows from the monotonicity of 6. m

We can now prove Proposition which follows taking the sequence of rescal-
ings given by Lemma together with a compactness argument.

Proof of Proposition[3.13 Let r | 0 be the sequence given by Lemma There-
fore, the functions

u(rgz)
vp(z) =
el VullL=(s,,)
satisfy
||Vvk||L°°(BR) S 2R1_€ forall R Z 17
and
||Vvk||Loo(Bl) = ]_, 'Uk(O) = 0
Moreover,
Tk Tk
D= —""  pry>___ T g
[Vul[z=(B,,) IVul[e(B,,)
and, in {vg > 0},
(=L +b-V)(Voy)| = =2 |(=L+ - V)(Vu)|
IVull < s,,)
Tk Tk
IV £l e

= TVl (B = TVl > (Buy,)

k



80 Chapter 3. The fractional obstacle problem with critical drift

Notice that, from (3.32) and with the notation from the proof of Lemma m,

1 Vul||p=(s, ]
— = IVulli=,) > () —o00, as 1l 0.
Mk Tk 2ry,

Thus, in all we have a sequence v, such that v, € C*, v;,(0) = 0, and
||VkaL°°(BR) S 2R17€ forall R Z 1,

(=L +0b-V)(Vo)| <me in {u > 0},
D2Uk Z —T]kId,
with 75 | 0. From the estimates in Proposition [3.10],

HVUkHCT(BR) S O(R) forall R 2 1,

for some constant depending on R, C'(R). Thus, up to taking a subsequence, vy

converges in C_(R™) to some v,, which by stability of viscosity solutions is a convex

global solution to the obstacle problem (3.24) fulfilling (3.25).
By the classification theorem, Theorem 13.11L Voo must be of the form (3.26]).
Taking limits

Vsl oo () = 1

and v(0) = 0. Now the result follows because 7 | 0 and v, converge in C

loc (Rn)
10 Voo UJ

3.6 C'“ regularity of the free boundary around
regular points

In this section we prove C1“ regularity of the free boundary around regular points.
We begin by proving the Lipschitz regularity of the free boundary, as stated in
the following proposition.

Proposition 3.15. Let L be an operator of the form -, and let b € R™.
Let u be a solution to (3.29)-(3.30)-(3.31)). Assume that 0 is a regular free boundary
point.

Then, there exists a vector e € S"1 such that for any ¢ > 0, there exists an
r > 0 and a Lipschitz function g : R"' — R such that

{u>0}NB, ={y,>9gW1....,Yn1)} N By,

where y = Rz is a change of coordinates given by a rotation R with Re = e, and g
fulfils
19/lLin(s) < €.

- ¢
Moreover, Oyu > 0 in B, for all e -e > Wik

The following lemma will be needed in the proof, and it is analogous to [CRS17,
Lemma 6.2].
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Lemma 3.16. There exists n = n(n, A, A\, ||b]|) such that the following statement
holds.

Let L be an operator of the form (3.7)-(3.8), and let b € R". Let E C By be
relatively closed, and assume that, in the viscosity sense, w € C(By) satisfies

(=L+b-VYw > —n in B\ E
w = 0 in EU(R™\ By) (3.33)
w > -7 in By\E,

and

/ Wy Z 1.
B

Then, w is non-negatie in By, i.e.,
w Z 0 n Bl/2-

Proof. Let us argue by contradiction, and suppose that the statement does not hold
for any n > 0. Define ¢ € C?(Bs/4) be a radial function with ¢ > 0, ¥ =1 in B
and with |Vi¢| < C(n). Let

() == —n —t+ mp(z).

If w attains negative values on B/, then there exists some ¢y > 0 and z € By,
such that ¢y, touches w from below at z, i.e. ¢y, < w everywhere and vy, (z) =
w(z) < 0. Let 6 > 0 be such that w < 0 in Bj(z) (recall w continuous). Let us now

define
v ] w(x) if zeR"\ Bs(z)
o(w) = { olr) it ze By, (3.34)

Notice that w is C? around z, and is such that @ < w. By definition of viscosity
supersolution, we have

(—L+b-V)w(z) > —n.
On the one hand, this implies
(=L+b-V)(w—¢y)(2) = =C,

for some C' depending on n, the ellipticity constants, and ||b|. On the other hand,
we can evaluate w — 1)y, classically at z,

(~ Lt V)@ = 1,)(2) = ~L(@ — )2
<o [ @- )Gl < —eh [ (0= )y

B1\Bs(2)
< —c(n))\/ whdy < —c(n)A.
By
We used here that (0 — ¥y, )XB,\Bs(z) > wT in By.

In all, for n small enough depending only on n, the ellipticity constants, and ||b]|,
we reach a contradiction. O
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With the previous lemma and the results from the previous section, we can now
prove Proposition |3.15]

Proof of Proposition[3.15 Let 6 > 0 and Ry to be chosen, and consider the rescaled
function from Proposition [3.13]

v(x) =

|Vl e,

Thanks to Proposition |3.13], there exists some e € S*! such that

u(rx)

Vo — (z- e)l(b’e/X(e))e‘ <§ in Bg,.

Recall 7 and x are given by ([3.12))-(3.11)).

Now let ¢’ € S™™! be such that (assuming ¢ < 1)

Notice that

and
(-L+0b-V)(Vu-€)[<é in {v>0}
Define C
v =0,

for some C} such that

/ wt > 1.
By

Notice that, if ¢ is small enough, then C; depends only on n, ¢, ||b||, and the
ellipticity constants.

Let us call E = {v = 0}. If Ry is large enough, depending only on n, ¢, €, ||0]|, 9,
and the ellipticity constants, then w satisfies

(-L+b-Vyw>-46>-n in B\E
w=0 in EU(R"\ By) (3.35)
w> -S> -y in B\ E.

We are using here that, for z € By \ E,

(—=L+b-Vw(z) > —%5 —(=L+b-V) <%(VU : e/)X35> (x)

> —%5 + %L(VD - )xpg(x)
> _ﬁg n )\ﬁ (Vv -e)xps(r +y)+ (YU e )xpg(r —y)
g g BR()*I 2’y|n+
n )\ﬁ (Vv -e)xps(x +y) + (V- e)xps(z —y)
¢ B$, 2[y[+
Ch Ch CcCy

v

_ s \os o> 2L
£(5 A€05 ¢ > £5,
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where Ry is chosen large enough so that ¢ can be comparable to the other terms
(which can be done, thanks to the fact that Vv grows as R'~¢). Notice that C
depends only on A\ and n.

In all, we can choose § small enough so that

Cgoléﬁn

for the constant n given in Lemma |3.16]
Therefore, applying Lemma to the function w we get that

w Z 0 in Bl/27

or equivalently,
Oeu >0 in B,

for all ¢/ € S"~! such that ¢’ - e > ﬁ. This implies that O{u > 0} is Lipschitz in

B,., with Lipschitz constant smaller than ¢. m

Finally, combining Proposition [3.15 with the boundary regularity result in The-
orem [3.6| we show that the free boundary is C* around regular points.

Proposition 3.17. Let L be an operator of the form —, and let b € R™.
Let u be a solution to (3.29)-(3.30)-(3.31]). Assume that xq is a reqular free boundary
point.

Then, there exists v > 0 such that the free boundary is C** in B,(zq) for some
a > 0 depending only on n, ||b||, and the ellipticity constants.

Proof. Without loss of generality assume zo = 0 and that v(0) = e,, where v(0)
denotes the normal vector to the free boundary at 0 pointing towards {u > 0}.
By Proposition [3.15, we already know the free boundary is Lipschitz around

0, with Lipschitz constant 1 in a ball B,. Let v; = % (Oju + Oyu) for any fixed
i€ {l,...,n—1}, and let vy = J,u. We first show that for some r > 0 and « > 0,
1 0;
o - H1 4 ot <C. (3.36)
U2 Co({u>0}NB) 2 8”“’ Co({u>0}NBy)

Define w as in the proof of Proposition [3.15] i.e., w = C1(Vv - €')xp,, where v is
the rescaling given by Proposition and €’ is such that ¢ - e > é (choose ¢ =1
for example).

From the proof of Proposition we know that w > 0 in By, (if, using the
same notation, Ry is large enough and ¢ is small enough; i.e., the rescaling defining
v is appropriately chosen). Now define

w=C1(Vu-e),

and notice that
(=L +0b-V)w| <n in B\ {v=0}

for some n > 0 that can be made arbitrarily small by choosing the appropriate
(small) § > 0 and (large) Ry in the rescaling given by Proposition [3.13] The previous
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inequality follows from the fact that (Vv-€')_ < §in Bg,, (Vv-e')_ < 2(1 4+ |z|'7°)
in Bge, and (Vv -€')_ =01in Byj,.

Let ¢;, = \% (e; +en), and define w; = C (Vv -ey,), and wy = C(Vv - e,) 4
(taking €' = e;, and €’ = e,,). Now notice that w; and ws fulfil the hypotheses of the
boundary regularity result in Theorem 3.6, and wy = C(Vv-e;,) and wy = C(Vv-e,,)
in By /3. Thus, applying Theorem to w; and wy we obtain that there exists some
a > 0 such that
<C.

CQ {v>0}ﬁBl/8)

ng

Going back to the rescalings defining @ we reach that for some r > 0, (3.36]) holds.
Once we have (3.36) the procedure is standard. Notice that the components of
the normal vector to the level sets {u =t} for t > 0 can be written as

() = e (z) = O
V(o @ 1)

nip) = Ot o) = 1

) = ()

(Z;:ll (8ju/anu)2 N 1) 12

for u(x) = t > 0. In particular, from the regularity of d;u/0,u given by (3.36)),
we obtain v is C® on these level sets; that is, |v(z) — v(y)| < C|z — y|* whenever
z,y € {u =1t} N B,. Now let t | 0 and we are done. ]

3.7 Estimates in C"® domains

Once we know that the free boundary is C1® around regular points, we need to find
the expansion of the solution (3.5 around such points. To do so, we establish fine
boundary regularity estimates for solutions to elliptic problem with critical drift in
arbitrary C%® domains. That is the aim of this section.

The main result of this section is the following, for the Dirichlet problem with
the operator —L + b -V in C* domains. We will use it on the derivatives of the
solution to the obstacle problem.

Theorem 3.18. Let L be an operator of the form (3.7 . let b € R™ and let )
be a CH* domain.

Let f € L>*(QN By), and suppose u € L= (R™) satisfies

{(—L+b-V)u = f in QNB

u = 0 in By \ Q. (3.37)

Then, for each boundary point xo € By N 0L, there exists a constant Q) with
Q| < C (||uHLoo(Rn) + ||fHLoo(QmBl)) such that for all x € By

[u(@) = Q((x = o) - (o))

where ¢ > 0 and v(z) is the normal unit vector to 0 at xo pointing towards the
interior of Q, and 7(xq) is defined in (3.10). The constant C' depends only on n, «,

< O (ullseqn) + 1l anm) [ = o770+,
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Q, the ellipticity constants, and ||b||; and the constant o depends only on n, «, the
ellipticity constants, and ||b|.

To prove Theorem |3.18 we will need several ingredients.

3.7.1 A supersolution and a subsolution

In this section we denote
d(x) := dist(z, R™ \ Q).

We will also use the following.

Definition 3.2. Given a C1* domain 2, we consider p a regularised distance func-
tion to C19; i.e., a function that satisfies

K™'d < o< Kd,
lollcray < K and  |D?p| < Kd*™,
where the constant K depends only on o and the domain ).

The existence of such regularised distance was discussed, for example, in [RS15),
Remark 2.2].
We next construct a supersolution, needed in our proof of Theorem [3.18|

Proposition 3.19 (Supersolution). Let L be an operator of the form (3.7)-(3.8]),
and let b € R™. Let Q be a C domain for some o > 0, and suppose 0 € OS).
Let v : 02 — S be the outer normal vector at the points of the boundary of

Q, let v be defined by (3.12), and x by (3.11)). Let us also define
N ._7<b~y(0))
b x(v(0)) )

m;ﬂﬁ{nzom(i&gg)z%—n‘meaﬁm&}. (3.38)

Let ¢ := 0" for a fited 0 < k < vy — 2, and where o is the regularised distance
given by Definition|3.2. Then, there exist 6 > 0 and C' > 0 such that

and

{CPL+hVM > 1 in Biypn{z:0<d(z) <d} (3.39)

Co > 1 in BijyN{x :d(x) > d}.

The constants § and C' depend only on n, Q, k, the ellipticity constants, and I|b]|-
Proof. Pick any xg € By N {x : d(x) <6}, and define

lo(x) = (o(xo) + Vo(wo) - (x — x0)) .

Notice that, whenever [y > 0, if we define gq := g@é& and z = gg - x then

(=L +b-V)ig(x) = (x(0)(—A)"> + (b- 80) 9) (IVolwo)|z + o),
= Jo(x0) |x(&0)e(r, b+ 60/x(80)) (IVe(@o)|z + o)t
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where ¢y = o(z9) — Vo(zg) - zo, and ¢(k,b - 09/x(00)) is the constant arising from
Proposition [3.7, We want to check that this constant is positive, which is equivalent
to saying (again, from Proposition [3.7]) that

neT (i(gio)) |

To see this, it is enough to check that

b-o
Yo = 20y < ( QO)
x(o)
which will be true for some small § > 0 and for any zq € By/p N {x : d(z) < 6} if
Voly)

lim inf su ‘v(x) =1,
410 yEB1/2 xEdQﬂpB3/4 |VQ( )| ( )
0<d(y)<é

i.e., Vo normalised is close to some unit normal vector to the boundary as § goes to
zero (notice that v and x are continuous). But this is true since g is a C* function,
so in particular, its gradient is continuous, and the boundary is a level set of p; i.e.,
Vo(y) = |[Vo(y)|v(y) for any y on the boundary. It is important to remark that the
modulus of continuity of Vo depends only on €.

Now notice that

Let ¢ be a C1*(R™) extension of g to the whole R™ with ¢ < 0 in R™\ Q. Then we
have
|o(w0) + Vo(zo) -y — 0(zo + y)| < Cly|"™.

By using that |a; — b, | < |a — b| we find
[lo(zo +y) — e(zo +y)| < Cly[™*.
Now, also using that |a' —b'| < |a—b|(a'"'+b""1) for a,b > 0, |a’ —b'| < Cla—0]",
and saying dy = d(zg) we get

¢ — I51(x0 +y) < ¢ Cly|t+e)n for y € B\ By iy (3.41)
Cly|* for yeR"\ By.
We have used here that, in Bdo/(f{_,’_l), lg_l < CdS_l and 0" < Cdg_l. Here, K
denotes the constant given in Definition Putting all together
(=L+b- V)o(zo) =
= (—L+ b- V)( —lg)(z ) (=L +b-V)i5(zo)
> L(I§ — ¢)(xo) + c(r)ds ™

dr

= /Sn 1 / (1§ — &) (xo+10) + (I§ — @) (2o —10)) T—Qdu(é) + c(k)ds™!

do/(K+1) dn 1 rlto 1 T(1+a)n 00 4K
—C / —2d +/ 5 dr+/ —dr + c(r)p"
0 r do/(K+1) T 1 T

> —ods e — od(t T 4 () d

v
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Notice that the right-hand side tends to 400 as 0 | 0 independently of the xg
chosen. Thus, we can choose ¢ small enough so that the right-hand side is greater
than 1. Then, by choosing C' > 1 such that C¢ > 1 in By N {z : d(x) > §} we are
done. 0

We can similarly find a subsolution for the problem. It will be used in the next
section.

Lemma 3.20 (Subsolution). Let L be an operator of the form (3.7)-(3.8), and let
beR™ Let Q be a CY* domain for some o > 0, and suppose 0 € 0.
Let v : Q0 — S™ 1 be the outer normal vector at the points of the boundary of

Q, let v be defined by (3.12)), and x by (3.11). Let us also define
o = (b'V(O))
0-— )
x(v(0))

@ = inf {n >0:n (i(vy((::)))) <v+n VYreon Bl} . (3.42)

Let ¢ := 0" for any fixred 1 > kg > 79 +277£2). Then, there ezist & > 0 and C' > 0
such that

and

-1 in Bypn{z:0<d(r) <6}

¢ 3.43

The constants & and C depend only on n, Q, ks, the ellipticity constants, and ||b]]-

Proof. The proof follows by the same steps as the proof of Proposition [3.19] Using
the same notation, one just needs to notice that when evaluating

Kko—1

(-L +b- V)ZSQ ($) = C(Iﬂ?g, b- @O/X(@(])) (‘VQ(LU())‘Z + CQ)+ s
now the constant ¢(kz) is negative (independently of the k5 chosen, as before). Thus,
(—L+b-V)g(ao) < Cdg?™ 2+ Cdy ™™ 4 e(w)dpr ™,

for negative c¢(k2), so that if dy is small enough we obtain the desired result. O

3.7.2 Holder continuity up to the boundary in C'''® domains

The aim of this subsection is to prove Proposition below. Before doing that, let
us introduce a definition.

Definition 3.3. We say that I’ C R" is a C1* graph splitting B; into U" and U~
if there exists some fr € CH*(R"™!) such that

o T :={(, f ()N B for z/ € R"};
o Ut :={(2,2,) € Bi:7,> fr(z)};
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o U ={(2,2,) € By :x, < fr(a)}.

Under these circumstances, we refer to the C** norm of T as || fr||c1.e(pry, where

D= {2 eR™: (2, fr(z))) € Bi}.

Proposition 3.21. Let L be an operator of the form -, and let b € R™.
Let T be a CY® graph splitting By into Ut and U™, according to Deﬁmtwn and
suppose 0 € T'.

Let f € L®(UY), let g € CP(U_), and suppose u € C(B,) satisfying the growth
condition |u(x)| < M(1+ |z|)T in R™ for some T < 1. Assume also that u satisfies
in the viscosity sense

(3.44)

(=L+b-V)u = f in UT
u = g m U™,

Then there exists some o > 0 such that u € C?(By/2) with
lullco(s,,,) < C(llull ez + lgllesw-) + 1Ly + M).

The constants C and o depend only on n, o, the C** norm of T', Y, the ellipticity
constants, and ||b]|.

Proof. Let @ = uyp, so that (=L +b-V)u = f + L(uxp:) =: fin Ut N By,
and @ = g in U~. Note that "f"Loo(U+mBS/4) < C(|flle+y + M) =: Cy for some

constant C' depending only on n, T, and the ellipticity constants.
We begin by proving that for some small € > 0, and for some C', we have

|t — g(2)|| B,z < Cre forall re(0,1), andforall ze€I'N DBy, (3.45)

where € > 0 and C depend only on n, Cy, |[ullz=(s,), |9llcew-), the ellipticity
constants, and ||b].

Let us define a C%* domain that will be used in this proof, analogous to a fixed
ball if the surface I' was C'1:1.

Thus, we define P as a fixed C'Y® bounded convex domain with diameter 1 that
coincides with {z = (x1,...,2,) € R" : z, > |(@1,...,2n—1)|'T*} In Byje. Let yp
be a fixed point inside the domain, which will be treated as the center. Let us call
Pr the rescaled version of such domain with diameter R and center yp,, and let us

define
Pz(zd) = {z e R" : dist(x, Pg) < d}.

As an abuse of notation we will also call Pr any rotated and translated version that
will be given by the context.

Note that, since I' is C1®, there exists some py € (0,1) depending on the C'h
norm of I' such that any point z € I'" By, can be touched by some P, rotated and
translated correspondingly and contained completely in U~

Let us now consider the supersolution given by Proposition [3.19| with respect to
the domain R™ \ P.
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Figure 3.1: Sketch of the ball B/, split into Ut and U, and a domain Pg tangen-
tially touching the boundary I'.

That is, there is some function ¢p such that, for some constants 6 > 0 and C
fixed,

(—L+b-V)gpp > 1 in PO\ P
op > 1 in R"\ PO
b = 0 Lp (3.46)
¢p < Cd* in R",

where d = dist(z, P) and 0 < K < min {7 %) o) = o, e € S”’l} can also be

fixed — recall that « and y are given by (3.12))-(3.11]).
Let P" be a rotated version of P, and let ¢p/ be the corresponding rotated

supersolution. Notice that we can assume that ¢p: also fulfils (with P’ instead
of P), since while the operator (—L + b- V) is not rotation invariant, only an extra
positive constant arises depending on the ellipticity constants and |b]|.

Given a rotated, scaled and translated version of the domain P, Pr, we will
denote the corresponding supersolution (the rotated, scaled and translated version
of ¢p) by ¢p,.

Let now z € ' By 5. For any R € (0, py) there exists some rescaled, rotated and
translated domain Pp C U~ touching I' at z. Recall that yp, is the center of the
domain Ppg, so that in particular |z — yp,| = CpR for some constant C'p that only
depends on the domain P chosen (Cp € (0,1) because the domain Pg has diameter
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R). See Figure for a representation of this situation.
Recall that ¢p, is the supersolution corresponding to the domain Pg, with the ¢
given by Proposition m (now, when rescaling, § becomes RJ). Define the function

D(x) = glyen) + llgllesw—) (1 + OR)’ + (Co + |[ull Lo (8y)) -

Note that 1 is above w in U™ N P}(%Ré), since . = g there and the distance from
yp, to any other point in szé) is at most (14 0)R.

On the other hand, in PER‘S)\PR we have (—L+b-V)¢ > (Co+||ul| o)) R~ >
Co > (=L +0b-V)usince R < py < 1; and outside P](;L.Ra) we have u < . In all,
@ < 1 everywhere by the maximum principle, and thus for any R € (0, po)

i(z) —g(2) <C(R°+ (r/R)") forall z€ B,(z) andforall re(0,Rd),

for some constant C' that depends only on n, Cy, ||ul|ze(B,), l|9]lcs@w-), the ellipticity
constants, and [|b]|. If R is small enough we can take r = R? and repeat this
reasoning upside down to get that

@ — g(2)|| LB, z)) < C (rﬁ/Q + r”/Q) < Cr¢ forall re (0,52),

for € = min {g, g} This yields the result (3.45) by taking a larger C' if necessary.
Now let z,y € By/s, and let r = |z — y|. We will show

ju(z) —uly)| < Cr7,

for some o > 0. If 7,y € U~ we are done by the regularity of g. f z € UT, y € U™,
we can take z in the segment between z and y, on the boundary I', and compare x
and y to z, so that it is enough to consider z,y € U™.

Let R = dist(x,T") > dist(y, I'), and suppose xg, 3o € I are such that dist(x,T") =
dist(z, xy) and dist(y,[') = dist(y,yo). By interior estimates for the problem (see

Proposition ,
[Wlce(Br oy < CR™ (3.47)

Let r < 1, and let us separate two different cases

e Suppose r > R?/2. Then, using (3.45)) and the regularity of g we obtain
u() = uly)] < u(z) = ulzo)| + [ulzo) — ulyo)| + [ulyo) — u(y)|
<CR*+C@2R+r)’
< C(r<? + 1817 < Ore/?,
e Assume r < R?/2, so that y € Bgjs(x). Thus, using (3.47)),
lu(z) —u(y)| < CR™r¢ < Cr/?.
In all, we have found u € C?(By2) for o = €/2. O

Remark 3.1. When U is C*°, the above Hélder estimate follows from the results in
[S94], [CDO1]. We thank G. Grubb for pointing this out to us.
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3.7.3 A Liouville theorem

We next prove a Liouville-type theorem in the half-space for non-local operators
with critical drift, that will be used to prove Theorem [3.18|

Theorem 3.22. Let L be an operator of the form (3.7)-(3.8), and let b € R"™. Let u

be any weak solution to

R R A 3.9
Assume also that for some € > 0 and some constant C', u satisfies
|l (B < CR'™° forall R>1.
Then,
u(z) = C(x,)1", (3.49)

for some C' > 0, and where b, is the n-th component of b. The constant x is defined

by x = x(en) where x(e) is given by (3.11)), and v is given by (3.12)).

Before proving the Liouville theorem, let us prove it in the 1-dimensional case.

Notice that from Proposition |3.12|it already follows that any non-negative solu-
tion must be either u = 0 or the one found in Proposition [3.7] Here, however, we
need the same result for solutions that may change sign.

Proposition 3.23. Let b € R, and let u € C(R) be a function satisfying
(=AY 2u+ b/ =0 in Ry, u=0 in R_,
and |u(z)| < C(1 + |x|*=°) for some e > 0. Then,
u(x) = Co(a+)"",

where v is given by (3.12)).

Proof. We first claim that
H“/(x+>7(b)HCU([o,1]) =C (3.50)

for some o > 0.
Indeed, let

W = X[0,2W T KX[3/2,2]

and recall that, for some C ,
||U’HL°°([0,RD S ORI_E.

Notice that w(0) = 0, and that w < Co(x)l(b) for z > 1, if Cp is big enough
depending only on & and C. Choose  so that (—A)Y2w < 0 in [0,1] so that by
the maximum principle u = w < C’O(ac)l(b) in [0, 1]. Doing the same for —u we reach
that

lu| < C’O(:p)l(b) for x €10,1].
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Define now @ = ux(om) + M (z4)"®), where M = M(m) is such that @ > 0 in
(0,m). Notice that @ solves an equation of the form (—A)Y%4 + bi' = f,,(7) in
(0,1) for some bounded f,, with ||fm||ze@©1) 4 0 as m — oco. We can now apply
Theorem with @ and (a:+)“’(b) to get that for some large enough m,

||ﬁ/($+)7(b)||ca([o,1}) <G,

for some o > 0. Thus, we get (3.50)).

Define v = u — k(x, )", where k = lim, g % Then we have
lv(x)] < Cla|'™¢ for x>1, (3.51)
lv(z)| < Clz®* for x€0,2), (3.52)

and we can assume, without loss of generality, that 1 — ¢ > ~(b) + 0. Combining
this with the interior estimates from Proposition [3.4] we obtain v € C7®+7([0,1)).
Indeed, take x,y € [0,1], z < y. Let r = y — x and R = |y|. Now separate two cases

o If2r >R, by (3.52)

[o(z) = o(y)] < Jo(@)] + [o(y)| < C(|a[" P77 + [y @)
< C’((R _ T)’Y(b)JFU + Rv(b)Jro) < Oy 1O+o

e If 2r < R, then z,y € (y — R/2,y + R/2). By rescaling the estimates from
Proposition and using (3.51))

RV(bHU[U]m(bHa(y_g,y+§) <C (HUHL"O(yfR,wR) + Rl_a) :

Now, from (13.52))
[0/l (y-ryery < CRYOH,
so that
[U]m(b)w(y_g,ﬁg) <C.
This implies
[l crey+e (0,17 < C,s
as desired.
Now, we claim that using the interior estimates from Proposition [3.4 we obtain
|V ()| < Clz|™® for z>1, (3.53)
and
' (z)| < Ol @+~ for z €0,1]. (3.54)

Let us show that these last inequalities hold. The first one, (3.53)), follows using

that |v(z)| < C(1+4|z|*7%), and that (3.51))-(3.52)) combined with the rescaled interior
estimates in Proposition [3.4] yield

[U]C'y(b)+a(R72R) S CRl—E—’Y(b)—O’ fOl" R Z ]_ <355)
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Indeed, take 0 < o < ¥(b) 4+ o, and any h € R with |h| < R/2. Then by interior
estimates applied to the incremental quotients,

lv(l‘ +h) —v(z)

|h|7(b)+a

] < ORI~ for R>1,
Cl'-a(R2R)

with C independent of the h chosen. In particular, this yields
[UI]Cq(b)+g—a(R72R) S CRaiEi’Y(b)io. fOI‘ R 2 1

The inequality in (3.53) now follows comparing the value of v/(2%) for any k € N
with v'(1) dyadically.

For the second inequality, (3.54]), we proceed similarly. Take 0 < a < ¥(b) + o,
and for any R > 0 fixed take |h| < R/2 and notice that

[v(m +h) — ()

a—1
A0+ <CR for 0<R<1, (3.56)

} C1-2(R2R)

with C' independent of h. This follows from the interior estimates in Proposition |3.4]
and the growth of 2=t oiven by (3.55). As before, this implies

|h|v(b)+0
['U/]C-y(b)jLo-fa(RyzR) S CRail fOI' 0< R < 1.

Finally, the inequality ([3.54)) follows comparing the value of v/(27%) with /(1) dyad-
ically. Thus, (3.53) and ([3.54)) are proved.

Define now the function

Ya(z) = A ((33+)7(b) + (33+)7(b)71) )

and notice that 14 and v’ solve
(=A%, + b))y =0 in x>0, (3.57)

(=A% +b(0') =0 in z>0. (3.58)

We have that 14 > v’ in {z > 0} for some large enough A, thanks to the growth
of v/ in -. Choose the smallest nonnegative A such that 14, > v'. Then,
by the growth at zero and infinity of both v" and 4 they touch at some point in
(0,00). Moreover, if A > 0, then we must have ¢4 # v'.

Let zp > 0 be a point where 14 () = v'(x¢). Notice that )4 —v' is a non-negative
(and non-zero) function with a minimum at xy. Thus,

(=) 2(ha — ) + b(tha — ")) (w0) = (—A)* (4 — v')(x0) <O,

which contradicts the fact that both 14 and v’ are solutions to the problem, (3.57))-
(3.58])). Thus, there is no positive A such that )4 and v’ touch at at least one point,
so we must have v < 0. Doing the same from below we reach v > 0, and therefore
v" = 0. Hence, since u(0) = 0 we find v = 0. In particular, this means that

U= k.(x-i-)’y(b) )

as desired. O
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We can now prove the Liouville theorem.

Proof of Theorem[3.23. Let us first see that the solution is 1-dimensional in the
direction e,,.
Given p > 1, define

Notice that
10l o8y = 0 M lwlp) |1 () = = ull () < CRV.

Moreover, by the homogeneity of (=L +b- V),

(~L+b-V)v, = 0 in R?
{ v, = 0 in R". (3.59)
Define now 0, = v,Xp,, so that v, € L>(R"). We now have
(-L+b-V)o, = g, in By
{ % = 0 in By, (360)

for some g, with ||g|| j(5r) < Co with Cy independent of p. Indeed,
(=L+b-V)i,=(—L+b-V)(v, —voxps) = L(v,xp;) < Co in B,

where the last inequality follows thanks to the uniform growth control on v,,.
Now, by Proposition [3.21

[vollee (B, 2) = [0pllcoy)0) < C
from which
[ulcos,.) = p~"[ulp)leo (8,0 = IO_UH_e[Up]C"(Bm) < Cp7He. (3.61)

Now, given e € S*~! with e, = 0, and for any h > 0, define

~ u(x +eh) —u(z)
w(x) = o :

By (3.61)),
|w|| oo () < CR "¢ forall R>1.

We also have

{(—L+b-V)w = 0 in R? (3.62)

w = 0 in R”,

thanks to the fact that e does not have component in the n-th direction, e, = 0.
Repeat the previous argument applied to w instead of u, to get

[Wlco(pry < CR72*17° forall R>1.
Repeating iteratively we get that, for m = % + 1], then

[Win)co By < CRT™ ¢ forall R >1,
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where w,, is an incremental quotient of order m of w. Letting R — oo we observe
that w,, = 0.

Since w,, is any incremental quotient of order m, this means that for any fixed
z, ¢:(y") == u(z + (v/,0)) for v € R"! is a polynomial of order m — 1 in the ¢/
variables. However, from the growth condition on u the polynomial must grow less
than linearly at infinity, and therefore it is constant. This means that for any =z,
u(x + eh) = u(z) for all h € R and for all e € S*™! with e, = 0; i.e., u(z) = u(z,),
as we wanted to see.

Now we can proceed as in the proof of the classification theorem, Theorem [3.11]
and use the classification of 1-dimensional solutions from Proposition |3.23] m

3.7.4 Proof of Theorem [3.18

We now prove the following result, which will directly yield Theorem [3.18] For this,
we combine the ideas in [RS16] with Propositions and [3.23]

Proposition 3.24. Let L be an operator of the form (3.7)-(3.8), and let b € R™.
Let T be a CY* graph splitting By into U and U~ (see Definition , and suppose
0 € I" and that v(0) = e, where v(0) is the normal vector to I" at 0 pointing towards
Ut.
Let f € L>®(U"), and suppose u € L>®(R™) satisfies
(=L+b-Vu = f in UT
{ u = 0 m U™, (3.63)

Let us denote ~ = 7()5(;58)))) = v(bn/x(€n)) and x = x(e,) as defined in
(3:12)-(B-11), and suppose that v € [v0,70 (1 + %)} for some vy € (0,1) such that
(1 + %) < 1. Suppose also that n, as defined in satisfies m, < G, and let
=7 (1+2).

Then, there ezists Q with |Q| < C (|Jul poo@ny + || fl| L @+)) such that

=2

lu(z) — Q)| < C (ullLoe@ny + | fll oo w+)) l2|Y for all € By,

where the constant C' depends only on n, o, the C** norm of T, o, the ellipticity
constants, and ||b||.

Before proving the previous result let us state a useful lemma. It can be found
in [RS16, Lemma 5.3].

Lemma 3.25 ([RS16]). Let 1 > Y > By > B and v € S*! some unit vector. Let
u € C(By) and define

dr(2) = Qu(r)(z - 1),

where

;= arg min u(z) — Qa - v)}) de =
Qu(r) = arg QeR/&((> Qe -v)i)d Iy (@) da
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Assume that for all v € (0,1) we have
|t — ¢y < Cor™.
Then, there is @ € R with |Q| < C(Cy + ||u||p(p,)) such that
Ju —Q(x - V)-ﬂi-HLOO(BT) < CCyr™
for some constant C' depending only on Y and 5.

We can now prove Proposition

Proof of Proposition[3.24 Let us argue by contradiction. Suppose that there are
sequences Iy, U, U, Ly, bi, u;, and f; that satisfy the assumptions

e I';is a CY® graph with bounded C** norm independently of i, splitting B,
into U;t and U;” with 0 € T'; and with e,, being the normal vector at 0 pointing
towards U;".

e [, are of the form (3.7)-(3.8), and ||b;|| = ||b];
e For each I';, the corresponding 7, as defined in (3.38)) fulfils 7, < (a7y)/64;

o |uillree@ny + | fil Loy = 1
o wu;solves (—L; +b; - Vu; = f; in U, u; =0 in U ;

o If we define ; := y(b; - €,/x:) with v as in (3.12)) and x; = x;(e,) as in (3.11])
with the operator L;, then 7; € [v0,70(1 + a/8)];

but they are such that for all C' > 0 there exists some ¢ such that there is no constant
Q satisfying
< Clz|T forall =€ B.

|ui(z) — Q(zn) ¥

Step 1: Construction and properties of the blow up sequence.
Let us denote

Gir = Qi(r)(zn)7,

where

ui(x)(x,) do
Qi(r) ;== arg minQeR/ (us(x) — Q(an)T)2dw = fBT (z)(zn) ‘

B, Is. () dx

From Lemma with 8 =, and By = Y(1 + «/8) we have that
sup sug {T’YHui — Qi llLoomy } = 00
T >
Define the monotone function

0(r) = supsup { (") " i — il (s, } -

ior'>r
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Note that for r > 0, 8(r) < oo, and 6(r) — oo as r | 0. Now take a sequences
rm 4 0 and i,, such that

0(rm)
5

(rm) ™ i = Gt |l LB,y =

and denote ¢,, = @i, 1.

Consider now
Uiy, (T’mZE) - ¢m (rmx)

7m0 (7m)
By definition of ¢,, we have the orthogonality condition for all m > 1,

Um@) =

/B U () (2n) Y dx = 0. (3.64)

Note that also from the choice of r,, we have a nondegeneracy condition for v,,,

1
[Vl oo (By) > 5 (3.65)
From the definition of ¢; ., ¢ior — ¢iy = (Ql(2r) Qi(r )) (z,,)1 so that
|Qi(2r) = Qi(r) 1™ = l¢ior — dinllLe(s,)
< Giar = ulloe(Bay + 610 — wllLs,) < CrYO(r).
Proceeding inductively, if R = 2V, then
N— . .
7 TQi(Rr | o N giern &)™ T|Qi(27 1) — Qu(271)|
9(7’) T = 0(r) .
ONl 3 (T V)Q(er) CoN(T—) — o RY— .
< 2087 <2V TV =CRTT
- Z o(r) —
7=0
Thus, we obtain a bound on the growth control of v, given by
[V llzoe(ry < CORY forall R>1. (3.67)
Indeed,
1 i
[vm oe By = m“w = Qi (1) (@) ¥l oo (Rrm)

|1 = Qi (RT1) ()Y 1] oo (Rrp) +
L1
O(rm)rx

RYO(Rr,,) T
NISH + CR",

< 1
N Q(Tm)r;ﬁ
|sz (er) Qi (Tm) | (er)%
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and the result follows from the monotonicity of 6.
Notice also that the previous computation in also gives a bound for Q;(r)
given by
|Qi(r)] < CO(r), (3.68)

which follows by putting R = r~.

Step 2: Convergence of the blow up sequence.
In this second step we show that v,, converges locally uniformly in R" to some
function v satisfying

{(—E+B-V)U = 0 in R} (3.69)

v = 0 in R”,

for some operator L of the form (3.7)-(3-8), ||b] = ||b].
To do so, define

Ufim == Br 0 (r,)' U ) N {z, > 0},

and suppose that it is well defined by assuming m is large enough so that Rr,, < 1/2.
Notice that in Ugm, v, satisfies an elliptic equation with drift,

'm

fw(rmgj) in UE,m?

since we know that (—L; + b; - V)¢, = 0 in {x, > 0}. In particular, since T < 1,
the right-hand side converges uniformly to 0 as r,, | 0.
We will now show that

and where the constant C' is independent of m, and x := (1 — 1%) Notice that

Kk < Yo — 21, so that we can use the supersolution from Proposition to get
|u;,,| < C (dist(z,U7))",

with C' depending only on n, the C** norm of I, «, the ellipticity constants, and
||b]|. On the other hand, by definition of ¢,,,

|G (2)] < CQs,, (1) (dist(z,R™))™ < CO(ry,) (dist(z,R"))"  for all z € By,
where we used ([3.68). Finally, since the domain is C1, we have that
dist(z,U; ) < Cr'*®,  dist(z,R") < Cr'™™ in BN (U;. UR"),

where the constant C' depends only on the C*® norm of the domain U;:n, and there-
fore, it is independent of m. Thus, combining the last two expressions we get (3.70)).
Now, from Proposition [3.21] we have

[l (B, ) < C,

uniformly in m, for some o € (0,7).
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From the regularity of ¢,, this yields, in particular,
s, — ¢m“CU<B,ﬂm(Ufu]R’j)) < C0(rm), (3.71)

where we have used again the bound ([3.68)).
Thus, interpolating (3.70)) and (3.71]) there exists some oy < o (depending on o,
Yo, and «) such that

[— ¢m||CUO(BTm(U;nUR’1)) < C’H(rm)rr.
Notice that we can do so because T < k(1 + «). Scaling the previous expression we
obtain
[Vmlcoo vz ) < C(R) for all m with Rr, < 1/4, (3.72)

for some constant C'(R) that depends on R, but is independent of m.
We now want to apply Proposition to v, rescaled to balls Bg. Recall that
I fin(rmz) in Ug

)
and v,, is C? outside Uy, by (3.72). Notice also that the boundary dUy,, has C**
norm smaller than the CY® norm of I' thanks to the fact that we are rescaling with

smaller r,, and Rr,, < 1/4. Thus, Proposition can be applied and we obtain
that there exists some ¢’ > 0 small such that

(_Lim + b’im : V)Um(.x)

||Um||00/(BR/2) < C(R) for m with Rr, <1/4.

we have again that the constant C'(R) depends on R, but is independent of m; i.e,
we have reached a uniform C° bound on v,, over compact subsets.
Thus, up to taking a subsequence, v,, converge locally uniformly to some v.

Step 3: Contradiction. Up to taking a subsequence if necessary, L; ~converges weakly
to some operator L of the form (3.7)-(3-8), and b;,, converges to some b with ||b]| =
||b]|]. Notice that, in particular, this means that ; converges to some 7, € [vo,70(1+
a/8)], and v, = (b - e,/X), where ¥ = X(e,) is the associated constant defined as
in (3.11)) with the operator L.

On the other hand, the domains U;L converge uniformly to R’} over compact
subsets by construction. Thus, passing all this to the limit, we reach that v satisfies
(13.69).

Now, passing the growth control to the limit, we reach

V]| e (Br) < CRY forall R>1,
so that we can apply the Liouville theorem in the half space, Theorem [3.22] to get
v(z) = Clz,) T

Passing to the limit :3.64) and using this last expression, we obtain v = 0.
However, by passing 13.65j to the limit we get

1
||U||L°°(B1) > 57

a contradiction. O
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Proof of Theorem[3.18 The result follows from Proposition [3.24] applied to small
enough balls so that the condition on 7, is fulfilled. Notice that the constant o
cannot go to 0, because J(zy) cannot be made arbitrarily small for a given L and

b. ]

3.8 Proof of Theorems 3.1 and 3.3

In this section, we will prove Theorems and [3.3] We already know that if g is
a regular free boundary point, then the free boundary is C*® in a neighbourhood.
Next, using the results of the previous section, we show that the regular set is open,
and that at any regular free boundary point we have below.

Proposition 3.26. Let L be an operator of the form -, and let b € R™.
Let u be a solution to (3.29)-(3.30)-(3.31)).

Then the set of regqular free boundary points is relatively open. Moreover, around
each reqular point xg

0 < er!ti@o) < sup u < Cplti@o) forall r <1, (3.73)
By (z0)

for some positive constants ¢ and C depending only on n, ||b||, and the ellipticity
constants. Here, 7(xq) is given by (3.10) with v(zo) being the normal vector to the
free boundary at xy pointing towards {u > 0}.

Proof. Suppose without loss of generality that zo = 0 and v(zg) = e,. The free
boundary, ', is C'* in B,, for some «,ry > 0 by Proposition [3.17. Apply now
Theorem to the partial derivative d,u around points z € B, » NI". We obtain

Onulx) = Q) ((z = 2) - (2)) 7| < Clo = 2@, (3.74)

for some ¢ > 0, and some constant C' independent of z.

Step 1: @ 1is continuous and positive at the origin. Let us first check that @ is
a continuous function on the free boundary at 0. Indeed, suppose it is not con-
tinuous, so that there exists a sequence 2z — 0 on the free boundary such that

limy 00 Q(21) = Q # Q(0). Then, we have

D) — Q) (2 — z2) - ()

< Clx — Zkﬁ(zk)—w.

Thus, taking limits as k& — oo, for any fixed x, we obtain

dyu(a) = Q)| < Clafi 0.

We have used here that v and 4 are continuous. On the other hand, we had

duu(x) = QO)(w) 1| < Cla O,

so that ) ~ ~
Q — Q(0)|(xn)1(0) < Cla[iO+,



101

Now take z = (0,¢) € R" ! x R for t € RT and let t — 0. It follows Q = Q(0), a
contradiction; i.e., () is continuous at 0.

We now prove that Q(0) > 0 (notice that we already know that Q(0) > 0
because u > 0). To do so, we proceed by creating an appropriate subsolution using
Lemma

First of all, consider a fixed bounded strictly convex C1* domain P C {u > 0}
touching the free boundary at 0, similar to the domains considered in the proof of
Proposition [3.21} Suppose that P has diameter less than 1, and take an A > 0 such
that, if we denote vp(z) the normal vector to P pointing towards the interior of P
at z € OP, then

5 b-vp(2) ) 3 o

Yp ;= max 7y | ———= for zedPnN{x, <h}py<75(0)+ —,
U Gy o iy =705

where o is the small constant following from Theorem that appears in ((3.74).

Let us call

" == Fn = 3(0) > 0
Such h > 0 exists because P is C'®, and 7 and y are continuous. Take now x =
~(0) + 3n,(,h), and let g be a regularised distance to R™\ P as in Definition In

particular, o = 0 in R™\ P. We will see that ¢ := ¢* < C0,u for an appropriate C.
By Lemma used in Bj, we get that for some constant §y < h/2,

Now, since P is strictly convex, we have that there exists some dp with 0 < dp <
do such that
(=L+b-V)o<—-1 in {0<uz,<dp}NP.

Now consider v, as the one defined in Proposition [3.13] (there it is called v),

u(rz)
() = —=———.
r|VullLoe(s,)
By the same reasoning as in the proof of Proposition [3.15| rescaling to a larger
ball we have that
Wy = Cl(anUT)XBQ >0

for r small enough.
From Proposition [3.13] we can choose r small enough so that for some positive
constant c,
W, >c>0 in PN{x,>dp}.

Moreover, also proceeding as in the proof of Proposition m, (—=L+b-V)w, > —n
in By N {v, > 0} for some arbitrarily small constant 7, making r even smaller if
necessary. Thus, we can assume

(—L+b- V), > —g in BN {v, >0},

for some 0 < ¢ < ¢ to be chosen later.
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Now compare the functions ¢ and ¢~ ',. Notice that in R™ \ P, w, > ¢ = 0.
In PN {z, > dp}, ¢ can be chosen small enough depending on ép and P so that
¢ ', > ¢ there, because w, > ¢ > 0in PN {x, > dp}. Finally,

(—L+b-V)p<(—L+b-V)w, in {0<zx,<dp}NP.

Thus, by the maximum principle, for this particular r fixed we have that w, > ¢¢.
Going back to the definition of ,, this means that for some p and ¢ positive constants

Onu(te,) > co(te,) for 0<t<p.
For p small enough, ¢ is comparable to (z,)} along the segment te,, so that we
actually have

Opu(te,) > ct® for 0<t<p. (3.75)

Now, if Q(0) = 0 then ]
[Onu()| < Claf "+

Since k < 7(0) 4+ o we get a contradiction with (3.75)). Thus, Q(0) > 0.

Step 2: Conclusion of the proof. For z € I' N B, for r small enough we have that
Q(z) > 0, because @ is continuous and Q(0) > 0. In particular,

Onu(a) = Q(=)((x - 2) - 1))}
By taking x = z + te, for t > 0 we get

Opu(z +te,) — Q(2) (va(2)t) 1(2)

< Clx — 2|1®Fe,

S Ct’y(z)—i—o .

Integrating with respect to ¢ from 0 to ¢ < 1, using that J,u(z) = 0 and
vn(z) > 1/2 for r small enough and recalling that Q(z) > 0, we get

u(z +tey) > et > 0,

so that in particular, z is a regular point; i.e., the set of regular points is relatively
open. Doing the same for z = 0 we get one of the inequalities from (3.73]),

supu > er'tO >0 forall r <1 (3.76)
B,

On the other hand, we can also find the expansion at 0 for d;u for any i €

{1,...,n},

dyu(x) — Qi(xn)i(o)‘ < C|a[iO+,
Therefore, ) )
|Vu(z)] < C (|x|7(0) + ]x\7(0)+0) .
Integrating, and using Vu(0) =0
U(QJ) < C (|x|1+’y(0) + |x’1+’y(0)+0) ,

ie.,

1+7(0)

supu < Cr forall r <1.

B,

Thus, combined with (3.76), this proves (3.73]). O
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Proposition 3.27. Let L be an operator of the form (3.7)-(3.8)), and let b € R™. Let
u be a solution to (3.29)-(3.30)-(3.31) and let zy be a free boundary regular point.
Then

u(z) = co((z — o) - V(xo))iw(z()) + 0 (|z — o) T E0)*) (3.77)

with co > 0 and for some o > 0. Here ¥(xg) is given by (3.10), with v(zo) being the
normal vector to the free boundary at 0 pointing towards {u > 0}; and o depends
only on n, the ellipticity constants, and ||b|.

Proof. Assume that xy = 0 and v(xy) = e,. From the expansions in the proof of
Proposition [3.26| we have

D) = Qu(wn) " + 0 (|l ), (3.78)

for some Q;, with @, > 0, and o > 0. Now, let x = (2, x,), with 2’ € R"™! and
z, € R. Integrating the expression (3.78)) in the segment with endpoints 0 and (z’, 0)

we get i
u(z',0) = o (Jo|T7OF7)

Then, integrating in the segment with endpoints (z’,0) and (2, z,,) we find

Qn 145(0) s
/ _ v 1+4(0)+0o )
u(z’, x,) 550 (zn) 4 + o (|| )

Thus, (3.76) is proved. H

We finally can put all elements together to prove our main results, Theorems
and B.3]

Proof of Theorem[3.5 After subtracting the obstacle and dividing by a constant,
we can assume u is a solution to (3.29)-(3.30[)-(3.31)). Then the result we want is a
combination of Propositions [3.17}, [3.26] and [3.27] O

Proof of Theorem[3.1]. Tt is a particular case of Theorem [3.3} we only need to check
that x = 1. For this, notice that the kernel is constant and given by p(0) = c,,1/2,
where the constant ¢, s is the one appearing in the definition of fractional Laplacian,

. 1 — cos(zy) - '
Cns = (/n —|aj|”+25 dx) ;

see for example [DPV12]. Thus, the value of y for (—A)"/? is

x(e) :@/ 10« e|do.
gn—l

Notice that, by changing variables to polar coordinates,

1-— <1 - 0
= / L= cos(w) g, / / Lo cosrh) g gy - / 10,16,
’ Rn |$|n+ Sn—1 0 r 2 Sn—1

where we have used that [;~(1 — cos(t))t 2dt = /2. This immediately yields that
x = 1 for (=A)'/2, as desired. O
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We next prove the almost optimal regularity of solutions. Given an operator L
of the form (3.7))-(3.8)), the associated x defined as in (3.11), and b € R", we define

b-
Yp, = inf 7<—6) (3.79)

ecsr—1  \ x(e)

where « is given by (3.12). Notice that v, € (0,1/2].

Proposition 3.28. Let L be an operator of the form (3.7)-(3.8), and let b € R™.
Let u be a solution to (3.29)-(3.30)-(3.31). Then, for any e >0,

ol gz, < gy < C

where the constant C. depends only onn, L, b, and €. The constant vy, is given by
(13.79).

Proof. In order to prove the bound we first check the growth of the solution at the
free boundary, and then we combine it with interior estimates.

For simplicity, we will denote 7. =7, — €.

Step 1: Growth at the free boundary. We first prove that, if 0 is a free boundary
point, then

D IIVull =5, <C, (3.80)
r>0 re

for some constant C' depending only on n, L, b, and €.

We proceed by contradiction, using a compactness argument. Suppose that it is
not true, so that there exists a sequence of functions wy, fi, with |Jug||ci- < 1 for
some 7 > 0 fixed and || fy|c1mny < 1, such that

u, > 0 in R"
D%y, > —1 in R",

but u; are such that

0(r) := sup sup (r')7*||Vug|zep,) — o0 as 7,0

i or'>r

Notice that for » > 0, 6(r) < oo and that € is a monotone function, with
0(r) — oo as r | 0. Now take sequences r,, | 0 and i, such that

e 1V | > 20,
and define the functions
o () = Wi, (")
m T T%j%e(?“m)'

Notice that )
|V Um || Lo (B1) > > (3.82)
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and
D? n R L+bV)(V T 0Y. (3.83
> __.m : n < m ] . .
Uy > e in , |(L +bV)(Vu,)| < B in {v, >0} ( )

On the other hand,

Vi, || 1~ 0(Rr,
[V V| oo () = IVt |l B1,) < R* By )gms for R>1. (3.84)

o 0(rm) O(rm)

Therefore, noticing that r/6(r,,) — 0 as m — oo, we can apply Proposi-
tion to deduce that, for some 7 > 0 independent of m,

[vmllor(sr) < C(R),

for some constant depending on R, C(R). Let us take limits as m — co. By Arzela-

Ascoli, v,,, converges, up to taking a subsequence, in CL_(R") to some v4,. By taking
to the limit the properties (3.83))-(3.84]) we reach that v, should be a convex global

solution. By the classification theorem, Theorem [3.11, we have that either v = 0
Voo (z) = Ce - ) XD for some e € S,

where v and x are given by (13.12))-(3.11)). Notice, however, that taking (3.84]) to the
limit, v, grows at most like 7., and by definition v(b - e/x(e)) > 7.. Therefore, we

must have v, = 0. But this is a contradiction with (3.82)) in the limit. Therefore,
we have proved (3.80)).

Step 2: Conclusion. Let us combine the previous growth with interior estimates
to obtain the desired result.

Let z,y € R", let r = |x — y| and R = dist(z, {u = 0}). We want to prove that
for some constant C. then

\Vu(z) — Vu(y)| < Cr-.

Without loss of generality and by the growth found in the first step we can
assume that z,y € {u > 0}. Let € 0{u = 0} be such that dist(z,z) = R. We
separate two cases:

o Ifdr>R,

[Vu(z) — Vu(y)| < |Vu(z) — Vu(@)| + [Vu(z) — Vu(y)|
<C(R*+ (R+7)7) <Cr,

where we have used the growth found in Step 1.
o If4r <R, then z,y € Bpjs(x), and Br(z) C {u > 0}. Notice that we have
(=L+b-V)(Vu)=Vf in Bg(z).
From the interior estimates in Proposition |3.4] rescaled, we have

|Vu(Rx)|
R [Vulcoe B ) < C <R\|Vf||L°°<BR<m>>+ V]| oo (B () +/R el

a1 + |x|n+1
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Now notice that thanks to the growth found in Step 1 we have, on the one
hand,

IVull Lo (Br(a)) < CR,
and on the other hand,

Ve
[y T S
Rn 1+ |I|n+1 — . 1 + |x|n+1

so that putting all together and using ||V f|| L@y < 1, it yields,
[VU]CW (Bry2(z)) <C (1 + Rl_%) :

Thus, if R < 4 we are done. Now suppose R > 4. If » < 1, by applying
interior estimates to Bj(z) we are done. If » > 1, we are also done, because
\Vu(z) — Vu(y)| < 2[|Vul|pemny < C.

Thus, we have reached the desired result. O
As a consequence, we have the following immediate corollary.

Corollary 3.29. Let L be an operator of the form (3.7)-(3.8]), and let b € R™. Let
u be the solution to (3.9)) for a given obstacle ¢ of the form (3.3). Then, for any
e >0,

il gy e gy < C

where C. depends only on n, L, b, €, and ||¢[|c21mn). The constant v, is given by
B79).

Proof. After subtracting the obstacle and dividing by an appropriate constant, we
can apply Proposition |3.28| and the result follows. O

Finally, we prove Corollary [3.2]

Proof of Corollary[3.3. After subtracting the obstacle and dividing by a constant,
we get that this result is a particular case of Proposition but the constant C.
depends on b and not only on [b]|.

To prove that C. actually depends on ||b||, the proof of Proposition can

be rewritten by taking also sequences of vectors b, € R™ with [[bx|| = [|b]|; by
compactness, up to a subsequence they converge to some b with ||b|| = ||b|| and the
rest of the proof is the same. O

3.9 A nondegeneracy property

In the obstacle problem for the fractional Laplacian (without drift), in [BERI1S],
Barrios, Figalli and the second author proved a non-degeneracy condition at all free
boundary points for obstacles satisfying A¢ < 0. From this, and by means of a
Monneau-type monotonicity formula, they establish a global regularity result for
the free boundary.
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In the obstacle problem with critical drift for the fractional Laplacian we can
actually find a non-degeneracy result analogous to the one found in [BFRIS]. In this
case, however, we cannot establish regularity of the singular set, since we do not
have (and do not expect) any monotonicity formula for this problem.

Proposition 3.30. Let b € R", and suppose that ¢ € CVHR™). Assume that ¢ is
concave in {¢ > 0} or, more generally, that

(A+95)p <0 in {p>0}, @#{p>0}€cR"

Let u be a solution to the obstacle problem (3.2)). Then, there exist constants c,rq > 0
such that for any xqo a free boundary point then

sup (u— @) > cr? forall 0<7r <T.
BT(IO)

Proof. Let w := ((—=A)Y? +b-V)u, so that w > 0. If w = 0, by the interior
estimates rescaled, and using that w is globally bounded, we reach u is constant. From
limg| 00 u(x) = 0 we would get v = 0, but this is a contradiction with @ # {¢ > 0}.
Thus, w # 0.

Notice, however, that w = 0 in {u > p}. In particular, given = € {u > ¢}, then
Vw(z) = 0 and w has a global minimum at z, so that

((_A)1/2 —p. V)w(j;) = (—A)1/2w(f) < 0.

Now, noticing that {¢ > 0} € R™, we get that by compactness there are some
¢, 7 > 0 such that for any z € {u > ¢} with dist(z, {u = ¢}) < 7 then

((_A)l/Q —b-V)w(z) < —¢<0.

Now, since ((—A)1/2 +b- V)u = w in R™ and from the semigroup property of
the fractional Laplacian,

—Au — blb]@]u = ((—A)I/Q —b- V)w S —C in U,
where U := {u > ¢} N {dist(, {u = ¢}) < 7}. Note that the operator A + b;b;9;; is
uniformly elliptic, with ellipticity constants 1 and 1 + ||b]|%.

Since u > 0 on the contact set, by compactness there exists some h > 0 such
that ¢ > h in {u = ¢}. By continuity, there exists some 0 < 9 < 7/2 such that

>0 in Uy:={u>p}n{dist(-,{u=¢}) <2ry}.

Now let z € Uy with dist(z, {u = ¢}) < 19, and consider r € (0,ry). From the
condition on ¢, (A + 9%)p <0 in {p > 0}, we get that if @ := u — ¢ then

(A+03)u>¢>0 in {a>0}ynB.(2) C .

Therefore, if we define

_ c
vi=U—
2

W|x—f’ in {a>0}n B (),
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then
(A +0g)v > 0.

By the maximum principle, if Q, := {a > 0} N B,(Z) then

0 < u(zy) <sup v =sup v.
Qr a0,

Since v < 0 in d{u > 0} N B,.(7),

0< sup v< osup u— cr2,
{a>0}NdB,(T) OBy ()

where ¢ = m Therefore, ¢ is independent of Z, and we can let T — xg, to
obtain the desired result. O



Chapter 4

Regularity of minimal surfaces
with lower dimensional obstacles

We study the Plateau problem with a lower dimensional obstacle in R™. Intuitively,
in R3 this corresponds to a soap film (spanning a given contour) that is pushed
from below by a “vertical” 2D half-space (or some smooth deformation of it). We
establish almost optimal C'"/?~ estimates for the solutions near points on the free
boundary of the contact set, in any dimension n > 2.

The CH/?~ estimates follow from an e-regularity result for minimal surfaces with
thin obstacles in the spirit of the De Giorgi’s improvement of flatness. To prove it,
we follow Savin’s small perturbations method. A nontrivial difficulty in using Savin’s
approach for minimal surfaces with thin obstacles is that near a typical contact point
the solution consists of two smooth surfaces that intersect transversally, and hence
it is not very flat at small scales. Via a new “dichotomy approach” based on barrier
arguments we are able to overcome this difficulty and prove the desired result.

4.1 Introduction

4.1.1 Minimal surfaces with obstacles

In this paper we study the regularity of minimizers in the Plateau problem with a
lower dimensional — or thin — obstacle. Before introducing the problem in further
detail let us contextualize it by recalling five closely related classical problems and
commenting on them.

e The Plateau problem:
min {P(E;By) : E\ By =E,\ B}, (4.1)

where E, C R™ (boundary condition), and B; denotes the unit ball of R™,
E C R", and P(F; B;) denotes the relative perimeter of the set £ in Bj.

e The Plateau problem with an obstacle:
min {P(E;B;) : ED> O, E\ B, =FE,\ B} (4.2)

where F,, E are as above and O C E, (the obstacle) is given.

109
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e The nonparametric obstacle problem:

min{/ V14 |Voul? : v >4 in By, v|gp = g}, (4.3)
i

where Bj denotes the unit ball of R"™!, g : 9B — R (the boundary condition)
is given, v : B] — R, and ¢ : B} — R is the obstacle satisfying ¥|gp; < g.

e The obstacle problem:

\V4 2
min{/ % v > in By, vlop; = g}, (4.4)
B

v /
1
where g, v, and 1, are as above.

e The Signorini problem, or thin obstacle problem:

. |Vol? -
min 5 Y > in B} N {x,—1 = 0}, vlop =g ¢, (4.5)
v B{l

where g and v are as above, and now ¢ : B} N {z,-1 = 0} — R (the thin
obstacle) acts only on {z,_1 = 0}.

Note that is a particular case of (4.2), namely, when 9O and OF are graphs.
Also, (4.4)) is, in turn, a limiting case of — for e-flat graphs, the area functional
[ /1 + |eVv]? becomes the Dirichlet energy [ ]eVu|? at leading order.

The regularity of solutions and free boundaries is nowadays well understood
in both the classical obstacle problem — see [Caf77, [Caf98] — and in the
Signorini problem — see J[AC04, [ACS08]. The case of minimal surfaces with thick
obstacles (both in parametric and nonparametric form) is also well understood —
see |[Kin73, [BK74, [Jen80, [Giul0].

This paper is concerned with the regularity of minimizers of the Plateau problem
with lower dimensional, or thin, obstacles. Namely, we consider with obstacle

O = ({zy1 = 0,2, < 0}) (4.6)
where @ : R” — R” is some smooth (C1!) diffeomorphism. We denote
90 = @ ({z,—1 = 0,z, = 0}).

This problem (4.2))-(4.6)) is the geometric version of the Signorini problem (4.5)) in
the same way that (4.2)) with thick O is the geometric version of (4.4)). To visualize a

solution of this problem in R3, one can think of a soap film (spanning a given contour)
that is pushed from below by a vertical 2D half-space, as depicted in Figure {4.1|
Note that, in R3, we cannot use a “wire” (i.e. a one dimensional curve) as obstacle,
since the surface will not “feel” itfl]

'More precisely, one can see that if © had codimension two, then solutions of (4.2) with an
infinitesimal tubular neighbourhood of O as obstacle would become, in the limit, solutions of the
Plateau problem (4.1)) (without obstacle).
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Figure 4.1: The “potato chip configuration”, popularized by Caffarelli.

Although the problem of minimal surfaces with thin obstacles was introduced by
De Giorgi [DeGT3] already in 1973 (he established an existence result), very little
was known on the regularity of its solutions. De Acutis in [DeAT79] established C*
regularity around points of the solution belonging to O \ 9O. To our knowledge,
the only known regularity results up to 9O concern the nonparametric case — as in
but with ¢ as in (4.5)). They are due to Kinderlehrer [Kin71] who proved C"
regularity estimates for the solution in two dimensions, and to Giusti [Giu72], who
obtained Lipschitz estimates for the solution in every dimension.

The difficulty in studying - (with respect to the same problem with a
thick obstacle) lies on the fact that near a typical point of the contact set the hy-
persurface OF consists of two surfaces that intersect transversally on 9O. Therefore,
OF is typically not flat at small scales and thus cannot be treated as a pertur-
bation of (4.5). A more subtle dichotomy argument is needed: in Subsection
we outline the idea of this new approach that is tailored to overcome the previous
difficulty.

Let us also point out that it is not completely obvious how to give a meaning-
ful notion of solution to —. The main issue is that with the Caccioppoli

definition of relative perimeter P we have
P(EUQO;B;) = P(E;B;) for all measurable £, (4.7)

and thus the obstacle O seems to be ignored by P. This issue led De Giorgi [DeG73]
to introduce a more appropriate notion of perimeter that is suitable for the study
of thin obstacle problems (this is currently known as the De Giorgi measure). We
choose the similar (and a posteriori equivalent) approach of looking at the thin
obstacle as a limit of infinitesimaly thick neighbourhoods of it. See Subsection [4.1.4
for a more detailed discussion on this issue.

The goal of this paper is to address the question of the regularity of solutions to
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(4.2)-(4.6). In particular, the main result of this paper is the proof of the following
local almost optimal regularity result.

Theorem 4.1. Let E be a solution to the thin obstacle problem (4.2))-(4.6|) in the
unit ball of R®, n > 2. Then, OE is CYY/?>= around contact points and up to the
contact set.

The appropriate notion of solution is discussed in Subsection[4.1.4] Let us empha-
size here that this local regularity near contact points result holds in any dimension
n > 2, in contrast to the classical regularity theory of minimal surfaces in which
minimizers are regular only up to dimension 7. As we will see, this difference is due
to the presence of the thin obstacle, which rules out solutions with singularities of
the type of Simons and Lawson’s cones like those appearing in dimension n > 8 in
the Plateau problem without obstacles.

In the following subsections we recall the main steps in the regularity theory for
sets of minimal perimeter and present the appropriate analogues for —.

4.1.2 Improvement of flatness

For the classical Plateau problem De Giorgi [DeG61] established, in 1961, the fol-
lowing fundamental result:

Theorem 4.2 ([DeG61]). Let E C R™ be a minimizer of the perimeter functional
in By and assume that OEN By C {le-z| < &} for some e € S"™!, where e, = €,(n)
is some positive dimensional constant. Then, OE N By is a smooth hypersurface.

This theorem follows from the following improvement of flatness property for
minimizers E of the perimeter in B;. Namely, given « € (0,1) there exist positive
constants €,(n, @) and p,(n, «) such that, whenever 0 € OF and ¢ € (0, &,) then the
following implication holds:

OENBy C{le-z|<e} = O0ENB, C{lé-z|<ep™}. (4.8)

Here, e and ¢é denote two possibly different unit vectors (in S"1).

Combined with the classification of stable minimal cones by Simons [Sim6§],
Theoremyields that minimizers of the perimeter in R™ are smooth for 3 <n < 7.
This result is optimal since, in dimensions n > 8, Bombieri, De Giorgi, and Giusti
[BDGGI] showed the existence of minimal boundaries with an (n — 8)-dimensional
linear space of cone-like singularities.

The philosophy of Theorem is also shared by other key regularity results
of nonlinear PDEs: if a solution happens to be close enough to some special solu-
tion (e.g., the hyperplane), then it is reqular. These are the so-called “s-regularity
results”.

The goal of the paper is to establish an e-regularity result for —, thus
extending De Giorgi’s improvement of flatness theorem to the setting of problem
— — see Theorem below. As a consequence, we will prove almost optimal
C11/2= estimates for minimizers of (£.2)-(4.6) in R™ that are sufficiently close to a
canonical blow-up solution (the wedges introduced in the following subsection). We
will also see that these canonical blow-up solutions are the only possible blow-ups
at any contact point, and then Theorem will follow.
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4.1.3 Blow-ups

An essential tool in the theory of minimal surfaces is the monotonicity formula.
Namely, if OF is a minimal surface and z, € OF, then the function

1

Tn—l

A(r) =

H" " (OE N By (2.)) (4.9)

is monotone nondecreasing. In addition, A is constant if and only if F is a cone. A
standard consequence of this monotonicity formula is that blow-ups of a minimizer
of the perimeter £ C R" at any point x, € OF are minimizing cones. Simons proved
in [Sim68] that half-spaces are the only minimizing cones in dimensions n < 7. As
a consequence, one can always apply Theorem near z, after zooming in enough
— this gives the smoothness of perimeter minimizers for n < 7.

For problem — we find several analogies with this theory. As we will
prove in Lemma @ if £ is a minimizer of - and z, € 0E N OO is a
contact point, then the same function A(r) in is still monotone when ® = id
(and an approximate monotonicity formula is also available for general smooth ®; see

Lemmal4.27). As a consequence, blow-ups are also cones for (4.2))-(4.6|). It is trivially
false, however, that hyperplanes are the only possible blow-ups in low dimensions.

Indeed, the wedges (see Figure

A= {x €ER" teypp-2<0 and e, g -2 < O}, (4.10)
for

€, = Sinwe,_1 + cosw e,, —— << 0<0< == (4.11)

b

ro| 3
SE
b 3

are solutions to — for ® = id . Thus, they are always possible blow-ups.

Being a wedge, A,y is the intersection of two semispaces with normal vectors
contained in the plane generated by e,_; and e,,. The aperture angle of the wedge is
given by m— 26, while its rotation angle is given by 7 with respect to e,, (we take the
convention that e,_; = er/2). Note also that there is the restriction 0 <0 < 7 — ||
to guarantee that the obstacle {z,_1 = 0,2,, < 0} is contained in A g.

We will show that, in all dimensions, the wedges are the only possible blow-
ups around contact points. More precisely, if E is a minimizer of — and
z, € 0EN IO (i.e. x, is a contact point) we have, in a suitable frame depending on
To,

L(O-2) — {20 =0, 2, <0} (4.12)
Tk
and
1
T—(E — ) — Ay (4.13)
k

This will be a consequence of the the classification of conic solutions to the thin
obstacle problem, given in Proposition [4.5]
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En en

(el,...

Figure 4.2: Representations of A, g and A°.

4.1.4 Rigorous notion of solution to (4.2)-(4.6)

Given a measurable set E and an open set {2 C R", we recall the standard definition
of the relative perimeter of E in () as

P(E;Q) :/ \Vxe| = sup
Q

geCH(),llgll Lo <1

/Edivg ’ . (4.14)

With this definition of perimeter holds. Thus, unless we define the problem
with further precision, minimizers of — will be — strictly speaking — just
the ones of , ignoring O.

This, of course, is not what we have in mind when we think of ([£.2)-(4.6]). Heuris-
tically, we would like that if OF attaches from both sides to O in some region, then
the area of it is counted twice in the computation of the perimeter of E instead
of being ignored. To solve this issue De Giorgi introduced in [DeG73] a notion of
perimeter that is suitable for the study of thin obstacle problems (the De Giorgi
measure); see also [DeAT79]. Here we will use the similar approach (that will be a
posteriori equivalent) of considering a thin obstacle as a limit of thick obstacles.

Let us introduce the precise notion of — that will be used in this paper.
For § > 0 small, let us denote

A5 = Ao,%_g. (415)

(Note that A? is very sharp wedge, pointing in the e, direction.)

Definition 4.1. We say that F is a minimizer of (4.2))-(4.6) in By if E has positive
density at some point of O and there exist d; | 0, £y minimizers of

min{P(E;Bl) . B\ By = (E,U®(A%))\ B, and @(A‘Sk)CE} (4.16)

such that xg, — xg in L'(By).
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Note that CI>(A5’€) are thick sets approximating . Now, minimizers of
“feel” the obstacle no matter how small §;, is. The intuitive idea behind this definition
is that a sequence Fj as in Definition will not converge to a solution to the
Plateau problem unless the obstacle O is “inactive” (i.e., the obstacle is contained
in density one points for the solution to the Plateau problem). The philosophy of
the paper will be to prove regularity estimates for problem that are robust as
0r } 0. As a consequence, we will be able to show that the previous intuitive idea is
actually fact. Namely, as it will be clear from the results of the paper, if the solution
to the Plateau problem (with boundary data E,) crosses O\ 0O, then there exists a
minimizer of — which is not a solution of Plateau problem (and therefore,
the thin obstacle plays an active role).

We remark that any minimizer according to Definition (up to replacing the
complement of E by the zero density points of E) is a minimizer in the sense of
De Giorgi by [DeAT79] (see Remark [4.5)). Conversely, it is not true a priori that
any minimizer in the sense of De Giorgi can be recovered as a minimizer in the
sense of Definition [4.1 Nonetheless, minimizers of the De Giorgi perimeter present
locally an aperture around the obstacle by [DeA79] (and thus, a wedge fits within),
and therefore, locally around contact points they are minimizers in the sense of
Definition [£.1] In particular, since our regularity results are local, they apply to
minimizers in the sense of De Giorgi. (See Remark [1.3])

4.1.5 Regularity for solutions sufficiently close to a wedge

The first result of this paper is stated next, after introducing some notation and a
definition. Throughout the paper we will denote

XCcYinB & XnBcCYnBAB.

We also introduce the following
Definition 4.2. We say that E is e-close to A, in B if
ANyCECAN, inB
where
Al g i={z eR" : dist(z,\, ) <}, Ay :={r e R" : dist(z,R"\ A,4) > e}

Here is our main result, which we call improvement of closeness:
Theorem 4.3 (Improvement of closeness). Given a € (0, %) there exist positive
constants €, and p, depending only on n and o such that the following holds:
Assume that, for some 6 > 0, a set E C R™ with P(F;B;) < oo satisfies

P(A°)N B, C E and
P(FE;B)) < P(F;By) VF such that E\ B, = F\ By and ®(A°)N B, C F. (4.17)
Suppose that 0 € OE N 0O, € € (0,¢e,), and

®(0) =0, DI(0)=id, [D*®|<e'*3, (4.18)
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Then,
E ise-close to Aygin By = Eisep

where vy, 7, 0, and 0, are as in ([@.11)).

Remark 4.1. Let us comment on the statement of Theorem 4.3t

14+«

(o}

(4.19)

-close to A; 5 in B,

(1) This result generalizes the classical De Giorgi’s improvement of flatness theo-

rem ([4.8)).

(2) Our estimate (4.19)) is designed to be applied, iteratively in a sequence of
dyadic balls, to a minimizer E of (4.16)). It gives C1® regularity of OF at
points of the contact set; see Theorem [4.4] below.

(3) An essential feature of our result is that the constant ¢, is independent of 9.

Thus (4.19) is stable as § | 0 and hence applies to solutions of (4.2)-(4.6)); see
Definition K11

(4) The assumption o < 1/2 is almost sharp. Indeed, one can easily see that the
statement of the theorem cannot be true for o € (3,1) by using that the
optimal regularity of solutions to the Signorini problem is C' L3,

(5) If ® : R™ — R" is any C'™! diffeomorphism and z, belongs to 00 = ®({z,,_, =

z, = 0}), then for p > 0 and in some new coordinates z = v, (x) with origin
at z, such that

Voo (z) = p 'R, (v — x,), where R, is an orthogonal matrix,

the assumption (4.18) will be fulfiled by some new diffeomorphism ® satisfying
B(A%) = (P(A’)) — see Lemma [4.10, Hence, assumption (4.18) is always
satisfied after a change of coordinates.

4.1.6 On the proof of Theorem 4.3

Let us now briefly comment on the proof of Theorem Our main idea is to
use a “dichotomy approach”, which is combined with Savin’s “small perturbation
method”. More precisely, we prove by a barrier argument that — if ¢, is small
enough — one of the following two alternatives must hold:

(a) OF is very flat in By.

(b) The contact set is full in By, (it contains 0O N Byy) and OF splits into two
minimal surfaces that meet along O with some angle.

Then, on the one hand, if (a) holds we can use that our problem is a perturbation
of the Signorini problem and exploit the C'/2 regularity for to prove
. For this we use the “small perturbation method” pioneered by Savin — see
[Sav09, [Sav10l [Sav10b].

On the other hand, if (b) holds then OF splits in B3/, into two minimal surfaces
with boundary, each of them flat in a different direction. Since the contact set is
full we can interpret it as a smooth “boundary condition”. Then, using the C*!
regularity up to the boundary of flat minimal surfaces, we can improve the flatness
of each of the two surfaces separately to prove (4.19)).
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4.1.7 Consequences

From our Theorem as in the classical theory, we get that once the minimizer is
sufficiently close to a “wedge” type set A, 4, then it has a local C* structure.

Theorem 4.4. Given o € (0, %) there exists a positive constant €, depending only
on n and « such that the following holds:

Assume that, for some § > 0, a set E C R™ with P(E;B;) < oo satisfies
®(A°) N By C E and ([(A.17)). Suppose that 0 € OE N OO, that

(0) =0, D®(0)=id, |D*®|<es'?, (4.20)

and that E is e,-close to A g in B;.
Then, OE has the following C* structure in By jo. Either:

(a) In some appropriate coordinates y = (Y, yn) = (Y1,.--,Yn), @ HOE) is the
graph {y, = h(y/)} of a function h € C’O(Bi/Q) that belongs to C’l’o‘(Bf/E) N
C’l’o‘(Bih), where By, denotes the ball in R"! and B;j/tg are the half-balls
Bi/2 N{£yn_1 > 0}. Moreover, we have h > 0 on y,_1 =0 and Vh is contin-
wous on {y,—1 =0} N{h > 0}.

or

(b) OEN By s is the union of two CH'~ surfaces that meet on 0O with full contact
set in Bys.

In the previous statement O~ := ﬂ,@e(o 1 chHB,

Remark 4.2. It will be clear from the proofs that if O is a minimal surface (with
boundary), then OF cannot stick to O \ 9O and (b) must hold with the same
regularity as that of 0. Namely, if 00 is a C*# (resp. analytic) codimension two
surface, then the two surfaces in (b) will also be C*# (resp. analytic), and not just

C«l,lf

Theorem {.4{requires the solution to be sufficiently close to a wedge-type set A 4.
Thanks to the following classification of global conical solutions to our problem, we
will have that this is always the case (after rescaling) near any contact point.

Proposition 4.5 (Classification of minimal cones in R™). Let ¥ C R™ be a cone,
i.e. 12 =3 for all t > 0, with 0% # &. Suppose that ¥ satisfies (4.17)) with ® = id.
Then, ¥ = A, g for some v and 6 as in (4.11)).

As a direct consequence of the combination of Theorem [4.4] and Proposition [4.5
we obtain the following result (which is just a more precise version of Theorem
above),

Corollary 4.6. Let n > 2, and assume that O is a minimal surface and that ® €
C*b for some k > 2 and B € (0,1) — or equivalently 0O is of class C*P.

Let E be a solution (in the sense of Definition of (4.2)-(4.6) with z, €
OENOON Byjy. Then, for all o € (O, %), OF has the following CY* local structure

near xo. For r > 0 small enough, we have either:
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(a) In some appropriate coordinates y = (Y, yn) = (Y1,.--,Yn), P HOE) is the
graph {y, = h(y)} of a function h € C°(BL) that belongs to CH*(B/F) N
CY(BI~), where Bl denotes the ball in R"* and B/* are the half-balls B. N
{£yn_1 > 0}. Moreover, we have h > 0 on y,—1 = 0 and Vh is continuous on

{yn_1 = 0} N {1 > O}.

or

(b) OENB,(x,) is the union of two C*? minimal surfaces with boundary that meet
on 00 with full contact set in B, (x,).

Remark 4.3. By [DeAT79, Theorem 2.1 and Theorem 2.2] (or by a standard barrier
argument similar to that used in Hopf’s lemma) if one considers a minimizer of the
De Giorgi measure for obstacles as in Corollary [4.6] then its boundaries do not stick
to the obstacle. More precisely, they present an aperture around the obstacle that
allows, locally, a wedge contained in the minimizer.

As a consequence, minimizers of the De Giorgi measure are locally (in a neigh-
borhood of any contact point) minimizers in the sense of Definition . Therefore,
Corollary above applies to minimizers in the sense of De Giorgi.

Remark 4.4. In the previous statement the condition that O is a minimal surface
appears only to be able to apply Remark and obtain (b). Otherwise, an analogous
result with C'~ regularity holds.

Remark 4.5. We observe that, as a consequence of our results,
F is a minimizer as in Definition A1 =  Ppg(E;By) = P(E;By).  (4.21)

Indeed, let E' be a minimizer as in Definition First, as proven in [DeAT79],
since O is smooth, the De Giorgi perimeter Ppg of the minimizer can be expressed
as

Ppo(F; By) = P(F; By) +2H" *((O\ F)N B,) > P(F; B;) for any Borel set F.
(4.22)
But note that OF cannot stick to the obstacle from both sides at any point of
O \ 00 by the strong maximum principle. Hence,

H"'(O\ E)N By) =0. (4.23)

Using (4.22) and (4.23), E is therefore also a minimizer of Ppg, since Ppg(F; By) >
P(F;By) > P(F; By) = Ppg(E; By) for any competitor F.

Remark 4.6. Corollary gives the regularity of the hypersurface around contact
points. The regularity around other points follows from the classical theory for mini-
mal surfaces (see for instance chapters 8 and 9 of the classical book of Giusti [Giu84]).
Note that this is result only up to dimension 7 [Sim68| since nonsmooth minimizers
exist in dimensions 8 and higher [BDGG69]. In contrast, our regularity result holds
around the contact set of the thin obstacle, in any dimension.
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Remark 4.7. After a previous version of this manuscript, a preprint of Focardi and
Spadaro [FoSp18b] appeared in which the authors establish optimal C'*/2 regularity
estimates and rectifiability of the free boundary for minimal surfaces with flat thin
obstacles in the nonparametric case (that is, in our notation, for the case ® = id
and assuming that JF is a graph in the n-th direction). Interestingly, our Corollary
gives that (at least for flat obstacles) the assumptions of [FoSp18b] are always
satisfied near any contact point by parametric minimal surfaces with thin obstacles.
Thus, when combined with our results, the results in [FoSp18b] yield that solutions
to parametric thin obstacle problems are C'/2 near the obstacle and their free
boundary is rectifiable.

4.1.8 Organization of the paper

The paper is organised as follows.

In Section {4.2] we introduce some notation, definitions, and preliminary results.
In Section [4.3| we construct a barrier and prove the dichotomy presented in the intro-
duction: if the solution is close to a wedge, then either OF is very flat or its contact
set is full in a smaller ball. In Section [4.4] we focus on the flat configuration, showing
the improvement of closeness result in this case (Proposition [4.14)). In Section [4.5]
instead, we focus on the full contact set configuration, which allows us to complete
the proof of our first main result, Theorem In Section [4.6| we prove Theorem
by iteratively applying Theorem [4.3] Finally, in Section [4.7] we discuss blow-ups
(monotonicity formula and classification of minimal cones) and we complete the

proofs of Proposition [4.5 and Corollary thus obtaining Theorem [4.1]

4.2 Notation and preliminary results

4.2.1 Conventions and notation.

As it is standard, throughout the paper we will assume that the representative of
E among sets that differ from it by a null set is such that topological and measure
theoretic boundary agree. That is, given a set £ C R", we will say that z € R"
belongs to the boundary of E, x € OF, whenever

0<|ENB.(z)| <|B.(x)], forallr>D0.

Notice that, in general, this is not necessarily true. However, the set of points
where this does not hold is of measure zero, and therefore we can consider instead
the equivalent set E that arises from removing all such points. Thus, without loss
of generality, we will always assume that the measure theoretic and topological
boundary agree.

The notation introduced in Subsections|4.1.3|and [4.1.4] will be recurrent through-
out the work. In particular, the definitions of A, and A? from — as well
as the definition of e,, and the conditions on the constants  and ~ (see (4.11])). See
also Figure 4.2]

On the other hand, when not stated otherwise, we add a superscript prime to
an element or set in R” to denote its projection to R*~!: and we proceed similarly
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with a double superscript prime projection to R"~2. Thus, if z = (z1,...,2,) € R",
we can also denote z = (2/,1,) € R ' xRorx = (2", 2, 1,7,) E R"2 X R x R.
Similarly, By denotes the unit ball in R", Bj is the unit ball in R"~! and B} in R"2.
We may sometimes write B] C R”, or 2/ € R™ as an abuse of notation, meaning
B} x {0} C R™ and («’,0) € R" respectively.

4.2.2 Preliminary results

Definition 4.3. Let £ C R". We say that E is a minimizer of the -thin obstacle
problem in By C R if ®(A%) N By C E and (4.17)) holds.

We are also interested in the notion of super- and subsolutions to the minimal
perimeter problem. Thus, the follow definition will also be useful.

In general terms, we say that a set E is a supersolution to the minimal perimeter
problem when compact additive perturbations to E* in By produce sets of larger
perimeter. Similarly, £~ is a subsolution to the minimal perimeter problem when
compact subtractive perturbations to £~ in B increase the perimeter.

Definition 4.4. Let £ C R". Then, E¥ is a supersolution in B if
P(F*;B) > P(E"; B),

for any F'* with E* C F* and F'+\ Et € B.
Analogously, E~ is a subsolution in B if

P(F~;B) > P(E™; B),
for any /'~ with £~ D F~ and £~ \ F'~ € B.

Notice that, in particular, a set satisfying (4.17)) is a supersolution to the minimal
perimeter problem.

Proposition 4.7. Given E, C R™ with P(FE,; By) < oo, there exists E satisfying

[@17) with E\ B, = E, \ B.

Proof. The proof follows by classic methods in the calculus of variations. Lower
semicontinuity and compactness in L' of BV functions directly yield the result (see
[Giu84, Thm 1.9, Thm 1.19]). O

Proposition 4.8. Let E C R™ satisfying (4.17)). Then, for any B.(z,) C B, E
is a supersolution in B,(z,). Moreover, if B.(x,) N ®(A°) = @, then E is a set of
minimal perimeter in B,.(z,).

Proof. This just follows from the definitions of minimizer of the d-thin obstacle
problem (4.17) and supersolution. ]

Lemma 4.9. If E is a local minimizer of the perimeter around a point x, € OF,
then OF satisfies the mean curvature equation

M(D*v, Vo) := (14 |Vv|?)Av — (Vo) D*vVo =0
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in the viscosity sense. That is, if we define for any smooth ¢ : B — R,
+ . /
S, = {xz, < p(z")},

then, if S;f is included in either E or E€ in some ball B.(x,) and x, € 0535, we have
that
+ M(D?*p, Vo) < 0. (4.24)

Moreover, if E is a supersolution to the minimal perimeter problem around x, € OF,
then if ST is included in E in some ball B,(x,) and x, € 8Sj we have the same

result, (4.24)).

Proof. The proof is very standard, just using the definitions of minimal perimeter
and supersolution and noticing that we can decrease the perimeter if the conclusion
does not hold. See, for example, [CC93]. ]

Lemma 4.10. Let ® : R® — R" be any CY' diffeomorphism and let x, belong to
00 = d({x,_1 = x, = 0}). Assume that [®]c1n < M and |D(®7')(x,)| < M. Then,
for p >0, there are new coordinates T = 1, ()

Vo (7) := p 'Ry (v — x,), where R, is an orthogonal matriz,
and a new C*' diffeomorphism ®, such that
(TD(AS) = b, (B(A%))  for some § € (0,C6)

and

®(0)=0, ®(0)=id, and |D*®| <CM?p,
where C' depends only on n.
Proof. Let us choose R, to be some orthogonal matrix to be chosen and define
A, = R%D@(q)’l(mo)).
Choose R,, and § € (0,C9) such that
Az (A%) = A
as a consequence the set
{zp-1 =0,2, <0} is invariant under the linear map A,,.
Now define
% := Ry, (P(®7'(2o) + AJ'2) —2o) and P = p~ '™ (pa).

Note that since ®!(zo) € {2, 1 = z, = 0} we have ®!(z.) + A;'A° = A® and
thus
B(N’) = 1y, (PP (0) + ALA%)) = U, (B(A?)).

By construction, we have ®(0) = 0, D®(0) = id, and [®]c11 < CM3p. O
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4.3 Barriers and dichotomy

For this section let us start by defining the mean curvature operator H, on functions
0 : R - R as

V14 |[Vel?

We start by introducing a supersolution that will be used as barrier.

) 1+ Vo) MDY (425)

Lemma 4.11 (Supersolution). Let § € (0, m> Let
Sy = {z=(2" 2y 1,2,) € B CR"?xRxR:
T, < pp(a’) = p <|9UH|2 —2(n — 2)33721—1) ¥
Then, S;f 18 a strict supersolution to the equation of minimal graphs in By, and
Hyps < —cB, in Bj,
for some positive constant ¢ depending only on n.
Proof. Let us check that, given ¢g, then
Hpg < —cf.

Let us rewrite the operator H,

, 1 Vipg) ' D?psVp
H@ﬁ(w)z—(ﬁwa—( p) D05 Vop ZUU )0;505(2"),

W 1+ |Vpgl|?
where , /
Uij(2) = L (51.. _ Oipp(@)0;p5(x )> .
’ V1I+ Vsl 14 |Vg|?

Let S,(2') = /1+|Vypgl?. Note that, U(z') = S, (2) (Id — @p}), where
os(2’) = V(pﬁ( ')/Se(2'). The only eigenvalue of Id — @g@} different from 1 is
1 —||@gl*. Let m, = sup{|Vpgs|}, where the supremum is taken over the domain of
definition of 3. Putting all together we have obtained that U is uniformly elliptic,
with ellipticity constants A, = (14 m?)~ 3/2 and 1.

Notice then that

Hepg(x Z Uij(x')0ijps(x’) < B (2(n —2) —4(n = 2)A,), in By,

On the other hand, from the fact that |Vo| < 48(n —2) in By,
Ao = (1+m2) 2 > (14168%(n — 2)*) %2, (4.26)

Putting all together, we get the desired result. O
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S; 20 — arctan(Ce)

7,0 N (A\O)]'

arctan(é;)

Ty = —Cexpn_1

€n-1

Figure 4.3: Representation of the setting in Lemma after a rotation.

The following lemma shows that whenever the minimizer is not flat, then the
contact set is full in the interior. The condition of flatness is used via the angle 6 from
the definition of the wedge A, y: being flat means that 6 is small, when compared to

E.

Lemma 4.12. There exists ¢, and Cs depending only on n such that the following

statement holds:

Let E C R™ satisfying (4.17)) be such that it is e-close to some A, g in By, for

some ¢ € (0,&,), and (4.18) holds. Suppose that 0

€ [Coe,Z). Then

EC (D(A%g_coa) m B1/2-

In particular, the contact set is full in By ;.

Proof. Let us prove this result, for simplicity, in the case ® = id, and at the end
of the proof we discuss how to modify it in order to account for small second order

perturbations.
We will slide an appropriate supersolution from
surface OF.

above until we intersect with the

Take x, € By, x {0} x {0}, and by making a translation let us assume z, is the
origin. Let us also rotate the setting with respect to the last two coordinates so that
the angle between e, and e, is Z(e,,e,) = 0 — arctan(Ce), for some constant C
depending only on n to be chosen, such that 6§ > arctan(é’z—:). Let us denote e, OE",
OA” ,, and (A°)", the corresponding rotated versions. The following argument can

7,07

be done with both configurations that fulfil this property, so let us assume without

loss of generality that we are in a situation where

{20 = —Cezpr} N {zpy >0} COALH,  in Byp. (4.27)

See Figure [4.3] for a representation of this rotated
Take the supersolution S3 from Lemma [4.11
touches the boundary of the minimizer of the 0-tl

situation, and the whole proof.
. Slide 0S5 from above until it
hin obstacle problem, OE". That

-2
ﬁuz
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is, define
t._
S 1= 83; + te,,

and consider
mg = inf{t > 0:S;NOE" N By, # B}

We recall that
05y ={z = (2", xp1,2,) € By : w, = B (J2"]> —2(n — 2)x,_,) } .

If mg >0 and 2™ = (af",...,2]") € By, is such that z,, € Sglﬁ NOE™ N By,
then 2™ cannot be an interior point to Sglﬁ NBj 2. Indeed, since S;nﬁ NB1 oM {n-1 =
0} C {z,, > mg > 0} is strictly above zero, then thanks to Proposition OE" is a
surface of minimal perimeter around z,,. On the other hand, Sglﬁ is a supersolution,
touching on an interior point with a surface of minimal perimeter locally, which is
not possible.

We will show that the boundary 9B;/; N S;nﬂ is always above OFE" in the e,
direction. From and using that OE" C A j + B, it is enough to show that

there exists C depending only on n such that
B (12" —2(n—1ak_ ) > —Cexpoy +coe, fora’ = (2", 2,-1) € OB ), (4.28)

for some constant ¢y depending only on n that accounts for the difference in distance
between the Hausdorff distance and the distance in the e,-direction. For (4.28) to

be satisfied, using |2"|?> = 1 — (z,,_1)?, we want

4

—B(2n — 1)2?

S+ Cex, 1 > —g + coe, for x, 1 €10,1/2].
By taking f = 4coe and C = 2¢(2n — 1) the previous condition holds, and notice
that for ¢ small enough (depending only on n) 5’; is a supersolution as wanted.

Thus, for 8 = 4cpe and C = 2¢9(2n — 1), we can slide SE until ¢ = 0, where it
touches OE" at the origin (since it touches (A%)" there). Therefore, the origin is a
contact point, and moreover, JE" is contained in 5’; N{z,_1 > 0}. In particular,
since the origin was a translation of any point in By, x {0} x {0}, we have that in
By x {0} x {0} N{z,—1 > 0}, OE" is contained in {z, < 0}.

Rotating back, and putting arctan(Ce) = C.e for some C, depending only on
n, we obtain the desired result from one side. Doing the same on the other side
completes the proof.

If ® # id, we can proceed similarly using that |[D2®| < e'T2. Indeed, if F is
e-close to A, g, then ®~!(E) is 2e-close to A, g for £ small enough depending only on
n. Now we can repeat the previous argument with ®~1(E) instead of E. The only
place where we used that E satisfies is to check that we cannot touch at an
interior point when sliding the supersolution (using the previous notation, to check
that mg cannot be strictly positive).

If we were touching at an interior point z,, in this case, then £ would be a

surface of minimal perimeter around ®(z,,). Since we can choose § = 4¢pe to avoid
contact in the boundary, thanks to Lemma the mean curvature of 85’;16 is
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below —4ce. Consequently, the mean curvature of ®(95;") is below —dce + ¢/ elts
and for £ small enough CID(S;W ) is still a supersolution: there cannot be an interior
tangential contact point. O

Lemma shows that if if F is e-close to some wedge A,y in By with 0 > C,e
then we have £ C ®(A,p_c..). As a counterpart, the following lemma shows that
DA, g1c.e) C E — even for § < Cee.

Lemma 4.13. There exists ¢, and C, depending only on n such that the following
statement holds:

Let E C R" satisfying be such that it is e-close to some A,y in By, for
some € € (0,,) and 0 € [0,2 — Coe). Suppose that ® satisfies (L.18). Then

(I)(A%9+CO€> CFE m Bl/g.

Proof. The proof follows very similarly to the previous result, Lemma [£.12] Agam
as before, we assume ® = id; and the proof can be adapted to the case |[D*®| < elts
following analogously to the proof of Lemma |4.12

We want to show that we can open A° up to being at an angle proportional to
e from A, 9. Let us show it for z,,_4 > 0.

The fact that A° C E in B; allows us to establish a separation between z,_; > 0
and z,,_1 <0.

Consider the surface OE N {z,—1 > 0}. Let #; be the angle between JA,y and
oA in {x,_, > 0}. If 0, < Cie for some C; depending only on n we are already
done, since A° is already a barrier; so that we can suppose that 6, > Cje for some
C to be determined. We denote I', y = OA, o N {x,—1 > 0}.

Now, as in Lemma [4.12 we rotate the setting in the last two coordinates, so that
[T,y C {:cn > 0} at an angle arctan(Ce) from {z, = 0}, for some constant C' to be
Chosen. See Figure [4.4] for a representation after the rotation.

Notice that —S; is a subsolution to the problem, where S; denotes the superso-
lution constructed in Lemma [£.11l Now the situation is the same as in Lemma [£.12]
upside down. In the new coordinates after the rotation, since in {z,_; > 0} any
point on JF" is locally a supersolution, we will be able to slide up the subsolution
up until the origin for the same constant C' as in Lemma as long as we are are
not touching with it in the region {z,_; < 0} after the rotation. But this can be
avoided choosing C] such that Ce > 3arctan Ce for ¢ small. O

4.4 Improvement of closeness in flat configuration

In this section we prove our main result, Theorem in the flat configuration case
in the case 6 € (0, C.e). Namely, we show:

Proposition 4.14. For every a € (O, 2) there exist positive constants p, and €,
depending only on n and «, such that the following statement holds:

Let E C R" satisfying -, with 0 € OF, be such that E is e-close to Ay in
By, for some 0 € (0,Cqe) and ¢ € (0,¢&,), and - ) holds.

Then,

E is ptt®e-close to As g in By,
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61 — arctan(Ce) + &

T
-5} _

€n

€n—1

Figure 4.4: Representation of the setting in Lemma after a rotation.

for some new 3" and 0 as in ([{E.11)).

The proof of this proposition follows by compactness, using the C11/2 regularity
of the solutions to the classical thin obstacle problem with the Laplacian, A.

The following proposition will be used to show compactness of vertical rescalings
{(2,x,/e) : (2,x,) € OE} near a contact point.

Proposition 4.15. There exist h, and 7, depending only on n such that the following
statement holds:

Denote Q1 := By x (—=1,1) Let E C R™ satisfying, for some v € Q1,
P(E;Q) < P(F;Q1) VF : E\Qi=F\Q: and (v+®(A°))NQ: C F. (4.29)
be such that for some b € (—1,1) and some h € (0, h,), holds for e € (0,h),
{r, <b—-h}CEC{x,<b+h}, inB];x(-11),

and
(v+®(Aop)) CE, inBjx(-1,1).
Then,

o either {z, <b—h(l—7)} CE, in B}, x (=1,1);
e or EC{x, <b+h(l—1)}, in By, x (=1,1).

To prove Proposition we need the following half-Harnack for supersolutions;
see [Sav10bl Section 2| or the proof of [Sav1(, Thm 5.3].
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Proposition 4.16 ([Sav10,[Sav10b]). Let E C R™ be a supersolution to the minimal
perimeter problem in By, and suppose OE C {x,, > 0}. Then, for everyn, > 0, there
exists some 1, and C' depending only on n and n, such that if T < 7, and Te, € OF,
then

e, (O N{xn < CT} N (B) X (=1,1)))|ygams = (1= 1) | By pun—1;

where 11, denotes the projection of a set onto BY in the e, direction.

Proof of Proposition[{.15 We separate the proof into two different scenarios.
The first possibility is b < e'*4. In this case, since ®(Agy) C E, it follows that

tan h
{xn < - a; - CEH%} CE, inBj,x(-1,1),

for some C' depending only on n. For h, small enough depending only on n, since
1
e<h<h,and b<elts,

3 tan h 1
{xn <b- Zh} c {xn < — a; —Csl+z} CE, inBj,x(-1,1).

This completes the case b < g+,
1
The second case is b > 71, and is less straight-forward. By Savin’s half Harnack,
Proposition [4.16] for every 7 > 0 small enough depending only on n, if there exists

1
z=(2,z,) € OF, with || < 3 and z, <b—h+Th, (4.30)
then

e, (OB N By (Byy x (=1,1)) N {z, <b—h+Ci7h})|, ., > Z|Bg/4|ﬂn1,
(4.31)

for some constant C; depending only on n.
. . . 1
On the other hand, notice that since we are in the case b > e'*1,

E::E’U{xnﬁb},

is a subsolution to the minimal perimeter problem in B; for h small enough. This
follows since ®(A%) C {x, < e'*i} for e small enough, and OE is a surface of
minimal perimeter whenever it does not touch ®(A?).

Take E¢, and apply again Proposition m to get that, for every 7 > 0 small
enough depending only on n (take 7 < C;'), if there exists

1
z=(7,2,) € OF, with |7/| < 3 and z, > b+ h — Th, (4.32)
then

3
M, (OB N BiN (Byy x (=1,1)) N{zp 2 b+h = Cith})|,, , > ZyBg/4yHn_1.
(4.33)
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Take Q = B§/4 X (b — h,b+ h) In particular, we must have that

3
P(E;Q) = §|B§/4|H7H-

Notice, on the other hand, that we can take h small enough so that the lateral
perimeter of () is less than %|le; / 4|mn—1. This yields a contradiction, since including
Q@ to E gives a competitor for the minimizer of ; and therefore either
or does not hold. This completes the proof. O

We also need a similar improvement of oscillation far away from contact points. In
such case, we can use the following classical Harnack inequality for minimal surfaces.
The proof of this proposition is an straightforward application of Proposition [4.16]

Proposition 4.17 ([Sav10bl). There exists h, and 7, depending only on n such that
the following statement holds:

Let E C R™ be a set of minimal perimeter in B} x (—1,1), such that for some
be (—1,1) and some h € (0, h,)

{r, <b—h}CcEC{x,<b+h}, inB];x(—1,1).
Then,
o cither {x, <b—h(l—7)} CE, in By, x (—1,1);
e or EC{z, <b+h(l—m1)}, in By, x (=1,1).

Actually, to account for situations in which 0E may stick to 0P (A, ), we need
the following version of Proposition for minimal surfaces with flat enough thin
obstacles.

Proposition 4.18. There exists h, and 7, depending only on n such that the fol-
lowing statement holds:
Assume that © satisfies (4.18) with € € (0,h). Let E C R", satisfying

®({z, <0})NQ, CE
where we denote Q, == Bl. x (=1,1), be a solution of
P(E;Q1) < P(F;Q1) VF such that E\ Q1 =F\ Q1, ®({z, <0})NQ; CF.
Assume that for some b € (—1,1) and some h € (0, ho)
{z, <b—h}CEC{z, <b+h}, inQ.
Then,
o either {x, <b—h(1—1,)} CE, in Q12;

e or EC{x, <b+h(l—-7)}, in Q1.
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Proof. The proof is very similar to that of Proposition in [Sav10b]. We sketch
it.

Note that, by (4.18]) we have
®({z, = 0}) C {lza| <2} in Q.

Now, if b < 0, since OF is above ®({z, = 0}) in @1, we have {z, < —eti} C E
in Q;. Thus we obtain {z, <b—h(1 —7,)} C E in Q; provided T2 < h(1 — 7,),
which is trivially satisfied if 7, < 1/2 and ¢ < h < h, < 1/4. In other words, the
first alternative of the conclusion of the proposition holds whenever b < 0.

Let us now consider the case b > 0. Note that we may suppose that the “coinci-
dence set” OE N @({xn = O}) is nonempty in ()34 since otherwise the result follows
immediately from Proposition 4.17, noting F would be a minimal boundary in
Q3/4-

Since E is a supersolution in Q1 satisfying {z,, < —51+%} C FE in Q) such that has
some point z, = (2, To,) € OE N Q34 with ., € (—e*2, el2), Proposition m
(with a standard covering argument) yields

3
)Hen (3E N {z, < Ce¥2}In Q3/4) "anl > Z|B§/4|H"*1‘ (4.34)

At the same time, the set E := EU{x, < b+ h/2}) is a subsolution in Q, since the
contact set OE N 0P ({x,, = 0}) N Q; is contained in {z, < g2} C {x, <b+h/2}
(recall b > 0 and ¢ < h). Thus, either

ECEC{z,<b+h(l—7)} in Qs (4.35)
or else, by Proposition applied to E°, we would have

Mo, (080 {5 2 b4 b= Crb} 0 Qu)| 2 JIBhaber. (430
Now clearly implies the conclusion of the proposition (first alternative). On
the other hand, should hold then, by definition of E, would also hold
with OF replaced by OF and thus we would find a contradiction with when
taking 7, small enough so that b + h — C1.h > Celts (recall e < h < h, small
enough). Indeed, this contradiction argument — which uses the minimality of OF
among boundaries of sets containing the obstacle — is identical to the one given in
the proof of Proposition 4.15| O]

At this point, combining Proposition and Proposition [1.1§ we obtain the fol-
lowing lemma regarding the convergence of vertical rescalings to a Holder continuous
function.

Lemma 4.19. Let (Ej)en be a sequence such that Ey C R" satisfy (4.17)), with
0 € OFy, and with ®, such that holds for ¢ = €. Suppose E} is ep-close
to Ay, 0, in By, with 0 € (0,e;), and with e, — 0 as k — oo. Suppose also that
(I)k(A,YkﬂkJrsk) C E}, in By. Let

Efk = {(x', %) cx = (2, z,) eE,ZﬁBl}, for all k € N, (4.37)
k
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where E; = R, (Ey), and R, denotes the rotation of angle vy, in the last two
coordinates bringing e, to €.

Then, there exists u € C**(B]

1/2) with ||u||007a(?/2) < C, for some C depending

only on n, such that
{z, <u(a) —el} C B C {z, <uld') +&)}, in By x (=1, 1), (4.38)
for some a >0 and 8 > 0 depending only on n.

Proof. Let us define the cylinder Q,(z,) = (B.(2}) x (—1,1)) N By for any z, =
(x),2.,) € Bi. Notice that, thanks to the hypotheses, for any z, € 0L N By s,

OE; N Qo)) C{x € Byt |xn — Top| < 261},
where 7 denotes the rotated version of r. That is, introducing a notation, we have

osc, OE} < 2ey;
Qg—l(xg)

the oscillation in the e, direction of OE] in the cylinder Qo-1(x%) is less than 2ey.
We would like to use that if ¢, is small enough, then either Proposition or
Proposition [4.18|improves the oscillation in the half cylinder, and proceed iteratively.
In order to do that, we separate between four cases.

Case 1: xo, = 0. The first case we consider is z, = 0 € 0FE). By assumption,
Dy (Ay, 0,4e,) C Ex in By, and we have that

osc, OE; < 2¢y.
Q271(IL"6)

If we denote as h, and 7, the variables coming from Proposition [4.15; we have that
if
dep < ho, (4.39)

then

osc, OFE] <2e(1—1,).
QQ—Q(IS)

We are using here Proposition with h = ;. Condition (4.39)) is to ensure that
Or + e < he E| If we rescale by a factor 2, we have

osc, 20E; <4ep(1—1,),
QQ—I(wg)

so that, if we want to repeat the argument, hypothesis (4.39)) becomes
8€k<1 — TO) S h,o.

If we want to continue one next iteration, we can take h = 2¢;(1 — 7). Notice that,
after the rescaling, the transformation ® associated to 20E}, is @y (x) = 2P, (z/2),

ZNotice that here we want to ensure that ®(Ag ) C Ef in order to apply Proposition We
actually have that R, ®r (A, 6,+,) C E}, but this is enough to use it as a barrier from below in
the proof of Proposition
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- 1
so that |D?®y| < 2_16,1;2, and the hypotheses of Proposition [4.15| are still fulfilled,
with a better constant.

Rescaling and repeating this procedure iteratively, we have that as long as

2"(1 — 7o)™ %ex < ho, (4.40)
then
osc, OB <2e,(1—7,)" " (4.41)
Qz—m(wg)

Case 2: x, € O, N OO, N Byz. The second case is when z, belongs to the contact
set of the thin obstacle, z, € OE) N 0Oy, where 00, := ®({x,_1 = x, = 0}). After
a translation and a rotation, up to redefining ® if necessary, we can put ourselves
in Case 1 (see Lemma with p = 1), so that

2"(1 — 7)™ 2y < h, =  osc, OFE) <2e,(1—7)" " (4.42)
Qy—m (27)
We must point out here that, a priori, the oscillation might be in a direction different
from e, due to the rotation coming from Lemma [4.10, However, since the rotation
tends to the identity as ¢ | 0, we may also assume that for £, small enough, the
previous also holds.

Case 3: dist(z,, 0FE, N 00y) > %. Follows exactly as the two previous cases, using
Proposition instead of Proposition [4.15] yielding again (4.42)).

Case 4: 27~ < dist(x,, DB, NOOy) < 27P for p > 3. This is a combination of Case
2 and Case 3. We apply Case 2 and rescale, until we can apply Case 3, so that
holds again.

That is, holds for all z, € 0E; N By/,. Let my, denote the largest m we
can take for every g5 such that holds. Clearly, m; — oo as k — o0, since
er — 0. If we consider the rescaled sets in the e, direction, E,i’“, we have that for
every m < my,

osc, OB <2(1—71,)" 1 (4.43)
Qy—m (o)

In particular, there exists a Holder modulus of continuity as €, — 0 controlling
the boundaries 0E;*. By Arzela-Ascoli, up to subsequences, 0E}* converges in the
Hausdorff distance to the graph of some Hoélder continuous function, . n

Lemma 4.20. The function u € C’O’a(Bi/Q) from the Lemma |4.19 is a viscosity
solution to the classical thin obstacle problem with uw(0) = 0. That is, u fulfils

Au = 0 inBj,\ ({zp-1 =0} N{u=0})
Au < 0 on{z,-1 =0}N{u=0} (4.44)
u > 0 on{r,_1 =0},

i the viscosity sense. In particular,

il <, (4.45)

01’1/2(31/4ﬁ{$n7120}) + HUHCIJ/Q(B{Mrﬁ{zn,lgo}) >

for some constant C' depending only on n. That is, u is C*'/2 up to {x,_1 = 0} in
either side.
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Proof. The proof follows along the lines of [Sav10].

Since OE;* converges uniformly to the graph of u, and 0E* N {x,—1 = 0} C
{z, > —Ce}, we clearly have that v > 0 on {z,_; = 0}. This follows since
O(A, 6,+c,) C Ej. Similarly, u(0) = 0.

Now take any point a;, € B) ,. Consider P(z') a quadratic polynomial in By o,
with graph touching the graph of u from below at (z,u(x)). Since OE* is con-
verging uniformly to the graph of u, P(z’) — ¢ touches from below OE;* at a point
yr such that yp — (20, u(x))) as k — oo. Rescaling back, e, P(z’) — ¢ touches from
below JE} at g such that ¢, — z for some sequence ¢, bounded. Since OE] is a
supersolution being touched from below, by Lemma [4.9| we have

M(exD*P,exVP) = e,AP + €} (AP|VP|* — e, (VP)'D*PVP) <0

at . By letting ¢, — 0 we reach

so that u solves Au < 0 in the viscosity sense.

On the other hand, suppose z;, € B}, \ ({2a—1 =0} N {u=0}). Let P(z) be
a quadratic polynomial in B;,y, with graph touching the graph of u from above
at (zL,u(z)). Now, P(2') 4+ ¢ touches from above JE;* at a point y; such that
yr — (2L, u(2))) as k — oo. That is, e, P(2’) + ¢ touches from above OE] at gy
such that g, — x for some sequence ¢ bounded. If k large enough, g, € By, \
({xn—1 =0} N{u = 0}). Therefore, either JE] is a surface of minimal perimeter
around g, or OEY is touching @5 (A°) at J. In the first case, we are already done
proceeding as before, we get M (e, D?P, ¢,V P) > 0.

Suppose then, that E is touching ®;(A°) at g. For this to happen, one must
have that ®(A°) is a supersolution to the minimal perimeter problem around #,
otherwise there could not be a contact point with a supersolution. However, notice
that it 1is a supersolution with mean curvature zlxround U bounded from below by
—Ce,lji. Therefore, M (e, D*P, &,V P) > —C&t,lji at g, and letting k — oo we get
AP(zl) > 0. Thus, holds in the viscosity sense.

Finally, the regularity of solution to the classical thin obstacle problem, (4.45)),
was first shown by Caffarelli in [Caf79]; and the optimal C'/? regularity here pre-
sented was obtained by Athanaopoulos and Caffarelli in [AC04]. O

We can now present the proof regarding the improvement of closeness to sets of
the form A 4, Proposition [4.14]

Proof of Proposition[{.1]. Let us argue by contradiction, and suppose that the state-
ment does not hold. Then, there exists some «, € (0, %) and a sequence E, C R"
satisfying , such that 0 € 0E}, Ej, are gx-close to some A, g, for 65, € (0, Coey),
holds for ¢ = ¢, (and the transformation ®;), for some positive sequence
erx — 0 as k — oo, but such that the conclusion does not hold for any p,, e, > 0.

By Lemma we have that

CI)k(Angk_A,_Cogk) C Ek, n Bl/2-
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By rescaling and renaming the ¢, sequence if necessary, we can assume that 6, €
(0,ex) and Py(A, o,4e,) C Ex in By, so that we are in the same situation as in
Lemma . In particular, due to Lemma , the sequence OE;" approaches (in
Hausdorff distance) a function w in Bj , x (—1,1), which by Lemma is a solution
to a classical thin obstacle problem. Thanks to the regularity of u, and the fact that
u(0) = 0 and V,»u(0) = 0, we have that

(') = 9 _yu(0)(, )+ — Oy ul0)(«y_y)-| < Cp*%, in By,

n—1 n

for any p > 0 and for some constant C' depending only on n. Here, we have denoted
a; = max{a,0}, a_ = min{a, 0}, and

O u(0) = lim =2

rp 0,...,0,%n),

i.e., the limit of the derivative in the e, ; direction coming from {z,_; > 0} or
{zn—1 < 0} (which exist by the regularity up to the contact set). Notice, moreover,
that since Au < 0 around 0, we must have 9, ,u(0) > 9 ,u(0). In particular,
thanks to the closeness of E;* to the graph of u, we have that

OB 1 (Bl x (~1,1)) € { | — 87 yul0)(a, )+ — 0y yul0)(, )| < Cp?}.

which, after rescaling implies that OEJ is at distance at most Cep®? from some Ay g
in B,, given by the graph of €0, u(0)(z},_;)+ + €x0,_1u(0)(x,_;)_. Now, simply
take p small enough depending only on n and «, such that Cp*? < p't® and we

reach a contradiction (notice that such p exists because o, < 3). O

4.5 Improvement of closeness in non-flat configu-
ration

In this section we study the complementary case to the one in the previous section:
the case where E is e-close to a non-flat (6 2 €) wedge A, . Under this condition,
thanks to Lemma [£.12] there exists a full contact set, so that the study of the
regularity becomes a known matter.

We state and prove now the lemma that will allow us to conclude the proof of

Theorem (4.3

Lemma 4.21. There exists €, depending only on n such that the following statement
holds:

Let E C R™ satisfying (4.17) with 0 € OE be such that for some A4, and
e € (0,¢e0),

(I)(A%9+5) C FEC (I)(A,y’g,g), m Bl, (446)
where ® satisfies (4.18]).
Then, -
8E N B1/2 = F+ U F,, (447)
where

Ty = 0EN By NO({£z,_; > 0}), (4.48)



134  Chapter 4. Regularity of minimal surfaces with lower dimensional obstacles

and
I N®({zn1=0})N By C O({xy1 =z, = 0}). (4.49)

Moreover, for each € (0,1), I'y and I'_ are CY* graphs up to the boundary in
the ey and e_g directions respectively, with CYB-norms bounded by Ce, where C
depends only n and (.

Remark 4.8. A a direct consequence of the C''# estimates from Lemma there
exists A, o, as in (4.11]) such that for any a € (0,1/2),

E is Cer'®close to A, g, in B,, for all r € (0,1/2),
for some constant C' depending only on n. Moreover,
7= +10 - 0] < Ce,

for some constant C' depending only on n. This will be useful later on in the paper.
In fact, we could clearly take & € (0,1) but we will only need @ < 1/2 later on (see
Proposition 4.24)).

In order to prove Lemma we need a version for thick smooth obstacles of
the following standard result on regularity of flat minimizers of the perimeter.

Theorem 4.22 (|Giu84, Chapter 8]). There exists 1, small depending only on n
such that the following statement holds:
Let E C R™ be a minimizer of the perimeter in By such that

{z, < —n}C EC{zx,<n}, in By,

for some n € (0,1,).
Then, there exists a map ¢ : Bi/2 — R such that

OF ={z = («',2,) CR" 1w, = (2)}  in By jy x (—=1/2,1/2),
where ||Q0HCk(Bi/2) < C(n,k)n, for some constant C' depending only on n and k.

Let us comment on the standard proof of the previous theorem.

Remark 4.9. Theorem is usually shown in two steps. First, one iterates (4.8)
obtain

lv(z) —v(y)| < Cnlz —yl|%,

for a > 0, and where v(z) for x € OF denotes the unit normal vector to JF pointing
outwards E. This C'* estimate for the normal v is a consequence of the improvement
of flatness property (4.8)).

Second, one improves this C' estimate to obtain the C* regularity using interior
Schauder estimates for graphs.

Comparing normal vectors is like comparing the corresponding tangent hyper-
planes (or half-spaces). A similar approach is what inspired part of this work, where
we compare sets of the form A,y instead of half-spaces to get the regularity.

The version of the previous result we will need is the following



135

Theorem 4.23. There exists 1, small depending only on n such that the following
statement holds:
Assume n € (0,m,) and that ® satisfies (4.18) with ¢ € (0,n). Let E C R",
satisfying
®({z, <0})NB CE,

P(E;By) < P(F;B)) VF such that E\ By = F\ By, ®({z, <0}) N B, C F.
Assume that for some b € (—1/2,1/2)

{zn<b—n}CEC{x,<b+n}, inBi.
Then, there exists a map ¢ : Bi/z — R such that
OF ={z = (v',2,) CR" 10, = p(2)}  in Byjp x (b—1/4,0+1/4),  (4.50)
where ||ng01,1(31/2) < Cn, for some constant C' depending only on n.

The proof of Theorem is based on two steps as the proof of Theoremm (see
Remark . First, we prove that OF is a C1® graph or, more precisely, (4.50]) with
]l e B, < Cn. This can be done exactly by compactness of vertical rescaling,
following the exact same strategy of Savin [Sav10, [Sav10b].

Second, we can apply a theorem of Brézis and Kinderleher [BK74] to improve
from this C1® estimate to the optimal C! estimate. By completeness we sketch the
proof here.

Proof of Theorem[{.23. We do the argument in two steps.

Step 1. Fix some o € (0,1), say a := 1/4. Then, we claim that if 7, is small
enough then holds with HQO“CI,&(B;/Q) < Cn, where C' depends only on n.
Indeed, exactly as in the proof of Proposition [£.14] we establish by compactness the
following improvement of flatness property, around x, € B3/, N OE,

OE C {le-(z—w.)| <n} in By(z,) = OB C{lé-(z—w.)| < pi**n} in By, (o).

(4.51)
for some p, € (0,1) depending only on n. The proof of is analogous to the
Proof of Proposition [£.14] It is enough to do the case r = 1. To do it, we consider
the vertical rescalings defined similarly as in in Lemma These vertical
rescalings of OF are compact by Proposition m (similarly as in Lemma and
converge “uniformly” to a function u € C*(B],) which is harmonic. Indeed, the

condition |D2®| < 'z implies that the thick obstacle will be zero in the limit if
we apply the vertical rescaling (2/,z,) — (2/,2,/n) and let n | 0. Using the C!
regularity of harmonic functions we establish .

With a standard iteration of we establish that holds with

lellerasy,) < Cn (= 1/4),

as we wanted to show.

Step 2. We improve the previous C1*/4 estimate to the optimal estimate ||¢||c1.1( B,,)

<
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€n—1

Figure 4.5: Representation of the setting after a rotation.

Cnm. This is a straightforward application of the results of Brézis and Kinderleher
[BKT4] of optimal C'! regularity for obstacle problems with uniformly elliptic non-
linear operators. Indeed, once we have proved that OF is a graph and with bounded
gradient, then it follows that the mean curvature operator H is uniformly elliptic
and thus [BK74, Theorem 1] provides exactly the desired C'! estimate. [

We can now prove Lemma [£.21]

Proof of Lemma[{.21. We divide the proof into two steps. In the first step we show
that I'. are a graphs, and in the second step we show their regularity.

Step 1: 'L are graphs in an appropriate direction. The proof of the fact
that I'y are graphs is almost immediate, just noticing that allows us to apply
Theorem [4.23| at every scale.

Let us consider first the case ® = id, and let us rotate the setting with respect to
the last two coordinates, in such a way that the normal vector to A, for {z,_1 >
0}, ey+9, now becomes e, (that is, rotate an angle v + ). Let us denote as the
corresponding rotated versions with superindex r, e.g. Al ;. See Figure for a
representation of the rotated setting.

Now take any point 2° € BN {x, = 0}, so that 2° € Al 4. Denote ro = z;,_,/2,
and consider a ball B, (z°). Notice that

{z, < =3tan(e,)r.} C E C {x, < 3tan(e,)r.}, in B, (z°).

Thus, if &, is small enough, we can apply Theorem rescaled in the ball
B, (z°); which tells us that (I'")" in B, (x°) is the graph of a function in the e,
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direction. Since we can cover all of (I'")" with balls of this kind, we conclude that
(I'*)" is the graph of a function in the e, direction in By, N {x,—; > 0}.

The case ® # id is a perturbation of the previous one, but we would need to
use Theorem [4.23] instead of Theorem [4.22] since it is no longer true that we are
necessarily a minimal surface in B, (z°).

Step 2: OV~ regularity of I'.. Let us first discuss the case ® = id. In this
situation, using , we obtain that I'" is a graph that is Lipschitz up to its
boundary {z,_1; = z,, = 0} and we may now consider the reflection I'}" of I'" under
the transformation (2", z,_1,x,) — (2", —2x,_1, —x,). Since I'" is a Lipschitz graph
up to {x, 1 = x, = 0} the “odd reflection” I'* UT{ is a Lipschitz graph which
solves the equation of minimal graphs in the viscosity sense. It follows that '+ U T}
is analytic.

In the case ® # id we cannot use the reflection trick and the interior smoothness
of minimal graph to conclude, but still using and that ® € C™! we see that
I'" is a Lipschitz graph with now C*! boundary datum solving a thick obstacle
problem with the mean curvature operator H. It follows from standard perturbative
methods and the boundary regularity theory for obstacle problems with elliptic
operators (see, for instance, Jensen [Jen80]) that the I'" is a C'# graph up to its
boundary ®({z,—1 = z, = 0}). O

With this, we can proceed and prove Theorem {4.3

Proof of Theorem[{.3. 1f 6 € (0, C,e), then we can directly apply Proposition [4.14]
On the other hand, if 0 € [C’os, g), thanks to Lemmas |4.12| and 4.13[ we have
that

q)(A'y,eJrCos) CEC (I)(A’Y,G*COE)J in B1/2-

That is, by rescaling and taking € smaller depending only on n if necessary, we
have put ourselves in the situation to apply Lemma 4.21, We conclude the proof in

this case by noticing Remark and that we can take p, = }1. [

4.6 Regularity of solutions

In this section, in order to simplify the computations, we assume ® = id. All state-
ments and proofs are done under this assumption. We leave to the interested reader
the standard extension of this results to the cases ® € C*# k> 2 and 8 € (0,1) or
® analytic.

Proposition 4.24. There exists €, depending only on n such that the following
statement holds:

Let E C R"™ satisfying with 0 € OF, be such that E is e-close to A, g in
By, for some ¢ € (0,e,). Then, there exists some Ao g with 7 and 0 as in ,
such that for a € (0, %),

E is Cher'™-close to Aygin B,  forallr € (0,1/2),

for some constant C, depending only on n and o.
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Proof. We will suppose that € > 0 is sufficiently small so that each of the results
used can be applied.

We begin by noticing that there are two possible scenarios. Either 6§ > C,e or
0 < C.e, where C, is the constant given in Lemma and in Proposition [4.14],
depending only on n.

Notice that if § > C,e we are already done. Indeed, in this case we can apply
Lemma [£.12) and Lemma [£.13] to fulfill the hypotheses of Lemma which at the
same time yields the desired result, thanks to Remark [4.8|

Suppose otherwise that 8 < C.e. In this case we can apply the improvement of
closeness in Proposition 4.14] That is, there exist some radius p,, depending only
on n and «, such that

1+a :
E is p,“e-close to A, 9, in B,,,

for some v, and 6, as in . Let us define E, := p;'FE, so that we have a set
E> C R, satisfying , with 0 € 0F, and pge-close to A, g, in B;. We are now
again presented with a dichotomy: either 6y > C,pSe or 0, < CypSe. In the former
case, we can again apply Lemma and Remark [4.8] to find that

By is Cep2r't-close to A in B,, forallre(0,1/2),

V2,02

for some A, 5, (which is close to A, 9,). Rescaling back, F is Cer'**-close to A, 5,
in B, for all 7 € (0, p,/2). Using that E is e-close to A, 4 in B; it follows that E is
Cuer'™@ close to A5, 5, in B,, for all r € (0,1/2), and a constant C, that depends
on « and n, of the form C, = Cp; =% for C' depending only on n.

If 6, < CopSe, we can repeat the process iteratively. Suppose that for all k£ <
ko, € N, we have 0, < C,pk, but ), > C,pF“c. That is, there exist B, := p;*1E,
satisfying , with 0 € 0F) such that it is pg‘(k_l)e—close to Ay, ¢, in B;. By
Lemma and Remark

(ko—1)ax 1+a

is Cepy -close to A5, 5 in B,, forallr € (0,1/2), (4.52)

ko

O

for some Ay, 5 (close to Ay, g, ) and for some constant C' depending only on n.

Alternatively, we can write

E is Cer't-close to A in B,, forallr e (0,pF1/2).

Voo ko

Let us redefine, from now on, and for convenience in the upcoming notation,

Ay 0n, = A5, g, - Notice that Ej is pg(kfl)s—close to Ay, ¢, in By, but it is also
p =2 e close to A, ,_,. Therefore,
165 — Ok—1] + [k — Yo1] < Cop2® ) (031 + p) € = CrapS*e, (4.53)

where the sub-indices denote the only dependences of the constants. In particular,
by triangular inequality

ko Oé(k)-‘rl)
1Ok, — O] + [7ko — Vel < Chiag Z P < Cn,aapo—pa = Ch.acp2*, (4.54)

1 —
j=k+1 ©
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for a different constant C), ,, still depending only on n and «. Thus, since Ej, is

pg(k_l)s—close to Ay, ¢, in By, E is p(()1+°‘)(k_1)5-close to Ay g, In B 1.
Now, from ([4.54), A, 0, is Cpaep2¥plt-close to A, g, in B j-1. Putting all
together, F is Cn@pgpra)(k_l)g—close to Ay, 6, In B forall k < ko. This, combined

with , yields the desired result.

Finally, if 8, < C,p*®e for all k € N, we can take k, = oo and repeat the previous
procedure. In this case, consider as e, and 6., the limits of the sequences (ex)xen
and (0 )ken, which exist by . Notice that 6., = 0. O

Remark 4.10. In the previous proof, notice that if k, < oo we must be dealing with a
point in the interior of the contact set. In particular, all points on the free boundary
must have k, = oo, and since 0., = 0 there is a supporting plane at each of this
points.

We now give a proposition on regularity of OF in the case that it is close enough
to some A, o with 6 small enough (the wedge is almost a half-space).

Proposition 4.25. There exists €, depending only on n such that the following
statement holds:

Let E C R™ satisfying , be such that E is e-close to A,y in By, for e €
(0,e5), and 0 < Coe for a constant Cs depending only on n. Then, after a rotation
of angle v, OF is the graph of a function h : Bi/z — (=1,1) in the e, direction in
By 2. Moreover,

1Pllee @ mson + 1Pllove @ mm = < C6 (4.55)

1

for any a € (O, 5), and some constant C depending only on n and «.

Proof. Let assume for simplicity that v = 0, the other cases are analogous. We will
assume that e, is small enough so that the previous results can be applied. Let us
also assume that the contact set, Ag := 0E N {x,_; = x, = 0}, is non-empty in
Bij2; Ag N Byjy # @. Otherwise we are already done by the classical improvement
of flatness.

Step 1: OF is the graph of a function. Let us first show that indeed OF is the
graph of a function. To do so, proceed as in the first part of Lemma [4.21] combined
with Proposition and the fact that 6 < Coe:

Take any z, € By N OF not belonging to the contact set Ag, and let r :=
dist(x,, Ag) = |z, — 2| for z € Ag. Applying Proposition around z, we deduce
that for some A5 5 (depending on z),

E is Cer-close to A5 5, in B, js(x.),

for some constant C' depending only on n. If we rescale the space a factor 2r~1 with
respect to z so that F becomes E then

E is Ce-close to Ayg,  in Bi(2r'az,).

Notice that E is a minimal surface in Bi1(2r~'z,), since E is a minimal surface in
B, j2(x,). Using that |7 — 0] 4]0 — 6| < Ce for some C' depending only on n, and that
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0 < Cee, we get that A, 5 is Cer-close to {z,, = 0} in B, /3(z,). After the rescaling,
A, g is Ce-close to {z, = 0} in By(2r~' ), so that E is Ce-close to {z,, = 0} in
Bi(2r~'z,). Thanks to the classical improvement of flatness (Theorem for e
small enough depending only on n, dF is a graph in the e, direction in Bi(2r~'z.),
and consequently the same occurs for OF in B, 2(x.). Let us call h the function whose
graph is defined on B, 2(x,) in the e, direction. In particular, applying Theoremm
again, h € Lip(B, (7)), with [h]cog(B;m) < C¢; where 7 is the projection of z, to
{z,, = 0}.

Now, by a standard covering argument together with the fact that OF is contin-
uous and Ap has measure zero, u is defined in B /o with

[h]00,1(31/2) S C&?,

for some C' depending only on n.

Step 2: Regularity bound. Let us now show (4.55). We will show that for any
y' € By ;N {z,-1 > 0} and any p € (0,1/4), there exists some p,, € R"~" depending
only on ' such that for any o € (0,1/2),

h(a") = h(y) —py - (2" —y)| < Cep'™™  in Bi(y') N{a},_; > 0}, (4.56)

n—1

for some constant C' depending only on n and «. The other half, {z!,_, < 0}, follows
by symmetry.

Throughout this second step we will be switching between the characterisation
of the solution to our thin obstacle problem as a boundary, OF, and as the graph
of a function u on R*~!. Thus, we can rewrite Proposition . That is, if 0 € OF,
we know that

E is Chert™-close to Ay in B, forallr e (0,1/2), (4.57)

for some constant C, depending only on n and «, and for some A5 5. We want to
rewrite it in terms of u. Note that |y| 4+ 6 < Ce for some constant C' depending only
on n, since § < Coe, and therefore, we have that (4.57)) implies

h(2') = A* () — A (&l_)_| < Cala’[™*, B, (458)

with A= > AT and |A7| + |AT] < Ce for some C, depending only on n and a.
Notice that if 0 is in the free boundary of the contact set, 0 € JA’,, then AT = A~
or equivalently 6 = 0 (see Remark [4.10).

Let y', 2" € B}, N{z},_; > 0}, and let yg, 2, € Ay be such that dist(y’, Af) =
|y — .| and dist(z', A;) = |2/ — 2.|. We denote by y, z, ¥, and z,, the corresponding
elements as seen in R" (e.g. y = (¢/,0)), and let § = (v, h(y')) € OF and z =
(2/,h(z")) € OE. Suppose, without loss of generality, that d = |y — y.| < |2/ — 2],
and we consider two different cases.

e Case 1. Suppose that r = |2/ — ¢/| > d/2. Using (4.58)) centered around
ylinstead of 0, we know that for some A* depending on ¢/,

[h(2') = A%a;, | < Caela’ —yo|™*, for 2’ € By jp(ys) N {z7,_y = 0}
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Putting ¢/ and 2’ in the previous expression yields

Ih(y') — Ay, 1| < Caely’ — yb|T = d'+* < Coer'™,
|h(2') — A2 || < Chel? —yl|"™ < Cue (d + T)1+a < Chertte,

from which
Ih(y') = h(z') = A" (g, ) — 25, 1)] < Coer'™,

and in particular, (4.56) holds with p,, = A*.

e Case 2. Suppose r = |2/ — /| < d/2. If Bi(y') € {z},_; > 0}, then y, € A,
belongs to the free boundary and the corresponding A (y) g(y.) from Proposi-
tion around ¥, is actually an hyperplane (6(y,) = 0) with normal vector
€@y (see Remark . In particular, 9F is Ced'**-flat in the e,y di-
rection in the ball By(y) thanks to Proposition [£.24] On the other hand, if
Bi(y') C {«),_; > 0}, we consider again the corresponding A g,y from
Proposition around y,. Then OF is Ced'*t*-flat in the (gt )+0(y,) direc-
tion in the ball B4(y) (recall that ey y4o(y,) is the normal vector to Ay ey
in {x,—1 > 0}). In any case, noting that E is a set of minimal perimeter in
Ba(y) we can apply the classical improvement of flatness (see Remark in
Ba(y), to get

v(y) = v(2)] < Cely — 2%

for some C' depending only on n. We have denoted here by v(x) for x € OF
the unit normal vector to OF pointed outwards with respect to F at the point
x.

Now notice that if € is small enough depending only on n, since |Vh| < Ce,
lv(y) —v(z)| > |Vh(y') — Vh(2')|, and on the other hand, |y — z| < |y — 2/| +
|h(y") — h(2')| < 2|y — 2'| so that
IVh(y') = VA()| < Cely’ = 2|7,
from which (4.56|) follows.
From (4.56)) the result (4.55)) follows by a covering argument. O

With this, we can now prove Theorem [4.4]

Proof of Theorem[{.4] In the case ® =id it is a direct consequence of Lemma
and Proposition [4.25] depending on whether the wedge A, 4 is e-flat or not. The case
® # id follows from standard perturbative arguments and is left to the interested
reader. ]

4.7 Monotonicity formula and blow-ups

In this section we prove Proposition [4.5] and Corollary
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Lemma 4.26 (Monotonicity formula for minimizers of (4.17))). Let E C R" satisfy
(4.17)) in By (instead of By) and suppose 0 € OF N AO. Let us define

A(r) = M, for r>0. (4.59)

Tnfl
Then,
(a) If ® = id then A'(1) >0
(b) If ®(0) = 0, DP®(0) = id, and [®|c1n < 1o for n, € (0,1) small enough
depending only on n then
A1) = =Cne

for some C' depending only on n.

Proof. (a) The proof is similar to that of the classical monotonicity formula for
minimal surfaces. Indeed, we take as a competitor to £ in By the dilation of E
to Bi_. and we extend it conically in the annulus. For simplicity in the following
computations, from now on we rescale everything by a factor 2, so that we can deal
with r = 1 and A'(1).

As in [Sav10b], we take F' defined as

r€F if |[x] > 1
reFs S oflz|e E if(l—¢e)<|z|]<1 (4.60)
1-e)ylzek if|lz)|<(1—e),
that is, we first contract it by a factor 1 — ¢ and then extend conically F' in the
annulus B; \ Bj_. to obtain a competitor for F in By.

Thus,
PBI (E) < PBl (F) - (1 - g)n_lpBl (E> + PB1\3175(F>‘ (461>

Now, dividing by ¢ and letting € | 0, we obtain
(n—1)Pp,(E) < H" *(0E N OB,). (4.62)

On the other hand, notice that

l _ 1 n—2 —(n—
AW = [ e Wiitn, ~ (- VP (B), (463

which combined with (4.62) yields the result in the case (a).
(b) The proof in this case is a perturbation of the proof in case (a). Now we have

®(0) =0, D®0)=id and |D*®| <7, in B,
The observation that allows us to control the errors is that, for all x, € B.
(1) = ®(z0) + DP(2,)(x — 20) + O(no|x — 10|?), (4.64)

D®(x,) =id+ O(n,), DP(rz.) = DP(x) + O(no(1 —71)), Vre (0,1). (4.65)
As a consequence, for r € (0, 1] the maps 6 : (0,1] x ®(B;) — ®(B,) defined by

(r,x) — @ (T(I)_I(IE))
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are bi-Lipschitz and are quasi-dilations with the estimate, for r € (1/2,1)
0(r,z) — 0(r, zo)| < rlz — zo](1+ C(1 —7)n). (4.66)

Indeed, (4.66|) follows immediately from (4.64) and (4.65) if |z, — 2| < (1 —r). For

general x,,x we use the previous case and the triangle inequality.

Now, repeat the proof for the case (a) after applying @' and then check using
that the errors we make are small. Namely, we define F' as in but with
E replaced by ®7!(E). Note that ®(F) is a “competitor” of F in ®(B;), namely,
P(A°) C ®(F) and ®(F)\ ®(B,) = E\ ®(By).

Now (4.61)) must be replaced by

Po(p,)(E) < Pop)(®(F)) = Pos,_.)(®(F)) + Pas,\5,_.)(P(F)). (4.67)
Now, using (4.66) and ®(F) =0(1 — ¢, E) in ®(B;_.), we obtain
Po(s,_)(®(F)) < (1 —&)" ' Pys,)(E) + O(168).

and

Pop\p,_)(®(F)) = eH" 2 ((F N OBY)) + O(nee).
So that,

Py, (E) < (1= )" ' Popy(E) + eH"*(®(F NIBy)) + O(nee).
Dividing by ¢ and letting € | 0 we obtain
(n — 1) Py, (E) < H" 2(OE N ®(9B1)) + O(n).
Now we conclude the proof observing that

1060197 @)
V1= (z-v(z))
and that |9,6(1, @' (z))| = 14 O(n.). O

A'(1) AHpowony) — (0= 1) P (E),

Lemma 4.27 (Monotonicity formula for minimizers of (4.17))). Let E C R™ satisfy
(4.17) and suppose 0 € OE N OO. Let us define

Ag(r) = M, for r>0. (4.68)

Tn—l
Then,
(a) If ® =id then A" > 0 for r € (0,1). Moreover, A’ =0 (i.e., A constant) if
and only if E is a cone (tE = E for anyt >0).
(b) If ®(0) = 0, D®(0) = id, and [®|c1a < 1o for n, € (0,1) small enough
depending only on n then

A/E (T) Z _Cno

for some C' depending only on n.
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Proof. 1t follows by scaling Lemma [1.26] Part (a) is immediate, being the cone
condition an immediate consequence of (4.63)). For part (b), let us define, for any
A>0, &= \P (%), and

P(E; 9\(B,))

Ax(r) = — , for r>0. (4.69)

Tn
Note now, that

Al = P(AE;MB(B,)) _ P(AE; $(By,)) _ O,

/\n—lfrn—l )\n—lrn—l

Differentiating both sides with respect to r we obtain
Ap(r) = A (AXg) (Ar). (4.70)
On the other hand, applying Lemma with A\E and ®*,
(Ap) (1) = =C@Ner(py) = —CA ..
Putting it together with and fixing A = r~! we obtain
Ap(r) =71 (Ae) (1) > ~C,
as we wanted to see. O

We now recall the well-known density estimates lemma for perimeter minimizers.
It is a very standard result in the theory of minimal surfaces which can be found
extensively in the literature. We mention, for example, the survey [Sav10].

Lemma 4.28. Let E C R™ be a minimizer of the perimeter in B, for some r, > 0,
such that 0 € OF. Then,

|ENB,.| > cr",
|[E‘N By >cr™,  forall re(0,r),

for some ¢ constant depending only on the dimension n.
We have a similar lemma for supersolutions to the minimal perimeter problem.

Lemma 4.29. Let ET C R" be a supersolution to the minimal perimeter problem
in B,, for some r, >0, such that 0 € OE*. Then,

(ED)N B, >cr™,  forall re(0,r,),
for some ¢ constant depending only on the dimension n.

Proof. This is standard, and follows exactly the same as Lemma [4.28] O

Let us now prove the following proposition, stating that in order to prove that
at some scale the solution is close enough to a wedge, it is enough to classify conical
solutions.
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Proposition 4.30. Assume that in some dimension n > 2 the wedges A, are the
only cones & C R™ satisfying with ® = id and any 6 > 0.

Assume that, for some 6 > 0, the set E C R" with P(F;B;) < oo satisfies
®(A°)N By C E and [(A.17), with ® a C* diffeomorphism.

Then, for any e > 0, there exists p > 0 depending only on n, &, and ||®||c11, and
| D@~ | o<, such that if xo € OE N OO N By s, then

p N (Ry B —x,) ise-close to Ay,
for some v and 0 as in (4.11)) and for some rotation R, depending only on x.

Proof. After a translation, let us start by assuming that x, = 0. Let us also take
a rotation R,  of the whole setting, in such a way that, if we denote ®; := ko,
then R, ®;(A°) converges in Hausdorff distance locally to A® as k — oo for some
d" > 0 (i.e., we take the blow-up of a Lipschitz boundary). Notice that the value ¢’
is determined only by 6 and ®. By redefining ® if necessary, let us assume R, = id
for simplicity. (Note that we could also argue via Lemma [4.10])

Let us argue by contradiction, and assume that the thesis does not hold.

Let py = k™', and consider the sequence of sets Ey = p,'E. Notice that, for
®, := k®, each E}, fulfils ®,(A°) N By, C Ej and solves a thin obstacle problem of
the type

P(Ey; B,) < P(F;B;,) VF such that Ej, \ By = F\ By and ®,(A°)N By, C F.
(4.71)
Recall that the set ®(A%) converges in Hausdorff distance to A% as k — co. From

1
e Of B, so that, up to a subsequence, Ej, Hioe,
E, for some global solution to the ¢’-thin obstacle problem with ® = id, E.,, with
N C E. It immediately follows that 0 € E.
On the other hand, by the density estimates in Lemma [£.29] since each Ej is a
supersolution to the minimal perimeter problem in B; and 0 € 0F, for all k, we
have

.. . . 1
minimality, we have compactness in L -

|E; N B,| >cr",  forallre(0,1),

for some constant c¢. The convergence in L{ . implies that the limit also fulfils |[E<, N
B,| > er™, and therefore 0 € 0F .
Using the same notation as in the proof of Lemma m (see (4.69)), we know

Ag(r) = Af, (kr), for all 7 > 0.
Notice, also, that

P(FE; B,
A%k (r) = Ap,(r) := % locally as k — oo,

where we are using the Li_ convergence of Ej to E., and the fact that ®F =

k®(k~'-) —id as k — oo in C2l. In particular, we have that

hi(r)l Ag(p) = Ag_(r), forallr>0.
p.
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Thanks to Lemma part (b), the left-hand side limit is well defined. That is,
Ap.(r) is bounded and constant for any r > 0, which, from Lemma [£.27] part (a)
implies that F., is a cone (tF,, = E. for any t > 0). By assumption, therefore,
E. = A,y for some v and 6; and we have that Ej, is converging in Li . to some A, 4.

Finally, in order to reach the contradiction, let us show that the convergence of
OF}, to OF, is in Hausdorff distance locally, which will complete the proof.

Suppose that is is not. That is, after extracting a subsequence, we can as-
sume that there exists some sequence of points y, € JFE) such that y, — vy and
dist(yx, 0Fw) > € > 0 for some ¢ > 0 and for all 1 < k£ < co. We have a dichotomy,
either yo, € E oI Yoo € ES_.

Let us now use the density estimate in Lemma [£.29 If y,, € Fy then, after a
subsequence if necessary, |Ef N B:(yx)| > ce™ but |ES, N B:(Yso)| = 0, which is a
contradiction with the L convergence. On the other hand, if y., € E¢, assume
that after a subsequence y, € ES for all £ > 0. We have that for k large enough
yr € OF) is a point around which Fj is a minimal surface (being E, a barrier from
below). That is, we can use the classical density estimates for minimal surfaces in
Lemma to reach that |Ex N B:(yx)| > ce™ but |Ex N B-(yso)| = 0, again, a

contradiction. O]
Thus, in order to prove Corollary [4.6] it will be enough to classify cones.

Proof of Proposition[{.5 The proof is by induction on the dimension n.

Step 1: Base case. Dimension n = 2.

Assume that X2 C R? is a cone satisfying , in other words, the boundary of
%2 in By consists of radii of length one. By assumption, we have (0, —1) € 32N S*.
Now, if 32 were not a wedge (that is, if X2 S were disconnected) then the convex
hull of ¥ N B; would be a set containing the obstacle (it contains ¥?) and having
strictly less relative perimeter in B; than ¥2. This would contradict the minimality
of X2 —i.e. (4.17).

Step 2: Induction step. Suppose that it holds up to dimension n — 1 > 2. Let us
show it for dimension n.

Let us first prove regularity of the cone around contact points. Assume that we
have, without loss of generality, z, = e; = (1,0,...,0) € 0¥ N IB;. The first thing
to notice is that the blow up of ¥ around z, is a wedge A, y,. Indeed, the blow-up
is a cone by the monotonicity formula, and thanks to the fact that > is a cone and
T, = e, we get that the blow up at z, must be of the form R x ¥"~!; where now
¥l C R"!is a cone in n — 1 dimensions such that satisfies (also taking A°
in n — 1 dimensions). In particular, by induction step, 3"~ = AZ;HII C R, where
A:;;1 denotes A, g, as seen in n — 1 dimensions. This immediately yields that the
blow up at z, is a wedge of the form A, 4,. By Proposition [4.30/and Theorem 4.4} 0%
is a smooth minimal surface around any x, € 0¥ N{z,_; =z, =0} in {£x,_1 > 0}
up to {z,_1 = 0}.

Let us separate the proof between both sides +x,,_1 > 0, and let us focus first
on x,_1 > 0 (the other side follows analogously). We can now take s* = max{s >
d:A* C¥inx, 1 > 0}. Notice that it is indeed a maximum, since it is enough to
check that A*NS™" 1 C ¥ NS" ! where S"~! C R™ denotes the (n — 1)-dimensional

sphere.
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The boundaries 9XNS™ ! and 9A*" NS™~! must touch at a point x, € {x,_; > 0}.
If x5 € {x,_1 > 0}, then by the strong maximum principle for minimal surfaces we
must have Yo = A% in {z,_; > 0}, where ¥ denotes the connected component of
Y\ {zn_1 = x, = 0} that contains the thin obstacle O (which, in this case, is flat).
On the other hand, if z, € {x,_; = z,, = 0}, then we have previously shown (by
induction and dimension reduction) that 9% N {z,,_; > 0} is C' up to its boundary
around the points z, and touches the half-plane of OA*" tangentially at x,. Using the
boundary strong maximum principle (Hopf lemma) we obtain again that Yo = A%
in {z,—1 > 0}.

The same holds for the other side, z,_; < 0, so that in all we have that

Yo = A,y’g

for some v and 6 as in (4.11]).

We can now repeat the argument, but opening A, 4 instead, until we reach an-
other connected component of ¥\ {z,_; = z, = 0}. Proceeding iteratively, this
yields that ¥ must be one dimensional; that is, ¥ is the cone R"2? x ¥2 for some
cone Y2 C R2 By the base case in Step 1 minimality implies that X2 must be a
convex angle and hence R"2 x X2 is a wedge. O

Once cones are classified, we can proceed with the proof of Corollary [4.6]

Proof of Corollary[4.6. We will apply Theorem after an translation, rotation,
and scaling. We have to check that the hypotheses are fulfilled.

By definition of minimizer of (see Definition there exist o, | 0, Ej
minimizers of such that xz, — xz in L'(B;). For each E} let x, be any point
in By NOE, NOO. Let E;°* := 4, (Ey) = p~'(Ry, Ex — %), where 1, denotes
the change of coordinates from Lemma Let us also denote ®7° := ® the new
diffeomorphism (also from Lemma [4.10)).

Thus, E;°” is a minimizer of the d-thin obstacle problem around z, with diffeo-
morphism @/ such that ®7°(0) = 0, D®?°(0) = id, and [®}°]cr1(p,) < Cp thanks
to Lemma [£.10

On the other hand, as a consequence of Proposition 4.5l and Proposition [4.30]in

any dimension n > 2, we reach that, for p small enough, E;°” is e,-close to A, g

for some v and 6. Also, for p small enough, we will have [®F]c1.1(p,) < £i+% where
€, > 0 is the constant in Theorem . Therefore, applying Theorem to E,°°
(and shrinking by a factor p) we obtain that OEj has the following C** structure
in B,/s(x,). Either:

(a) In appropriate coordinates y, (®%°) ™' (R, (0Er—.)) is the graph {y, = h(y')}

of a function h € C°(B) ,) satisfying h € C**(B}},) N C'*(B ;). Moreover,

we have h > 0 on y,_1 = 0 and Vh is continuous on {y,_; = 0} N {h > 0}.

or

(b) R(OE), — xs) N B,ys is the union of two C'~ surfaces that meet on 0O with
full contact set in B, 5.
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Now we deduce in case (a) that in some new coordinates with origin at z, we
have ®~'(9E}) is the graph {z, = h(z/)} of a function h € C°(B}) satisfying
h e C’l""(B:L) N CH*(B}). Moreover, we have h > 0on z_; =0 and Vh is

continuous on {z,_; = 0} N {h > 0}.

Since either (a) or (b) holds for Ej with estimates independent of k, we can pass
to the limit and show that either (a) or (b) also holds for E.

Finally, if the alternative (b) near some point x, then using that 0O is of class
C*8 (and the classical C*# regularity up to the boundary results for minimal sur-
faces [Jen80]) we obtain that OE splits into two C*# minimal surfaces with boundary
in a small ball around .. [

Proof of Theorem[{.1 After having introduced the appropriate notion of solution,
we have that Theorem [£.1] corresponds to Corollary [4.6] O



Chapter 5

On the singular set in the thin
obstacle problem: higher order
blow-ups and the very thin
obstacle problem

In this work, we consider the singular set in the thin obstacle problem with weight
|z,11]® for a € (—1,1), which arises as the local extension of the obstacle problem
for the fractional Laplacian (a non-local problem). We develop a refined expansion of
the solution around its singular points by building on the ideas introduced by Figalli
and Serra to study the fine properties of the singular set in the classical obstacle
problem. As a result, under a superharmonicity condition on the obstacle, we prove
that each stratum of the singular set is locally contained in a single C? manifold,
up to a lower dimensional subset, and the top stratum is locally contained in a C1®
manifold for some o > 0 if a < 0.

In studying the top stratum, we discover a dichotomy, until now unseen, in this
problem (or, equivalently, the fractional obstacle problem). We find that second
blow-ups at singular points in the top stratum are global, homogeneous solutions to
a codimension two lower dimensional obstacle problem (or fractional thin obstacle
problem) when a < 0, whereas second blow-ups at singular points in the top stratum
are global, homogeneous, and a-harmonic polynomials when a > 0. To do so, we
establish regularity results for this codimension two problem, what we call the very
thin obstacle problem.

Our methods extend to the majority of the singular set even when no sign as-
sumption on the Laplacian of the obstacle is made. In this general case, we are able
to prove that the singular set can be covered by countably many C? manifolds, up
to a lower dimensional subset.

5.1 Introduction

Lower dimensional obstacle problems are an important class of obstacle problems,
arising in many areas of mathematics. For instance, they can be found in the theory
of elasticity (see [Sig33| [Sigh9, [KOS&S]), and they also appear in describing osmosis
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through semi-permeable membranes as well as boundary heat control (see, e.g.,
[DL76]). Moreover, they often are local formulations of fractional obstacle problems,
another important class of obstacle problems. Fractional obstacle problems can be
found in the optimal stopping problem for Lévy processes, and can be used to
model American option prices (see [Mer76l, [CT04]). They also appear in the study
of anomalous diffusion, [BG90], the study of quasi-geostrophic flows, [CV10], and in
studies of the interaction energy of probability measures under singular potentials,
[CDM16]. (We refer to [Ros1§| for an extensive bibliography on the applications of
obstacle-type problems.)

Broadly, lower dimensional obstacle problems are minimization problems for a
given energy functional on class of functions constrained to sit above a given ob-
stacle (function) defined on a lower dimensional manifold. Obstacle problems are
free boundary problems: the principal part of their study is the structure and regu-
larity of the boundary of the contact set of the solution and the obstacle, the free
boundary. The lower dimensional obstacle problem we consider —the thin obsta-
cle problem with weight |z,1|*—has garnered much interest and attention (see
[AC04, [CS07, [ACS08,, IGP09L [KRST19, [FoSp18| [CSV19, [JN17]); it is a model setting,
and has motivated the study of many other types of lower dimensional obstacle prob-
lems (see [MSO08, [AM11], [Fer16, RS17, RuSh17, [FS20] [FoSp18bl IGR19, BLOP19]).

Nevertheless, the study of the non-regular part of the free boundary has been
rather limited. Only recently has significant progress been made (see [GP09, [FoSp18§|,
GR19, [CSV19]). And many open questions still remain. In this work, we address
some of these questions, focusing on the singular set (see Section . In particular,
we explore the fine properties of the solution and its expansion around singular
points, inspired by [FS18].

We note that the techniques of [FSI8] have been further developed and im-
proved in [FRS19], where the authors prove generic regularity (namely, the generic
smoothness of the free boundary in the classical obstacle problem) in dimension
three and the smoothness of the free boundary at almost every time for the three-
dimensional Stefan problem. We expect the machinery built here to be useful in tack-
ling genericness-type questions of this nature in the context of the thin/fractional

obstacle problem, expanding on the very recent results by the first author and Ros-
Oton in [FR19].

5.1.1 The Thin Obstacle Problem

In this paper, we consider a class of lower dimensional obstacle problems in R**! :=
{X = (z,y) € R" xR} with weight |y|* where R™ x {0} acts as the lower dimensional
manifold. We will often refer to them as, simply, the thin obstacle problem, even
though this name is usually reserved for the case a = 0. In particular, for an analytic
obstacle ¢ : By N {y =0} — R, we look at the thin obstacle problem:

min{ \Vw]Q\y]“dX}, with a € (—1,1), (5.1)
weL B1
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where & is the convex subset of the Sobolev space W2(By, |y|*dX) (which, for
simplicity, we call W2(By, |y|*)) defined by

o = {w e Wy*(By, [y|*) + g : w(z,0) > ¢(x) and w(z, —y) = w(z,y)},

given some boundary data g € C'(B;) (even with respect to y) such that g|op,ny—oy >
¢. The condition that w sits above ¢ on the thin space R™ x {0} needs to be under-
stood in the trace sense, a priori.

If w is the (unique) solution to , then u satisfies the Euler—Lagrange equations

u(z,y) = () on By N{y =0}
Lou(z,y) < 0 in B
Lou(z,y) = 0 in By \ A(u) (5.2)
u(z,y) = u(z,—y) in By
u(z,y) = g(r,y) ondB;
where
Lou(z,y) := div(|y|*Vu(z,y))
and

Au) == {(z,0) : u(z,0) = ¢(x)}.
The set A(u) is called the contact set, and is an unknown of the problem. Its topo-
logical boundary in R™

I'(u) == 0A(u) C R" x {0}
is called the free boundary.

Remark 5.1. A useful equivalent characterization of the minimizer u of (5.1)) is that
u is the smallest super a-harmonic function in &7: v € &, L,u < 0, and u < w for
all w € &/ such that L,w < 0.

Remark 5.2. In this work, we consider analytic obstacles. Clearly, this regularity
restriction can be relaxed; the thin obstacle problem can be well-formulated
with significantly less regular obstacles (e.g., continuous obstacles). That said, the
analytic setting allows us to understand the model behavior of T'(u), and for this
reason, it deserves special consideration.

The Obstacle Problem for the Fractional Laplacian

As shown in [CSS0§|, the Euler-Lagrange equations appear naturally in the
context of the obstacle problem for the fractional Laplacian, or the fractional obstacle
problem. Indeed, let ¢ : R™ — R be an obstacle (with sufficient decay at infinity)
and let @ solve the fractional obstacle problem

u > ¢ inR"
—Ayu > 0 inR” , 1—a
E—Ag%‘a — 0 in{a> ) with s := € (0,1). (5.3)
limp o0 t(z) = 0

Then, the even in y, a-harmonic extension of u to R™™ (ie., u : R — R
such that L,u(x,y) = 0 for |y| > 0, u(z,0) =
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1im|(z,y)|—00 w(x,y) = 0) solves in R"™! (and, in particular, with its own bound-
ary data, in Bj). Consequently, all of the results we prove in this work can be
translated into statements regarding the fractional obstacle problem. We leave this
translation to the interested reader.

5.1.2 Known Results

Let us briefly summarize some of the known properties of the solution to the thin
obstacle problem and its free boundary. To do so, it will be useful to “normalize” ¢,
and it will be necessary to define a collection of rescalings of w.

Since ¢ = ¢(x) is analytic, we can extend it from a function defined on By N{y =
0} to an a-harmonic, even in y function defined on B; (see [GR19, Lemma 5.1]). For
simplicity, we still denote this extension by ¢. So if we let

u:=u—, (5.4)
becomes
w(z,y) > 0 on By N{y =0}
Lya(x,y) < 0 in By
Ly(z,y) = 0 in By \ A(a) (5.5)
w(z,y) = u(x,—y) in By
lNL((L',y) = E]((L’,y) on By,

with g := g — ¢ and
A(u) == {(x,0) : a(z,0) =0} = A(u).

Furthermore,

L,a =2 liﬁ)l Yy Oyu(z, y)H" L Aa). (5.6)
y

Hence, considering (5.5)),

limy*dyu(z,y) <0 for |z] <1,
yJ0

liﬁ)l y*Oyu(z,y) =0 for |z|<1and a(z,0) >0,
y

and
wL,u =0 1in B.

(See [CSS08, IGP09L [FoSp18, I(GR19].) All of the above expressions must be under-
stood in a distributional sense.
As we have mentioned, we need to introduce a collection of rescalings of u around
a free boundary point X, € I'(u) in order to outline the existing literature on (|5.1)).
They are
. Ux, (rX) N .
Ux, (X) = 7z where tx, (X) = a(X, + X). (5.7)

(,m% faBT ﬁ%(o ’y|a>
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Blow-ups and Optimal Regularity

In [ACSO08| [CSS08], Athanasopoulos, Caffarelli, and Salsa and Caffarelli, Salsa, and
Silvestre, for a« = 0 and a € (—1, 1) respectively, proved that the set {ux, ,}r~0 is
weakly precompact in VV&;S(]R”H, ly|*), and that the limit points of {ix, ,},~0 as

rJ 0 or blow-ups of u at X, are global \x, -homogeneous solutions to (5.5)) with

1—a
2

Ax, € [l +s,00) for s:=

It is important to note that the homogeneity of blow-ups depends only on the point
X, € I'(u) at which they are taken, and is independent of the sequence along which
the weak limit is produced.

Moreover, in [AC04, [CSS08|, it was shown that u is optimally C* on either side
of the thin space (but only C?* across, Lipschitz if s = 1).

The Free Boundary

The free boundary I'(u) can be partitioned into three sets:
I'(u) = Reg(u) U Sing(u) U Other(u),

the set of regular points, the set of singular points, and set of other points (see
[GPQ9, [FoSp18, [GR19]), and they can be characterized by the value of \x, with
X, € I'(u).

Reg(u) is the set of free boundary points where blow-ups are (1+s)-homogeneous.
In [ACSO08, [CSS08], it was proved that Reg(u) is relatively open, that blow-ups
at points in Reg(u) are unique, and that Reg(u) is an (n — 1)-dimensional C*
submanifold of the thin space (it is analytic, in fact, as proved in [KRS19]).

Sing(u) is the set of points in I'(u) where the contact set has zero H"-density,

Sing(u) := {Xo € I'(u) : lim H"(Aw) O B, (Xo)) = O}.

710 rn

In [GP09, IGR19], Garofalo and Petrosyan and Garofalo and Ros-Oton, for a = 0
and a € (—1,1) respectively, proved that the points of Sing(u) are those at which
blow-ups are evenly homogeneous and unique. In addition, they showed that Sing(u)
is contained in the countable union of m-dimensional C* manifolds with m ranging
from 0 to n — 1. (The regularity of the covering manifolds was later improved to a
more quantitative C11°¢ in [CSV19] when a = 0.) The goal of this manuscript is to
achieve a better understanding of singular points.

Finally, Other(u) is the remainder of the free boundary, and is not yet fully
characterized. That said, in [FoSpl§|, Focardi and Spadaro proved that I'(u), in
particular, Other(u), has finite (n—1)-dimensional Minkowski content, which implies
that the free boundary is H" ‘-rectifiable. Moreover, they showed that outside of
an at most Hausdorff (n — 2)-dimensional subset of I'(u), the possible homogeneities
of blow-ups take values in {2k, 2k — 1 + s, 2k 4 2s}ren (the same result was proved
for a = 0 by Krummel and Wickramasekera in [KW13]).
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The Non-degenerate Problem

We have already seen that the study of the thin obstacle problem for an analytic
obstacle can be reduced to the study of the thin obstacle problem for the zero ob-
stacle, . An alternative normalization is to reduce to the zero boundary data
case by subtracting off the a-harmonic extension of g to B;. Indeed, for simplicity,
let ¢ be its own a-harmonic extension to Bj, i.e., assume that ¢ is defined on By
and L,g = 0 in B;. Then, u — g solves with zero boundary data and obstacle
©g = (¢ — 9)|{y=0y- (This procedure does not require ¢ to be analytic.) Under this
normalization, Barrios, Figalli, and Ros-Oton proved that if ¢, is strictly superhar-
monic, then
Ax, € {1+ s,2},

for all X, € T'(u) (see [BER1§|). Consequently, we make the following definition.

Definition 5.1. We say that the thin obstacle problem (/5.1 or, equivalently, ([5.2))
is non-degenerate if

Appg < —c<0 on Byn{y=0}. (5.8)

Analogously, we say the Euler-Lagrange equations (5.5)) are non-degenerate if they
arise from (5.1]) or (5.2)) satisfying (5.8); i.e., A,g > ¢ > 0 on By N{y = 0}, where g

denotes its own a-harmonic extension of g to Bj.

Remark 5.3. In the context of the obstacle problem for the fractional Laplacian in
all of R™ (5.3)), the problem is non-degenerate under the less restrictive assumption
Ap <0in {¢ >0} C R™

5.1.3 Main Results

We are interested in studying the fine properties of u at points in Sing(u), in the
spirit of the work of Figalli and Serra ([FS1§]), wherein such a study is undertaken
for the classical obstacle problem given obstacles with Laplacian identically equal
to —1, i.e., under a non-degeneracy condition (cf. Definition . To do so, we
establish a framework to better characterize the structure of singular points and
the behavior of u around singular points: we develop a higher order expansion of u
around singular points, which, up to lower dimensional sets, yields a more regular
covering of Sing(u). Our approach and results are new even for the case a = 0.

Before stating our results, it will be convenient to expand our discussion of
Sing(u) and the work of [GP09, [GR19], and introduce some notation. Let

Yo(u) ={Xo eT(u) : Ax, = &}

denote the set of free boundary points where the homogeneity of blow-ups is k.
Consequently,

Sing(u) = ] Se(w). (5.9)

kE2N

As noted, in [GP09, [GR19], the authors showed that one and only one blow-up
exists, which is evenly homogeneous, at each singular point. In fact, they proved



155

much more: the unique blow-up at a singular point is a non-trivial, a-harmonic,
evenly homogeneous polynomial that is even in y and non-negative on the thin
space. In other words, blow-ups at singular points belong to the set of polynomials

Py =A{p: Lap =0, X - Vp(X) = kp(X), p(z,0) >0, p(x, —y) = p(z,y)}

for k € 2N. Furthermore, they produce the first term in the expansion of u around
X, € ¥,(u) C Sing(u); they show that

w(Xo+1-)

— pex, € &, locally uniformly as r | 0. (5.10)
/’aﬁ )

The polynomial p, x,, which we call the first blow-up of u at X, is a constant (non-
zero) multiple of the blow-up of u at X, given by the rescalings (5.7). With the

rescalings , we have

B(X) = o, (X = Xo) + o(|X = X[, (5.11)
Finally, consider

L(p.x,) ={£€R": - Vypex. (x,0) =0 for all z € R"}
the invariant set or spine of p, x, on {y = 0} as well as
mx, = dim L(p. x,)-
Observe that L(p. x,) is a linear subspace of R™. Also, since p, x, # 0 on R™ x {0},
mx, € {0,1,...,n — 1},

and this number accounts for the dimension of the contact set around a singular

point. Thus, the singular set can be further stratified:

Sing(u U U Y7"(u) where X7(u) :={X, € Xs(u) : mx, =m}. (5.12)

~k€2N m=0

In particular, by [BFR18], if the problem is non-degenerate (see Definition ,
then

I'(u) = Reg(u) U Sing(u) = Reg(u) U 3a(u) = Reg(u U Yo (u

Now we are ready to present the main results of this work. First, given a non-
degenerate obstacle, we prove that each m-dimensional component of Sing(u) can
be locally covered by a single C? manifold outside a lower dimensional set:

Theorem 5.1. Let u solve (5.1)) in the non-degenerate case (see Definition [5.1]).
Then,

(i) ¥9(u) is isolated in Sing(u) = X9(u) U--- U X5 (u).
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(ii) There exists an at most countable set Ey C Y3 (u) such that Xi(u)\ Ey is locally
contained in a single one-dimensional C* manifold.

(11i) For each m € {2,...,n — 1}, there exists a set E,, C 5" (u) of Hausdorff
dimension at most m — 1 such that X5 (u) \ E,, is locally contained in a single
m-dimensional C* manifold.

(i) If a € (—1,0), 57 (u) is locally contained in a single (n — 1)-dimensional
CY manifold, for some o > 0 depending only on n and a.

The framework we develop in order to prove Theorem is rather robust, and
only sees the non-degeneracy condition superficially. As a result, we can suit-
ably extend Theorem to the bulk of Sing(u), the top stratum X" '(u) :=
U,.con 207 (u), in the general case. Recall that the lower stratum X<""!(u) :=
Sing(u) \ X" *(u) is strictly lower dimensional; it is contained in the countable union
of (n — 2)-dimensional C' manifolds. More precisely, we prove

Theorem 5.2. Let u solve (5.1]). Then,

(i) $9(u) is isolated in Sing(u) = oy Uy X7 (w).

(ii) There exists an at most countable set Ey; C Y3(u) such that $3(u) \ Fay is
contained in the countable union of one-dimensional C? manifolds.

(ii1) For each m € {2,...,n — 1}, there exists a set Es,, C 5" (u) of Hausdorff
dimension at most m — 1 such that X5 (u) \ Eam is contained in the countable
union of m-dimensional C* manifolds.

Moreover, for each k € 2N,

(iv) If n =2, there exists an at most countable set E, ;1 C 3 (u) such that X! (u) \
E,.1 is contained in the countable union of 1-dimensional C* manifolds.

(v) If n > 3, there exists a set E,,—1 C X" ' (u) of Hausdorff dimension at most
n—2 such that X" (u) \ Ex 1 is contained in the countable union of (n—1)-
dimensional C* manifolds.

(vi) If n > 2 and a € (—1,0), X" ' (u) can be covered by a countable union of
(n — 1)-dimensional CY*= manifolds, for some o, > 0 depending only on n,
a, and K.

Remark 5.4. Notice that from the lower-dimensionality of "~ (u), by Theorem [5.2(iv)
and (v), we find that the whole singular set can be covered by countably many
(n — 1)-dimensional C? manifolds up to a lower dimensional subset.

Remark 5.5. When n = 1, it is well-known that singular points are isolated. Recall
that 4(Xo + ) = pox, +o(|X]|") if Xo € E,(u). Since n = 1, p,x, > 0 in a
neighborhood of 0, so that @ > 0 around X, and X, is isolated.
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Before stating Theorem [5.2] we noted that our methods see the non-degeneracy
of the problem superficially. Indeed, if we could show that p, x,’s nodal set {(z,0) :
Pixo(2,0) = |Vups x.(2,0)] = 0} and p, x.’s spine align for every X, € E, ,, (see
Section (also for a description of E, ,,), then our analysis would imme-
diately imply that E, ,, is lower dimensional, and X7 (u) C Sing(u) is contained
in a countable union of C? manifolds up to an (m — 1)-dimensional subset for all
m € {0,...,n— 1}, and not just when m =n — 1.

We remark that due to potential accumulation of lower homogeneity singular
points to higher homogeneity singular points, the countable covers of Theorem
cannot be improved to single covers, as done in the the non-degenerate setting,
Theorem (and also as done in [FS18]).

5.1.4 Strategy of the Proof

From this point forward, we do not distinguish u and @, as defined in (5.4) (or
we assume that ¢ = 0); we will always assume that we are in the normalized
situation . Furthermore, in this section, whenever we discuss ¥, (u), k € 2N =
{2,4,6,...}.

Theorems and are the culmination of a procedure that constructs the
second term in the expansion of u at singular points, outside of a lower dimensional
set. In order to study the higher infinitesimal behavior of u at X, € ¥, (u), we, quite
naturally, consider the rescalings

X
Ux, - (X) = v, (rX) 7z Where vx, (X) == u(Xo + X) — pux.(X)

(75 Jom, vl

(ct. (5.7)).

First, we show that the set {Ux, , },~0 is weakly precompact in W2 (R |y|?)

and classify its limit points as r | 0 or blow-ups (see Sections and :
Proposition 5.3. Let u solve (5.1)), and let X, € X7 (u) for m € {0,...,n — 1}.

(i) If a € [0,1), the limit points of {Ux,,}r>0 as T | 0 are A, x,-homogeneous,
a-harmonic polynomials with A\, x, > k.

(i) If m < n —1 and Kk = 2, the limit points of {Ux,,}r=0 as T L 0 are A x, -
homogeneous, a-harmonic polynomials with A\, x, > 2.

(1i1) If m=n—1 and a € (—1,0), the limit points of {Ux, »}r>0 as T ] 0 are A, x, -
homogeneous, global solutions to the very thin obstacle problem (or fractional
thin obstacle problem) on L(p.x,) C R" x {0} with A\ x, > K+ ay, for
some «a,, > 0 depending only on n, a, and k.

As far as we know, Proposition [5.3|is the first instance of truly distinct behavior
within our class of lower dimensional obstacle problems; in all previous studies of
, the class parameterized by a € (—1,1) was treatable uniformly. The key
difference is that if @ > 0, subsets of the thin space {y = 0} of Hausdorff dimension
n — 1 have zero W12(R"! |y|%)-capacity or a-harmonic capacity, while if a < 0,
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subsets of the thin space {y = 0} of Hausdorff dimension n — 1 have positive a-
harmonic capacity. This capacitory distinction permits the formulation of, what we
call, a very thin obstacle problem, i.e., a search for a weighted Dirichlet energy
minimizer, as in (5.1)), within a class of functions constrained to sit above a given
function defined on an (n—1)-dimensional submanifold of R™ x {0} (see Section 5.8)),
or, equivalently, a lower dimensional obstacle problem for the fractional Laplacian
(—A)® where s > £ (see Section [5.9) and cf. Section .

We remark that the above classification in the case a < 0 is analogous to the
classification found in [F'S18], wherein Figalli and Serra consider the classical obstacle
problem. There, the analogous blow-ups in the top stratum of the singular set are
global, homogeneous solutions to the thin obstacle problem with zero obstacle
and a = 0. And in the lower stratum of the singular set, the analogous blow-ups set
are homogeneous, harmonic polynomials. That said, while Figalli and Serra could
rely on developed theory (for the thin obstacle problem) for their analysis, we cannot;
the very thin obstacle problem has, until now, been unstudied (Section .

Given Proposition [5.3| and our desire to produce the next term in the expansion
of u at X,, we then show that collection of points for which A, x, € [k,x + 1) is
lower dimensional (for kK = 2 or m = n — 1). More specifically, if we define

Y (u) = {Xs € ZM(u) : A x, € [k k+ 1)},
then we have the following proposition.
Proposition 5.4. Let u solve (5.1)). Then,
(i) S9%(u) is empty.
(i1) For each m € {1...,n—1}, ¥5"*(u) has Hausdorff dimension at most m — 1.
(iii) For each k € 2N, ¥0~42(u) has Hausdor(f dimension at most n — 2.

Remark 5.6. In fact, we can show that for n = 2, if a € (—1,0), then X1*(u) is
countable; and if a € [0,1), then ¥12(u) is discrete. Moreover, for n > 3, $5*(u) is
discrete.

In turn, we call 37 (u) the set of anomalous points of X™(u) and
LB (u) =T (u) \ X ()

the generic points of X7 (u) (cf. [FS18]). (See Sections and [5.5]) In order to
prove Proposition [5.4] we use two Federer-type dimension reduction arguments.
When a > 0 or m < n— 1, we argue as in [FS18], while when a < 0 and m =n — 1,
we adopt the arguments pioneered in [FRS19].

After the statement of Theorem [5.2] we remarked that if the nodal set and spine
of p, x, were aligned for each X, € E| ,,, then Theorem would immediately hold
for all m € {0,...,n — 1} and all k € 2N. (Notice that this alignment is always
true when m € {0,...,n — 1} if kK = 2, but only when m = n — 1 if k > 2.)
Another way to understand this remark is as follows. If the nodal set and spine of
Ps.x, were aligned for each X, € ¥7*(u), then our analysis would directly show
that X7*(u) is at most (m — 1)-dimensional (in the Hausdorff sense), extending
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Proposition to every (k,m) pair. Hence, Theorem [5.2| would immediately hold
for all m € {0,...,n — 1} and all k € 2N since every other aspect of our analysis
is indifferent to this issue. Nonetheless, it is unclear if such a statement is true; in
fact, Remark indicates (but does not prove) the opposite.

Thanks to Propositions and and Whitney’s Extension Theorem, generic
points are contained in the countable union of C''*' manifolds; and so, we have the
following result, which is Theorem , but with ! coverings.

Theorem 5.5. Let u solve (5.1). Then,
(1) 35(u) is isolated in Sing(u) = J Y™ (u).

kE2N Um=

(i1) For each m € {1,...,n — 1}, X5 (u) \ 35"*(u) is contained in the countable
union of m-dimensional C** manifolds, where dimy 25" (u) < m — 1.

Moreover, for each rk € 2N,

(iii) X1 (w) \ X712 (u) is contained in the countable union of (n — 1)-dimensional
CHY manifolds, where dimy 371 (u) < n — 2.

(iv) In addition, if a € (—1,0), each X" (u) can be covered by a countable union
of (n —1)-dimensional CY** manifolds, for some o, > 0 depending only on n,
a, and K.

(See Section [5.6]) We refer to Remark for the size of the anomalous set in the
cases n = 2 and m = 1, which corresponds to parts (ii) and (iv) of Theorem[5.2] Just
as Theorem [5.5]is a C"! precursor to Theorem [5.2] we note that a C'*! precursor to
Theorem 5.1 also holds.

To conclude the proofs of our main results and produce the next term in the
expansion of u outside a lower dimensional set (and go from C'! to C? covering
manifolds), we prove that outside of an at most (m—1)-dimensional (in the Hausdorff
sense) subset of ¥X78(u), when k =2 and m € {0,...,n — 1} as well as when x > 2
and m = n — 1, the blow-ups classified in Proposition are (x + 1)-homogeneous
polynomials, and not just higher homogeneous, global solutions to a codimension
two obstacle problem. In particular, we show that

vx, (1)
/’af{-i-l

— @+x, locally uniformly as | 0

where ¢, x, is a (k+1)-homogeneous, a-harmonic polynomial at all but strictly lower
dimensional set of X, € ¥7™&(u), again, when x =2 and m € {0,...,n — 1} as well
as when £ > 2 and m = n — 1. (See Section [5.7])

5.1.5 Notation
We define the balls

BT<XO) = {X - RnJrl . |X - X0| < 7’},
B (z,) ={x e R" : |z — x| < r},
Bi(z) :={2 e R" |2/ — 2| <7},
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i.e., the balls of radius r centered at X,, z,, and 2/, in R**!, R", and R""! respec-
tively. We will also denote B, := B,(0), B} := Bf(0), and B/ := B.(0). Similarly,
we let

D, C R?

be the disc of radius r > 0, centered at the origin.
For a polynomial p : R" — R, consider

2—1—a

i=1

S AV 21
=1 '

Notice that Ext,(p) : R*™ — R is the unique even in y, a-harmonic extension of p
to R™! (see [GR19, Lemma 5.2]); L,(Ext,(p)) = 0.

5.1.6 Structure of the Work

In Section , we introduce a collection of monotonicity formulae (in particular,
Almgren’s frequency function), and prove some basic but useful estimates. In Sec-
tion 5.3, we start a blow-up analysis of the solution around singular points. We show
the existence of second blow-ups and prove some facts about them. We also show
Proposition holds. In Section [5.4] we gather some important lemmas regarding
the accumulation of singular points, which are then used to study the size of the
anomalous set in Section Whence, we prove Proposition and Remark [5.6]
In Section |5.6, we show that the set of generic points is contained in a countable
union of C'*! manifolds, which combined with previous results yields the proof of
Theorem [5.5] Finally, we conclude the proofs of our main results in Section The-
orems and by studying the case of (k + 1)-homogeneous, a-harmonic second
blow-ups. Specifically, we show that those points at which the second-blow up is
not the next order term in the expansion are collectively lower-dimensional. Finally,
Section [5.8]is dedicated to studying the very thin obstacle problem. Here, we prove
the estimates and claims on the very thin obstacle problem made use of throughout
the work. In Section [5.9, we make a final remark on global obstacle problems.

5.2 Monotonicity Formulae and Preliminary Re-
sults

We recall that we will always assume that we are dealing with the zero obstacle case

(©-5)-
Let X, be a singular point for u of order ky, € 2N := {2,4,6,...}, and let p, x,
be the (unique) first blow-up of u at X,

(5.14)

(see (5.10). Recall that p, x, € P, i.e., it is an a-harmonic, xx,-homogeneous
polynomial, non-negative on the thin space, and even in y, and kx, is equal to
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Almgren’s frequency of u at the X,:

r Vulyl®
kx, = N(0*,u, Xo) := lim Js.cx. .
0 faBT(XO)u Yl

(see [ACS08, I[CSS08, [GP09. IGR19]).
We often assume that X, = 0 (which we can do without loss of generality after
a translation), and we let p, := p. . In particular, define

Uy 1= U — Py,
and set
R := Ko, Li:=L(p.), and m, :=my, (5.15)

so that m, is the dimension of the spine of p, in {y = 0}, L., which is k.-
homogeneous.
Let, for k € 2N,
pe P, and v=u-—Dp,

and observe that

v Lav = —pLau > 0. (5.16)
Since Lou(z,y) = 2limy, o y*Oyu(x, y)H" 'L A(u) < 0, v L,v is non-negative as soon
as p is non-negative on A(u) \ MV (u) where

N(u) :={(z,0) : u(z,0) = |V,u(z,0)| = lyiﬁ)lyaﬁyu(:v,y) =0}. (5.17)

The set N (u) is called the nodal set of u.

Remark 5.7. Notice that v = u — p is a solution to the thin obstacle problem with
obstacle ¢ = —p|p,n{y=0} and subject to its own boundary data. (This follows easily

by Remark [5.1])

The goal of this section is to prove monotonicity-type results and estimates for
v =u—p for any p € &,. We stress that k might not be equal to k,, and so we
will sometimes write N(07,u) := N(0%,u,0) instead. Yet we will most often apply
these results and estimates to v,.

5.2.1 Monotonicity Formulae

To begin we study Almgren’s frequency function on v at the origin, and prove that
it is non-decreasing provided that x < k., = N(0T, u).

Proposition 5.6. Suppose that k < N(0",u), and let v =u—p for p € P.. Then,
Almgren’s frequency function on v

o, [VOPyl

r+— N(r,v) faB eI

is non-decreasing. Moreover, N(07,v) > k.
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Before proceeding with the proof of Proposition [5.6] let us recall a few definitions
and facts. Let Wy (r,u) denote the \-Weiss energy of u at r:

1 A
Wi(r,u) == ED(T, u) — EH(T, u) (5.18)
where .
D(r,u) := m/ [Vullyl* =r* [ [Vu(rX)]|y|" (5.19)
r B, B

and .

Hru) = W/ w2ly|° :/ w(r X2yl (5.20)
r 0B, 0B1

By [GR19, Theorem 2.11], we have that N(r,u) is non-decreasing, from which, we
immediately deduce that

(N(r,u) — k) >0 (5.21)

(recall N(0",u) > k). In turn, we have the following lemma:

Lemma 5.7. Suppose that K < N(0",u), and let v=u—p for p € P,. Then,

1 K
— | VOPly* > —— ?y|® 5.22
Ay 522

r

and
1

1
X-Vo—ro)lyl* 2 ——om | v Lav, 5.23
prtat2e /am v v —rv)y[* = pn—ltat2e /BTU v (5.23)

Proof. We proceed as in the proof of [GP09, Theorem 1.4.3]. By [GR19, Theo-

rem 2.11], N(r,p) = &, from which it follows that W, (r,p) = 0. Using (5.21)) and
integrating by parts, we immediately have that

0 S Wn(rv u) - W/i(/ra p)

1 K
=——— | (IVo]*+2Vo-Vp) |y — 2 4 9up) [yl
rn—l+a+2k /B (| U' + v p) |y| pntat2e /63,. (U + Up) |y|

T

1 K 2
= [ |Vu]yl* — ——— v a+—/ v(X - Vp — kp)|y|®
S /B TI “lyl . /a . |y paa [ ( p— k)Yl

1 9 K 9
= m/& [Vol*ly|* — prEw— /8BTU lyl*,

which directly yields (5.22). Continuing, integrating by parts again, we get

_1 2 a K 2 a
rn—1l+a+2sk /B,n ’v'U‘ |y‘ - pntat2s \/‘BBr () ‘y’
1 1
T Tretas /B vLav+ S /aBT v(X - Vo —ro)lyl*,

which implies ([5.23)). O
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With Lemma [5.7 in hand, we can now prove Proposition [5.6]

Proof of Proposition[5.6. Notice that
D(r, v)
H(r,v)’

where D and H are given by (5.19) and (5.20)). By scaling (namely, N(p,u,) =
N(rp,u), for the rescaling ([5.7), it is enough to show N’(1,v) > 0 or, equivalently,

that

N(r,v) =

D'(1)H(1) — H'(1)D(1) > 0, (5.24)
where we have let D(1) = D(1,v) and H(1) = H(1,v).

We compute D'(1) and H'(1). First,
D’(l):2/ |Vv|2]y|“—|—2/ Vo D% X Jy|"
B1 Bl
_2/ Vo V(X - Vo)ly|"
B1

—2/ vf|y|“—2/ Lau(X'Vu)—l—Q/ Lou (X -Vp),
OBl Bl

B1

using integration by parts and that p is a-harmonic. Now notice that, by the reg-
ularity of the solution, L,u (X - Vu) = 0. This, together with the fact that p is
k-homogeneous, yields

D'(1) :2/ vf|y[“+2m/ pLau:Z/ U§|y|“—2/<o/ v Lo,
0B1 B1 0B, By
where the last inequality follows by (5.16). On the other hand,

H'(1) = 2/ v, |y|®.
0B

]::/ v L,v

B1
[l = [ vyl -1
Bl 8Bl

in addition to the Cauchy—Schwarz inequality, we find that
D'(1)H(1) — H'(1)D(1)

— <2/ v§|y|“—2/<;]>/ U2|y|“—2/ vvy|y|“(/ Uv,,|y|“—l>
oB1 oB1 oB1 B
2
G I I D e T
0B, 0By 0B1 0B, 0B,

2—2/4;[/ v2|y\a—i—2[/ v, |y
831 aBl

= 2[/ v(X - Vv — ko)|y|®
0B,

Now letting

and using
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Hence, by (5.16)) and ([5.23]), we deduce that ([5.24]) holds, as desired. O

We end the subsection with a lemma on a Monneau-type monotonicity statement
and Weiss-type monotonicity statement, arguing as in [FS18, Lemma 2.6 and 2.8|,
and a important Monneau-type limit.

Lemma 5.8. Suppose that k < N(0T,u), and let v = u —p for p € P,. Given
A >0, define

1 o
Hy(r,v) := m/@}g vy = mH(r, v). (5.25)

Then, r +— Hx(r,v) is non-decreasing for all 0 < X\ < N(0%,v). Moreover, the
A-Weiss energy
r— Wi(r,v)

on v is also non-decreasing for all A > 0.

Proof. Let v.(X) := (u— p)(rX); then,

27 fop, (X)X - Vo(rX))yl|" = 2 [y 07]yl"

H)
(r,v) =
TfaBl v2|y|®

H)y

Notice also that
P Ve = [
9B )

and v, L,v, > 0 (see (5.16))). Hence, since N(1,v,) = N(r,v),
HY 2

UT<X-VUT)|y|a:/ |VUT|2]y|“+/ vy Loy,
Bl Bl

B1

(N(r,v) = A). (5.26)

Now using that N(r,v) > N(0",v) > X, we reach the desired result, (5.25).

To see the monotonicity of Wy (r,v) for 0 < A < N(0*,v), we simply combine
the expressions and , so that W (r,v) is product of two non-decreasing
non-negative functions.

On the other hand, if A > N(07,v), a simple manipulation (see the proof of

Proposition yields
Wi(1) = D'(1) — AH'(1) — 2X(D(1) — AH(1))

:2/ (vy—/\v)2|y|“+2(/\—/-@)/ v Lav.
0B1 By
As v L, >0and A > N(0",v) > & (by Proposition [5.6)), we conclude. O

Notice also that if we set
A= N(0T,v,) > ke = N(0F, u),
then
liﬁ)l Hy(r,v,) =00 forall > A,

which follows arguing exactly as in [FS18|, Corollary 2.9].
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5.2.2 Estimates

Let us define, for any function f, the positive and negative parts as

fTi=max{f,0} and [~ :=max{—f,0} =—min{f,0}.
Hence, f = f+ — f~.

We start with an L>*—L? estimate on v.

Lemma 5.9. Let v =u—p forp e P,.. Then,

[v][2e(B,y0) < Cllvllz2(By jyje)s (5.27)
for some constant C depending only on n and a.

Proof. Observe that v~ is sub a-harmonic in B; as the maximum of two sub a-
harmonic functions in Bj.

Let us show that v is also sub a-harmonic in B;. To this end, first, by Re-
mark [5.7, recall that v is the solution to (5.1)) with ¢ = —p|p,ngy=0} and its own
boundary data. Now let n be any smooth compactly supported function in B; such
0 < n < 1. In addition, let hs be an approximation of the Heaviside function:
hs(t) = 0 for t < 0, hs(t) = t/6 for t € (0,0), and hs(t) = 1 for t > §. Finally, for
0 <e <, define v, := v — enhs(v).

Since p(z,0) > 0, observe that v.(x,0) > —p(x,0) and v.|sp, = v|gp,. Therefore,

(Vv — eV (nhs(0)Plyl* > | [Vollyl*,
Bl Bl
which implies that, after dividing through by ¢ and letting ¢ | 0,
V- V(nhs(v))ly|* < 0.
By
Expanding,
[ eV Vulyit < - [ nivePrioll <o
Bl Bl

In turn, if H; = hs with Hs(0) = 0, then

/B V(Hy(v)) - Valyl* < 0.

(Obviously, H; here is not the Monneau-type function from Lemma [5.8]) Because
n was arbitrary, we find that Hs(v) is sub a-harmonic in Bj. So letting § | 0, we
determine that v is sub a-harmonic in By (Hs(v) is an approximation of v™).

To conclude, see that by the local boundedness of subsolutions for L, (see, e.g.,
[JNT17, Proposition 2.1]), we have that

1/2
supvisc( |vi|2|y|a) ,
B1

B2

and ((5.27)) holds. O
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Next, we prove Lipschitz and semiconvexity estimates on v along the spine of p.
But before doing so, we prove a characterization lemma on the spine of a generic
k-homogeneous polynomial.

Lemma 5.10. Let k € N, and let p : R* — R be a k-homogeneous polynomial.
Then, the following sets are equal.

(i) L(p) ={£ €R": £-Vp(z) =0 for all x € R"}.
(i) I(p):={£ € R": p(x + &) = p(x) for all z € R"}.
(111) Dy_1(p) :={£ € R": D*p(§) =0 for all = (ay,..., ) : |a| = Kk — 1}.

Proof. We prove that (i) and (ii) as well as (ii) and (iii) are equivalent.
— L(p) C I(p): Let & € L(p). Then,

ple +€) = pla) + / £ Vpla +€) dt = p(a).

— I(p) C L(p): We start by noticing that I(p) is actually a linear space, thanks to
the homogeneity of p. Indeed, the additive property is clear; it is also clear that
—& € I(p)if & € I(p). Now suppose & € I(p) and consider ¢ for some 3 > 0. Then,
p(x + &) = B p(B~ x4+ &) = Bp(B~"x) = p(x) for all x € R, so that 5 € I(p).
Let £ € I(p). Now for all h > 0 and for all x € R, p(x + h§) = p(z). Hence,

£ Vap(w) =lim pr + hf,hO) — p(x)

=0,

that is, € € L(p).

—I(p) C Di—1(p): Let § € I(p). Then, p(§ + z) = p(x) and D*p(x + ) = Dp(x)
for any a = (aq,...,a,-1) with |o| = k — 1. Taking z = 0, we conclude thanks to
the k-homogeneity of p.

— Dy,1(p) C I(p). Let £ € D, —1(p). Consider the degree x polynomial ¢(z) :=
p(z + ). Notice that from the definition of D,_;, g is homogeneous. Now let 5 > 0.
Using the homogeneity of ¢ and p,

plz+&) =q(z) = B q(6'z) = Brp(6 'z + &) = p(z + BE)

for all > 0. Taking g | 0, we see that £ € I(p).
This concludes the proof. O

Notice that the equivalence of (i) and (ii) also holds for general k-homogeneous
functions.

Remark 5.8. Lemma will be applied to p(z,0) for p € Z,.

The following lemma shows that derivatives of v along the invariant set of p are
bounded. Recall that L(p) denotes the invariant set of p(x,0). The lemma is proved
by means of a Bernstein’s technique for integro-differential equations, as introduced
by Cabré, Dipierro, and Valdinoci, in [CDV20)].
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Lemma 5.11. Let v =u —p for p € P,. Then, for all e € L(p) N S",

[0ev| LB, ) < CllvllLz(sy jy/e),
for some constant C' depending only on n and a.

Proof. We proceed by Bernstein’s technique (see [CDV20]). Let n € C2°(By/2) be
even in y and such that n =1 in B 4. Consider the function,

Y =1 (0ev)* + w?,

for some p > 0 to be chosen.
Since v is a-harmonic outside A(u), in Bys \ A(u),

Lo(v?) = 2v Lyv + 2|Vuy|* > 2|Vu]?|y|*.

Similarly, because Oev is a-harmonic outside A(u), we have that in By \ A(u),
LqOev = LuOeu = 0. Therefore, we find that in By o \ A(u),

La(1%(8e0)?) = (0ev)*La(n*) + 17 La((9ev)?) + 2|y|*V (9ev)? - Vi
= (9ev)*La(*) + 20°|V e *[y|* + 2[y|*V (9ev)? - Vi?
> (9ev)*La(n?) + 2%V (0ev) [*|y|* = 8y|*|Vev|dev|| V|7
> y|*|0ev*(ly] = La(n®) — 8]Vn|?)

where there last inequality follows from
0|V Oev|” + 4[0ev]*| Vn|* > 4|0V dev|n] V.
So in Bl/2 \ A(U),

Lot > |y|*l0ev* (lyl™*La(n?) — 8|Vn|?) + [y|*|Vv|*2u
> |yl IVol 2 — [y~ La(n®)| — 8|Vn]?).

Now as 7 is even in y and smooth, |y|™*|L.(n*)| + 8|Vn|* < C, in By, from which
we deduce that

Lalp Z O n Bl/2 \ A(’U)

provided 2p > C,.

By the maximum principle then, 1) must attain its maximum at the boundary
of Byjs \ A(u). Being that Jep = deu = 0 on A(u) and nlsp,, = 0, ¥ = pv? on
0B1/2 U A(u). Hence,

sup v < psup v2.
By By

In particular, as n = 1 on By 4,

1/2

HanHLOO(Bl/4) < p ”UHLOO(Bl/Q)'

Thus, by Lemma and a covering argument, we find the desired estimate. O
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Finally, we show that v is semiconvex along the spine of p. Naturally, for A > 0,

ot F(- +he) + F(- — he) —2f
5i,hf:: = 12 =

be the second order h-incremental quotient of the function f in the direction e € S™.

Lemma 5.12. Let v =u —p for p € P,. Then, for all e € L(p) N S",
inf 8661) Z _CHUHLQ(BLH,/I“)?
B2

for some constant C' depending only on n and a.

Proof. For any v > 0, let u, be the solution to

uy(z,y) > 0 on BysN{y =0}
Lau’y(xa y) < 0 n B7/8 (5 28)
Lyu,(x,y) = 0 in Br/s \ Au,) '
uy(z,y) = u(x,y)+~y on 0Bs.

That is, in By/g, u, is the solution to the thin obstacle problem with zero obstacle

and boundary data u+-. Notice that since u is continuous in By, we have that u, | u

uniformly in By/s, as v | 0. Also, u, > 0 in By/s \ Bys_p for some 3 = 3(v) > 0, by

the continuity of w,. In particular, u, is a-harmonic in the annulus By/s \ B /3-8
Consider the function

fy(x) = (aeeuv(x))_

as the pointwise limit of (07 ,u(z))~ as h | 0. To do so, we define

9l ne(®) = min{0g u, (x), —e}.

Observe that L, (07 ,u,) < 0in Byjs \ A(u,) (since Lyu, < 0 in Byjg and Lau, = 0
in Brs \ A(u,)). Moreover, since u, is continuous and 97 ,u, > 0 on A(u,), we have
9. p.e = —¢ in a neighbourhood of A(u,). Thus, Lag], , < 0in Bys.

We now want to let ¢ | 0 and then h | 0 to deduce that L,f, > 0 in Bs,, and
fy =0o0n A(w,). In order to pass Lag.; , < 0 to the limit (as e, | 0), it is enough
to show that |g],, | < C for some C' independent of £ and h (but possibly depending
on 7). As gg’h’e is super-a-harmonic in By/g, its minimum must be achieved on the
boundary. In particular, since g;hﬁ <0,

sup ’gg,h,e| < Sup |gg,h,e‘ S C(ﬂ)a
B3/4 837/8—,8/2

where in the last inequality, we have used that g;hve is a-harmonic in By /g \ B /3-8
and corresponding C? estimates in the tangential direction for a-harmonic functions.
Hence, we can indeed pass Lagg’ he < 01in Bs 4 to the limit and obtain that L, f, > 0
in B3y and f, =0 on A(u,).

With the sub-a-harmonicity and nonnegativity of f, in hand, it is easy to see that
f+ is continuous in Bs/4. Indeed, sub-a-harmonic functions are upper semi-continuous
(see [HKM93| Theorem 3.63]). So being that f, is continuous when f, > 0 and f,
is nonnegative in general, we determine the continuity of f,, as desired.
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To conclude, we again proceed by Bernstein’s technique (see [CDV20]). Let n €
C(By)2) be even in y and such that n =1 in B4, and set

Py = 772f3 + N(aeu'y)za

where we recall f,(z) := (Oeetty(x))”. By the discussion above, 1, is continuous in
Bijs. Recall that f, = 0 on A(u,), and therefore, 1), = 0 on A(u,). On the other
hand, on the boundary of By, we have that ¢, = p(deu,)?. Following the proof
of Lemma exactly (and using that L,f, > 0 in Bs), we see that L,1, > 0
in By \ A(u,) if p is large enough, and so, its maximum must be achieved at the
boundary. In turn,

£l By,0) < 1210ty || oo (8, 1) = 1210ty = P) | Lo (B, 10) < Clluy = pllL2(8y i),

where we have used Lemma [5.11] in the last inequality. This implies the family
{u,}, for 0 < v < 1, is uniformly semiconvex. Letting v | 0 then and applying a
covering argument, we deduce the desired result (using that semiconvexity passes
to the limit). O

Remark 5.9. Notice that p’s polynomial nature plays no role in Lemmas [5.9] [5.11]
and |5.12l We have only used that p is non-negative in the thin space and a-harmonic
in Lemma (5.9, and that p is non-negative in the thin space, a-harmonic, and invariant

in the e directions in Lemmas [5.11] and £.12]

5.3 Blow-up Analysis

Recall, after a translation, we may assume that 0 € Sing(u) represents any singular
point. And, as such, the first blow-up of u at 0 is an element of &, for some k € 2N.
As in Section [5.2] we let p, denote the first blow-up of u at 0, and define

Ve 1= U — Py, Ku =Ko, Ly:i= L(p.), m,:=mg, and A, :=N(0T,v,).

For notational simplicity, from this point forward, we often suppress the star
subscript when denoting the homogeneity of p,, and simply write x instead of k.

In this section, we are interested in classifying the second blow-ups of u at 0, that
is, the limit points of the set {¥, },~0, which is weakly precompact by Proposition ,
as r |} 0, with

Uy

Uy

=—————— and v.(X):=u(rX) — p.(rX). (5.29)
HUT“LQ(@BM?JW)
In turn, we will prove Proposition [5.3]
We will work according to two cases, determined by the value of a and the
alignment of L, and the nodal set of p,,

N == N(p.)

(see (5.17))). Notice that by Lemma|5.10} if we consider L(p) as a subset of R" x {0},
then
L(p) c N(p)



170 Chapter 5. Singular points in the thin obstacle problem

for all p € Z,;; yet L(p) may be smaller than N (p). In particular, we define
and as follows.

Either  a €]0,1)

or a < <_170) and dlm?—[./\[* Sn_Q (Case ]_)
and
a € (—1,0) and dimy N, =dimy L, =n — 1. (Case 2)

Remark 5.10. We remark that (Case 1| and [Case 2}, a priori, do not cover all possibil-
ities. Indeed, the case when a € (—1,0) and dimy L, < dimy N, = n — 1 is missing.
In fact, it is currently unknown if such a situation can occur when u # p,.

Before we proceed with our classification results, we make a pair of observations,
the second of which will play a key feature in Since p, > 0 on R"™™N{y =0},

we have that
{(2,0) : pu(,0) = 0} = {(2,0) : pu(z,0) = [Vopu(z,0)] = 0} = N.. (5.30)

Furthermore, if L, = R !, as it is in , then p,|rnxfo} is a one-dimensional
polynomial, and so we can identify L, and N, as the same subset of R™ x {0}.
Let us start by studying second blows-up in [Case 1]

Proposition 5.13. In for every sequence r; | 0, there is a subsequence
rj, 4 0 such that ., — q weakly in W"?(By,|y|*) as £ — oo, and ¢ # 0 is a
A.-homogeneous, a-harmonic polynomial. In particular, A\, € {k,k+ 1,k +2,...}.

Proof. By Proposition , we see that given any sequence r; | 0, the sequence v,
is uniformly bounded in W2(By, |y|*). Hence, there is a subsequence r;, | 0 such
that

By, —q i WR(B [y,

for some ¢, and as |0, ||L2(a8, ,]yjs) = 1, we have that
lallz2@8: jyie) = 1-

Observe that L,v, is a non-positive measure as

L,v, =2r liﬁ)l Yy Oyu, H" L A(u,) <0
y

in the sense of distributions. Furthermore, let K C B; be a any compact set and
nxg € C>(B;) be such that gy = 1 on K and 0 < nx < 1 in B;. By Holder’s
inequality,

0< / —Lqv, < / _nKLaﬁr = VUK : V6T|y|a < CK”V@T’”LQ(BL‘ZUP)
K B1 By

Since the family ¢, is uniformly bounded in W12(Bjy, |y|*) by Proposition [5.6] it

follows that the collection of measures L9, is tight. So, up to a further subsequence,

which we still denote by r;,, we have that L,q is a non-positive measure. Then, as
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r~"u, — p, locally uniformly, with u,(X) := u(rX), the sets A(u,) converge to N,
in the Hausdorff sense (recall ) Therefore, the distribution L,q is supported on
{(z,0) : p«(z,0) = 0}. Yet we are in and N, is of zero a-harmonic capacity
R™*!. Indeed, as ps|rnx o} Z 0, the set N, has locally finite %"~ measure. If a > 0,
then the a-harmonic capacity of N, is smaller than the harmonic capacity of N,
which is zero. If a < 0, then, by assumption, A, has locally finite H"~? measure,
which implies that it is of zero a-harmonic capacity (see [Kil94, Corollary 2.12]).
Thus, ¢ is a-harmonic, i.e., L,q = 0.

Let us now show that ¢ is homogeneous, arguing as in [FS18, Lemma 2.12|, with
homogeneity A, := N(0",v,). In order to do so, by [GR19, Theorem 2.11], it suffices
to show that

A = N(p,q) forall pe(0,1). (5.31)

Notice, first, that since ¢ is a-harmonic, N(p,q) is non-decreasing. On the other
hand, by the lower semicontinuity of the weighted Dirichlet integral,

N(1,q) <liminf N(1,3, ) =liminf N(1,v, ) = liminf N(rj,, v.) = A,.
{—00 Je =300 e

L—00

Also, by Lemma applied to 7y, , and taking ¢ — oo,

1 / ) )
ooy will MVl 1 S/ ¢lyl" =1 (5.32)
p +a+2X 9B, 9B,

However, because L,q = 0 and by (5.26]), we know that

Z—i(p,q) = %(N(p,Q) —A).

Suppose now that N(p.,q) = Ao < A« for some p, € (0,1). In particular, by the
previous representation of Hy, H,, is non-increasing for p € (0, p,), so that

1 / 2yl > p2Po=2s) / 2" > 0 for all € (0.00)
o T = S Fraton q1y orall p »Po)-
pn+a+2)\* OB Po+ +2A 9B

4 po

But this contradicts for p small enough. Therefore, holds and ¢ is
homogeneous of degree A.. And by [CSS08, Lemma 2.7], we deduce that ¢ is a
polynomial. In particular, A\, > k is an integer.

All in all, we have that ¢ #Z 0 is an a-harmonic, even in y, and A,-homogeneous
polynomial with A\, € {k,k + 1,k + 2,...}. In particular, q|RnX{O} £ 0. O]

Before moving to [Case 2] let us state and prove a lemma which will help us to
compare p, and ¢ when working in [Case 1. That said, this lemma is independent of

and [Case 2] and holds generically.

Lemma 5.14. Assume that v,, — q in WY2(By, |y|*) for some sequence 1y | 0.
Then,

/ apalyl® =0 (5.33)
0B1

and
/ qply|* <0 forall pe Z,. (5.34)
OB,
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Proof. We proceed as in [FS18, Lemmas 2.11-2.12]. In order to see (5.33)), we use
H,(r,u — p) is non-decreasing for A = £ < N(0*,u — p) (see Lemma 5.8, recalling
that kK = N (0", u), by assumption. In particular, we have

1 2 . 1 / 2
— u— “ > lim u— “
pr——— /an Pl = lim 8Bp< )Myl

=lim [ (p7"u(pX) — p)*ly|" (5.35)
PO JoB,

=/ (p« — )y,
0B1

using the local uniform convergence of r~*u, to p, as r | 0, with u,.(X) = u(rX),
and the k-homogeneity of p. By the definition of p,, notice that

by :=||vr]| 208y y1o) = 0(r") as r L0 and er:=—=o0(l) as r{0.
r’nKZ

Furthermore, for some subsequence, which we still denote by r,, we have that v,, =
Uy, /hr, — q in L*(OBy, Jy|*). Thus,

Uy 2 1
- *_) a:—/ u—p)? az/ —p)2ly|® forall r>0.
/aBl (Tﬁ pe=p) W= S [ el 2 ) =)yl

Since r~"v, = v,€,, taking the subsequence r, and expanding, we obtain

er, / Ty ly|* + 2e,, / Uro(ps = P)|y[* >0 forall pe P,
8B1 aBl

Dividing by ¢,, and taking the limit as ¢ — oo,
/ q(p« —p)y|* >0 forall pe ..
0B,

Now taking p = 2p, and p = 27 !p,, which are both members of Z2,., we deduce

that
/ qp«|y|* =0,
0B1

from which ([5.34)) follows immediately. O

Let us now deal with As we noted before, in this case, the spine and the
nodal set of p, can be identified: L, = N,.

Proposition 5.15. In for every sequence r; | 0, there is a subsequence
i, + 0 such that 0., — q weakly in W2(By, ly|*) as £ — oo, and ¢ # 0 is a
A-homogeneous solution to the very thin obstacle problem with zero obstacle on L,

q>0 on L,
Lg<0 inRM!
L.g=0 inR"\L,
qLo.q =0 in R,

(5.36)

Moreover, Ay > Kk + ay, for some constant o, > 0 depending only on n, a, and k.
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Proof. Without loss of generality, we will assume that L, = {z, = y = 0}. We
divide the proof into several steps.

Step 1: Weak limit and non-negativity on L,. As in the proof of Proposi-
tion [5.13], we have that

O, = q in WY(By, Jyl), (5.37)

for some ¢, and L,0, is converging weakly* as measures to a non-positive measure
L,q supported on L,. Unlike before, the set on which L,q is supported is now a set
of strictly positive a-harmonic capacity (since m =n — 1).

Consider the following trace operators

v WYA(By, [y|?) — WHA(BY) and 5 : WS(Bf) — W 22(B)).

By [NLMSS] (see also [Kim07]), since s > 1/2, «y is continuous; and 7 is the standard
continuous trace operator. (Recall that a = 1 — 2s.) The operator 7 := 4 o« then is

continuous. Hence, considering (/5.37)),
(@) = 7(q) in WEX(B)  and  7(d,) —7(g) in L*B)).

Now 7(?,,) > 0 on Bj for all £ € N, since p, = 0 and u > 0 on L,. Thus, from
the strong convergence above, 7(q) > 0, or ¢ > 0 on L,.

Step 2: Semiconvexity in directions parallel to L.. By Lemma [5.12]

inf Ope¥, > —C forall ec L,NS", (5.38)

By )2

for some constant C' independent of . Namely, the sequence of functions v, is locally
uniformly semiconvex (and, therefore, locally uniformly Lipschitz) in the directions
parallel to L,.

Step 3: Strong convergence. We show that for every 0 < ¢ < 1, there exists a
constant C, > 0 independent of r, for which

[6TZ]C*‘1*E(B1/2) < CE' (539)

Thus, by a covering argument, v,, — ¢ locally uniformly in B, and, in fact, ¢ €
Croc “(B1).

Recall that L, = {z, =y = 0} and X = (2/,x,,y) for 2’ € R"". For simplicity,
in the following computations, set

W = V.

Let Q,, :== B, x D,, C By, for some r, > 0. Recall that D, denotes the disc of
radius r in R? centered at the origin. For convenience, rescale and assume r, = 1.
By Step 2, ||w(2, -, ~)||%2(D1 oy 18 Lipschitz, as a function of 2. Hence,

osc lw(a', -, ')||%2(D1,\y|“) <C.
1
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Recalling that ||w||r2(p, ye) < C (we have rescaled to work in @, else this bound
would be 1), we have that

B lw '+, 2oy jyey d2" < C, (5.40)
1

and so ||w(a', -, -)||L2(p,,|ye) has bounded oscillation and integral. In turn,
HIU(QZ'/, . ')HLz(DlJy\‘Z) S C  for all 113/ € Bi (541)
We also recall that

liﬁ)l yOyw <0 and Low=0 in Byn{y>0}. (5.42)
y

— Step 3.1. In this subset, we prove that the measure
Ny (', 2,) = lim y*dyw < 0
y40
is finite on each z’ slice. Equivalently, we show that
1
0> / C(|(2", xn) ) (2, 2) day, > —C for all 2’ € By (5.43)
-1
where ¢ is a smooth test function ¢ = {(r) : [0,00) — [0,1] such that ¢ = 1 in

[0,1/2] and ¢ = 0 in [3/4, 00).
Let ¢ = ¢(|(¢',zn, y)|). By the divergence theorem,

1

1
/ (ny, dx, = —/ divy, ,(CyY* Vs, yw) dz, dy
— Dlﬁ{y>0}

—— [ e [ Ve O
Dlﬂ{y>0} Dlﬂ{y>0}
=141I
where LIV f = div,, ,(|y|*V4, 4 f). On one hand, observe that
LiYw = Lyw — y*Apw = —y*Apw in DyN{y >0}
by (522). And so, by (5.35),
1> -C. (5.45)

On the other hand, by the symmetries of ¢ (i.e., 9, = O(y) as aydyzo =0 and ( is
smooth),

fwLg¥¢) = [wyy ™ Lg™V¢| = [wly®|0mC + 0y, + ay~ ' 9,¢] < Cluwly”.

So, by the symmetries of ¢ again, Holder’s inequality, and ({5.41]), we deduce that

M=o [ vV [ wlpiczeCo G
Din{y>0} Din{y>0}
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We have also used that the boundary term at y = 0 vanishes in the integration by

parts, y*0,¢ = 0 on {y = 0}. Therefore, combining (5.44)), (5.45)), and (5.46)), we see
that (5.43) holds, as desired.

— Step 3.2. Now we conclude. Consider the fundamental solution for the operator
L, (see, e.g, [CSOT7]) given by

To(X) = O o] X[,

More precisely, I'; is such that L,I', = 0 in {|y| > 0} and lim, o y*9,I'y = 6(z), the
Dirac delta at z. Let
’U_J(ﬂf, y) = FCL( : 7y) *33 (an>7

where ( is the test function defined in Step 3.1, with ¢ = ((|z|) here. We have that
L,w =01in |y| > 0, and lim, o y*0,w = (n,. We claim that @ is bounded. Indeed,

by (5.43),
| oz ey ‘ </ / an (Z Zn) - danZI
B/

(' — 2" @y — 2, y) |1

dz’
< C.
// (2" — 2/,0,y)|n"1He —

By means of the previous proof, (—A)5%w = ((—A)% 4 *. ((ny)) is bounded as long
as 25 < —a, since (—A)%|X|™" 1% = C|X |17 and (n,, does not depend on
y. Thus, (—A)%w is bounded as long so 25 < —a, and by interior regularity for the
fractional Laplacian (suppose 5§ # 1/2), w is C* (see [RS16, Theorem 1.1]).

Finally, notice that L,(w —w) = 0 in By N{|y| > 0} and lim, o y*0, (w —w) =0
in By 2N{Jy| > 0}. It follows that L,(@w—w) = 0 in By s, and then w—w € C}, (By2)
by interior estimates for a-harmonic functions (and recalling that a € (—1,0)). In
turn, w inherits the regularity of w; that is, w is C?%, so long as 25 < —a, and ([5.39)
is proved.

In particular, by Arzela—Ascoli and a covering argument, we have that

¥, = q in O (B), (5.47)

and g € C}.27°(By) for any € > 0.

loc
Step 4: Homogeneous solution to the very thin obstacle problem in B;.
First, we show that ¢ is a solution to the very thin obstacle problem, (5.36)); the
only condition that remains to be checked is that ¢ L,q = 0.

By the proof of Proposition and ((5.23)),

(fB vrLyg Ur>2 ~0

fBl Vo, 2]yl faBl vRlyle

rN'(r,v,) d
S L og Np, v,
N~ dp % (p,v)

Hence, by the definition of ,,

rN'(r,0,) > 2 ( /B 1 @TLQ@T> . (5.48)
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Furthermore, reasoning as in [F'S18, Lemma 2.12], since N(r,v) | A, as r | 0,

2rj,
][ rN'(r,v.) dr < 2(N(2rj,,v.) — N(rj,,v.)) =0 as £ — oo.
Tj
And so, by the mean value theorem, we can find 7, € [r;,, 2r;,| with 7;, N'(7;,, v.) —
0 as £ — oo. In turn, the non-negativity of v, L,v, and (5.48]) then imply that

/ O, Lar;, < / y;, LaUr;, — 0
B By;,
with p;, :== 7;,/r;,. Therefore, since Lovy;, = Lag weakly™* as measures in By, Up;, = 4
strongly in C?_(B;) by Step 3, (5.47), and @, L,0, > 0, we obtain that

/ qL,gq=0 forall R<1,
Br

so that, in fact, ¢ L,qg = 0 in Bj.

Thus, ¢ is a solution to the very thin obstacle problem inside B;.

To conclude, we show that ¢ is homogeneous with homogeneity A, := N (0T, v,).
Since g solves the very thin obstacle problem, by Lemma [5.52] it suffices to show
that

A = N(p,q) forall pe(0,1). (5.49)

But this follows from arguing exactly as in the proof of Proposition [5.13, where

we obtained that ¢ is homogeneous in , using Lemma m, 5.108)), and
Lemma [5.53

Step 5: A\, > k + a,. We argue by contradiction (or compactness). Suppose, to the
contrary, that there exists a bounded sequence of solutions u, such that 0 € X, (uy),
dimy L(p.y) = n— 1, and Ay < k+ €71, Let p., be the first blow-up and ¢, be
a second blow-up of u, at 0 (the homogeneity of g, is A.¢). Up to a subsequence
(we can assume the sequences enjoy uniform bounds in appropriate Holder spaces),
taking ¢ to infinity, we find a solution u., whose first blow-up at 0 is of order x,
whose spine has Hausdorff dimension equal to n — 1, and whose second blow-up ¢
is homogeneous of order k.

Since ¢ is a k-homogeneous, global solution to the very thin obstacle prob-
lem, it is an a-harmonic polynomial. Indeed, by [GR19, Proposition 4.4}, any global,
evenly homogeneous function u, with L,u, non-negative and supported on R™ x {0}
is actually an a-harmonic polynomial of degree k. In particular, we have that
|¢oo||Lip(B;) < C for some constant depending only on n, a, and . Also, by as-
sumption, g, > 0 on L(p, ), where p, o is the first blow-up of uy, at 0.

For simplicity, let ¢ = ¢ and p. = Py o0, and let us assume that L(p, ) = {z, =
0}, so that p, depends only on , in the thin space {y = 0}. By Lemma[5.14]

(¢:P)a :Z/ gply|® <0 forall pe &, and (¢,p.)a =0. (5.50)
0B1

Since p, is k-homogeneous and depends only on z,, a constant ¢, > 0 exists for
which p.|p,ngy=0} = ¢«|@n|". Now for any € > 0, observe that

C.pe+q>—e on 0B N{y=0}
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with
Ce = ;e ||qll oo (Binty=0p 14 Eip(Brngy=0)) -

Indeed, if |z,| > €/llqlluipBingy=0p), then Cepilpingy=0y + qlBinfy=0y > 0, by the
definition of C,. On the other hand, if |z, | < €/|q||Lip(Bin{y=0})> then ¢|p,ngy=0} > —¢
since ¢ > 0 on {x, = 0} (recall p, > 0 on the thin space). Thus, C.p. + ¢ +

e Ext,(|z|") € P, for every € > 0 (see (5.13])). So (5.50|) implies that
lall 2@y 1oy < —e(Exta(|]"), @)a-
Taking € | 0, we deduce that ¢ = 0, a contradiction. O
With Propositions [5.13] and in hand, we can now prove Proposition [5.3]

Proof of Proposition|5.5 The proof is a simple consequence of Propositions
and [5.15, Without loss of generality, X, = 0.

(i) If a € [0,1), we are in [Case 1} So by Proposition our claim holds.

(ii) When k = 2, since p, > 0 on the thin space, we have that L, = N,. Thus,
since m < n — 1, we are again in |Case 1} and we conclude by Proposition |5.13
once more.

(iii) Finally, if m =n—1and a € (—1,0), we are in[Case 2| (recall L, C N,). Thus,
applying Proposition [5.15, we arrive at our desired conclusion.

This completes the proof. n

5.4 Accumulation Lemmas

In this section, we gather some important lemmas concerning accumulation points
of Sing(u). These lemmas are the key tools used in estimating the size of the points
where we can construct the next term in the expansion of u. The lemmas of this
section are analogous to the accumulation lemmas of [FS18], although several new,
interesting technical challenges appear in our setting.

Let us start by proving an auxiliary lemma.

Lemma 5.16. Let ¢ be a k-degree, a-harmonic polynomial, for k > 1, and let
X, € R". Then,

r fB,.(XO) |VQ|2|y|a

N(Ta Qa XO) =
Jom. x) ClYl°

<k forall r>0.

Moreover,
N(0*, q, X,) = m,

where mo is the smallest integer for which the m,-homogeneous part of ¢( X, + ) is
non-zero.
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Proof. Without loss of generality, we assume that X, = 0. Let

K
q= Z do
m=0

where ¢,, denotes the m-homogeneous part of g. Since ¢ is a-harmonic and a €
(—1,1), each of its homogeneous parts is a-harmonic. Notice that if p; and p, are
homogeneous a-harmonic polynomials with non-zero homogeneities m; # ms, then
they are orthogonal in L'(9B,,|y|*). Indeed, using that m;p; = x - Vp; = rd,p; on
0B, and integrating by parts,

(mq — m2)/ pp2lylt = 7“/ p20,p1ly|* — 7“/ P10,p2|y|”
0B, OB, OB,
= —r/ Vp1 - Vpaly|® + r/ Vpi - Vpaly|* =0,
. B,

where we have also used that L,p; = 0.
Now, by means of the m-homogeneity of ¢,, and the orthogonality in L*(0B,, |y|*)
of homogeneous a-harmonic polynomials of different homogeneities, we find that

a m a
Vq-Vanly|* = 7/ @ lyl®.
OB,

By

Thus,
r VPl =S m / Lyl < / 2yl

Pythagoras’s theorem also implies that

2 a 2 a
lyl* = / amly|®.

P [l [,
By 0B
as desired.

Now let ¢y = [y5 amlyl®, and set mo > 0 to be the smallest integer so that
Cmo 7 0. Then,

Hence,

r g [Val?lyl® _ > o, MG
Jon, lyl® > mem, CmT™

which concludes the proof. O

Just as in Section |5.3] we divide our attention between [Case 1/and |[Case 2| Again,
we begin with . Our accumulation lemma in this case is analogous to [FS1§|,
Lemma 3.2]. We repeat the common parts for completeness.

We recall that, in the following lemmas, we are assuming that 0 € ¥, is a singular
point of order x € 2N.
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Lemma 5.17. In suppose that there exists a sequence of free boundary
points Y. > Xy = (x4,0) — 0 and radii vy L 0 with | X,| < r/2 such that v,, — q
in WY2(By, |y|*) and Zy := Xy/1y — Zoo. Then,

Zoo = (20,0) € L, and — D%q(Zs) =0 forall o= (a',0) and |a| < Kk —2.

Moreover, if A, = K, then qz = q(Zo + - ) — q is invariant under L, + L(q); that
18,

qz..(x +£,0) = qz (x,0) for all pairs (&, x) € (L. + L(q)) x R™.

Proof. From Proposition applied at X,, the frequency of u(X, 4+ ) — p, is at
least k. (Here, p,. is being considered as just an element of Z,. Recall, p, is the
blow-up at 0, not at X,.) Therefore,

N(p,u(Xe+71e-) —pu(re-)) = N(pro,u(Xe+ - ) —ps) >k forall pe(0,1/2),
or, equivalently, for all p € (0,1/2),

pIs, IV (Zo+ ) + he N (pu(Xe + e ) = pa(re ) Plyl®

fBBp 10, (Ze+ ) + hi (pu(Xe + 1) — pulre ) Plyle > K (5.51)
with
hey = |lvr, || L2881 yja)-
Now let
@(X) = Pe(Xo + 10 X) — pu(1eX)

)
T,

which is a (k — 1)-degree, a-harmonic polynomial. Also, observe that

/B 180, (Ze + )Pyl + / Vi (Zo+ )Pyl < [ B, e < C- (5.52)
1/2

Byja

We claim that the coefficients of ¢, are uniformly bounded with respect to ¢, so
that, up to subsequences, ¢ — ¢ locally uniformly where ¢, is some a-harmonic
polynomial of degree x — 1. Indeed, suppose that this is not true. Then, letting
{a’}ics denote the coefficients of g, and setting o, := Y., , |af|, we have that
oy — 00. Now set

- de
qe ‘= —,
o
which is a polynomial with coefficients bounded by 1, and let ¢,, denote its limit
(up to a subsequence). Notice that g is an a-harmonic, (k — 1)-degree polynomial
as g are all a-harmonic, (k — 1)-degree polynomials. So, from (5.51)), dividing the
numerator and denominator by o7, and by Lemma we deduce that

pfp IVee +ValPlyl®  pfs Vsl lyl®
pr — . pr —— :N(p’q_oo)é/g—l
Jom, lec + @l?lyl® Jon, laPlyl®

since, by (5:52),

U, (Z¢ + - .
€= % — 0 in W1’2(Bl/2> y|?).
¢
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Impossible.

Since ¢, converges, up to subsequences, to some ¢, uniformly in compact sets
and by interior estimates for a-harmonic functions (see, e.g., [JN17, Propsition 2.3]),
we have that |D%q(0)] < C for some C independently of ¢ for any multi-index

a = (aq,...,0a,,0). Then, from the r-homogeneity of p., we have
r i
D"qu(0) = 5=D°p.(X,) = 2ED*p.(20) (5.53)
Te Te

for all || < k — 1. Hence, using |D%¢,(0)| < C and h,, = o(r}), we determine that
|Dp(Zy)| =0(1) =0 as £ —
when |a| < k — 1. That is, D*p.(Zs) = 0 for || < k — 1. Thanks to Lemma [5.10]
Zs € L.

Proceeding as in [FS18|, Lemma 3.2] by means of the Monneau-type monotonicity
formula from Lemma [5.8, we obtain

1 a a K a
am][ 0(Zoo + ) + goo|PJy|* < 2072 ][ 0(Zoo + ) + gool 1y (5.54)
P 8B, 9By )s

for all p € (0,1/2). Notice that, until now, we have not used any information on
the second blow-up ¢q. From Proposition q is a A,-homogeneous, a-harmonic
polynomial with \, > k, since we are in It follows that the polynomial
q¢(Zso + ) + g is only made up of monomials of degree greater than or equal to k.
Thus, recalling , we have that

M@(Zo0) = Zoo - Voi(Zoo) = —Zo - Voo (0) = — lim ;L"—E(Zoo Vapa(X0)) = 0.

f—r00 -

Here, we have also used that Z, € L., X; = (x4,0), and ¢ is k,-homogeneous.
Moreover, taking derivatives, we have

lim ~(Zoe - Vo D®p.(Zy)) = 0.

{—00 hTé

(A —la)D%(Ze) =

(By Lemma [5.10] Z, - V.D“p.(Z;) = 0.) Therefore,
D*q(Zy) =0 forall a=(a,0)and |a] <k —2.

In addition, notice that by construction, ¢, is invariant under L,. Hence, S0 is ¢.

Finally, suppose A, = k. Then, ¢(Z. + ) + ¢s consists of only degree k terms.
In other words, it is xK-homogeneous. Now notice that ¢(Z., + ) = ¢ + s where
Soo 18 a degree k — 1 polynomial. Consequently, ¢(Zo + ) 4 ¢oo — ¢ = Soo + ¢oo 18
a k-homogeneous polynomial. This is only possible if s, + ¢ = 0 (recall, g is of
degree x — 1.) And so, it follows that

o =0 — 9 Zo + - ),
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from which we deduce that ¢, is invariant under L(g). Since the invariant set of a
function is a linear space,

Goo(® + &,0) = goo(x,0) for all pairs (£, x) € (L. + L(q)) x R™.
Lastly, we find that
D%Go(0) =0 forall a=(a,0) and |a| < Kk — 2,
making ¢, a (k — 1)-homogeneous, even in y, a-harmonic polynomial. O

Notice that if Z,, € L(g), then g, = 0. Indeed, all of the derivatives of o |rn {0}
up to order k — 2 vanish at the origin since D%g(Z,) = 0 for all o = (¢/,0) and
la] < Kk —2. S0 if D(Z) = 0 for all @ = (o/,0) with |a| < k — 1 too, then g
would vanish up to infinite order at the origin, making it identically zero. In other
words,

Z~ € L(q) if and only if g, = 0.

This also follows directly from the form ¢, takes when \, = k.

Before stating and proving a accumulation lemma, we present a simple
consequence of Lemma [5.17] and make a remark.

If m, = 0, then L, = {0}. Hence, from Lemmal5.17, we deduce that 9 is isolated
in E>H.

Lemma 5.18. Suppose holds. Then, 0 is an isolated point of ¥s.

Proof. Suppose, to the contrary, that ¥, > X, — 0is a sequence of points (X, # 0).
Let 7, := 2|X|. By Lemma [5.17, we have that, up to a subsequence,

X
—q in W“3(By,|y|") and Zy = R Zoo € Ly N OBy 2
T¢

Uy,

where ¢ is a k*-homogeneous harmonic polynomial with A\, > k. But, this is impos-
sible, since L, = {0}. O

Remark 5.11. In general, lower frequency singular points can accumulate to a higher
frequency singular point. Take, for example, the harmonic extension of x3z3 to R?:

w(X) = B~ (B + ) + 530

This polynomial is a solution to the thin obstacle problem with ¢ = 0, and has
singular points of order 2 approaching a singular point of order 4. In particular, it
is not true that X? is isolated from ¥ ..

By the recent results of Colombo, Spolaor, and Velichkov, see [CSV19, Theorem
4], we know that the set of even frequencies (k = 2m) is isolated from the set of
all possible frequencies for the thin obstacle problem when a = 0. This, together
with the upper semicontinuity of the frequency, implies that free boundary points
of strictly higher order cannot accumulate to a singular point of lower order in this
case. Therefore, the above hypothesis “X, € ¥, and X, — 0 € X.” reduces to
“Xpe X, and X, — 0 € X,.”, at least when a = 0.
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Now we prove a accumulation lemma. It will only be applied when A, <
k+1and A = A, (with X as defined in the lemma). Nonetheless, we state it in more
generality, for completeness.

We recall that Ext, denotes the a-harmonic extension of a polynomial, see .

Lemma 5.19. In suppose that there exists a sequence of free boundary
points X1 3 Xy = (x4,0) = 0 and radii v | 0 with | X,| < r¢/2 such that v,, — q
in WY2(By, |y|*) and (2,0) = Zy := Xy /1y — Zoo. Set

)‘*7Xe = N(O+,U(Xg + ) _p*7XZ)7

where p. x, denotes the first blow-up of u at X,. Let e, € S"N{y = 0} = S"! be
such that e, 1 L., and let ¢°° and ¢° be the even and odd parts of q¢ with respect
to L,

¢ (X) = 5 [g(X) + (X —2(e. - X)e.)]

N | —

and

() = S a(X) — g(X e, X)e.)].

Let o, > 0 be as in Proposz'tion and set X :=liminf,{\, x,} > Kk + a,,. Then,
Zoo = (200,0) € L,

and

][ |qeven(Zoo + X) — Coo Exta((e* . x>n)|2|y|a < Cp2)\+a forall pe (0, 1/2>,
dB,

(5.55)
for some constants co, and C independent of p. Moreover, if \, < k + 1, then
¢°% = 0. If, in addition, X = X, then coo = 0 in (5.55)), and q is invariant in the
Zoo direction; that is, ¢q(Zs + X) = q(X) for all X € R™1,

Proof. We divide the proof into two steps.

Step 1: We proceed using the ideas developed to prove [FS18, Lemma 3.3]. Recall
that

_u(Xe+rX)
v x, (X) :=lim ———=~.
P (X) 1= lim ——2
Define
Pex, (reX) = pu(Xg +1X)
q(X) = Z h with %, = |vr, |22(08, Jy1e)-
Te

By Proposition and Proposition [5.6] for all p € (0,1/2),
N(pre,w(Xe+ -) = pex,) = Ax, = K+ o > K, (5.56)

or, equivalently,
pfs, VO (Ze+ -) = Valy|

Jou, [0 (Ze+ ) — @Iyl

> K+ a
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(cf. (5.51)). Furthermore, arguing as in the proof of Lemma [5.17, we find that the
family {q;}een has uniformly bounded coefficients. This time, however, we use that
qe is of degree k and a-harmonic rather than of degree x —1 and a-harmonic. Indeed,
as in Lemma [5.17], suppose not. Then, dividing by the largest coefficient, we obtain
uniformly bounded, a-harmonic polynomials g, of degree x and the inequality

i, IVee = Valyl
2 Jpm ot — G

>k+a, forall £eN (5.57)

and for some g, — 0 in W2(By 2, |y|*). Now notice that ¢, are degree s polynomials
converging uniformly to some G, (up to subsequences). Also, since the translations
that define ¢, are in {y = 0}, ¢, are a-harmonic. In turn, the limit g, is an a-
harmonic, k-degree polynomial. From and Lemma we obtain

15, IV@ol*ly]"
k Z 9 5 |2 a
2 Jom, , 131?19l

> K+ Qy,

a contradiction, since a,, > 0. Thus, g, converges, up to subsequences, locally uni-
formly to some ¢, which is an a-harmonic polynomial of degree x. So |[D%g,(0)] < C

for some C' independently of ¢ for any multiindex o« = (ay,...,®,,0), and for
|CL’ S R — 17
|ex] K
r r
D%q(0) = hf Dp,(X,) = h—fDap*(Zg). (5.58)
Te Te

Then, as h,, = o(r}), we determine that
|Dp.(Zg)| = 0(1) 0 as {— o0
when |a| < k — 1. That is, D*p.(Zs) = 0 for |a| < k — 1. Thanks to Lemma [5.10]
Zo € L(ps) € L.
Now, by assumption, for some e, € S" ! and ¢, ¢, > 0,
Pex,(2,0) =ci(es-2)" and  p.(x,0) = c(e, - x)".
Also, setting a, := e, - z;, we see that
qe(2,0) = h.! (pax, (rex, 0) — po(a + 72, 0))
= rfhr_[l (co(ep - x)" — cules (ze+2))")

=r;h,} (Cg(eg 1) — (e, - 1) — cokage, - x)" !

+ c.af Z (K) o) (e - x)”“”).
j= \J

Since p.x, — p«, we have that ¢, — ¢, and e, — e, (up to a sign). Moreover, as
Zy — Ly € Ly, and e, L Ly, ay — 0. Therefore, by the uniform boundedness in ¢ of
the coefficients of g,(z,0), we immediately find that

qe(z,0) = riht (coler - o) — cles - )" — curagle, - )"1) + O(ay)

=rih (e — c)(eg- )" + cu((er - 2)° — (e 2)") — curag(e, - ) ") + O(ay).
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Set €, := &= Then
¢ les—ex| ’

(e, -z)(er-2)" " = (e 2) Qux).

(e @) — (ex-2)" _ ( Bg—e*| I) f-j»—l

le, — e le, — e. —

In addition, as £ — oo,
e, —e eSSt and Q;— (k—1)(e, -2)" 1,
and e/ L e,. Thus,
Goo(7,0) = ci(e, - 2)" + ca(el, - 7)(es - )"+ cs(e, - 1), (5.59)

for some constants ¢, ¢o, and c3. So ¢, vanishes on L.
Thanks to Lemma applied to u(X, + 7+ ) — pu.x,, denoting Ny := A, x,, for
all p € (0,1/2),

1 ~ a —a ~ a
m][ [0, (Ze + +) — qu?[y|* < 2 ][ 00, (Ze + ) = ael*|yl*,
p dB, 0B 2

from which we deduce that, taking ¢ — oo,

1
Wt Pl < Of izt ) —aePll. Goo)

B, 9B1/2

In turn, because ¢ (X) = Exta(geo(z,0)) and by (5.59),
FoleZat )~ Extuerten o) Plol = f 1(alZo+ ) = )™ Pl
8B, 9B,
S][ |Q(Zoo+ ) _QO0|2|y|a
aB,
<cmf lg(za+ ) - el
0By

from which, taking c,, = ¢, we find . (Here, we have used that taking the even
part of a function with respect to L,, i.e., f — f", is an orthogonal projection in
L*(0B,, y|*).)

Step 2: Let us now show that if A, < k + 1, then ¢°% = 0; and if, in addition,
A=A, then c¢,c =0 in . We remark that the fact that ¢°d4 = 0 if A, ¢ N is

independent of Step 1.
If X € R\ L,, then X —2(e, - X)e, € R\ L,; so

Loq® (X)) = Laq(X) — Loq(X — 2(e. - X)e,) =0 for X € R™™\ L,

(by Proposition , q solves the very thin obstacle problem and is a-harmonic
outside of L, ). On the other hand, if X € L,, then we have that X —2(e,-X)e, = X.
And so,

Loq®(X) = Loq(X) — Loq(X) =0 for X € L,.
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Therefore, ¢°% is a-harmonic in R™*!. This, together with the fact that ¢°¢ is \,-
homogeneous (again, by Proposition [5.15|) and even in y, yields that, by Liouville’s

theorem for a-harmonic functions, ¢°d is a \,-homogeneous polynomial (see, e.g.,

[CSS08., Lemma 2.7]). Hence, if & < A, < k + 1, then ¢°d = 0, and ¢ = ¢,
Finally, let us now show that if A = A\, < k + 1, then ¢, = 0. Let

qz..(X) == q(Zs + X) — oo Exto((eys - 2)"),

which is a solution to the very thin obstacle problem with zero obstacle on L,. If
holds with A = A, then from Lemma and recalling that ¢ = ¢°¥", we
deduce that

N(O+7QZOO) 2 )\*

In turn, gz is A«-homogeneous. Indeed, for all r» > 0, by Lemma [5.52
A S N(r,qz..) < N(+00,qz..) = N(+00, ¢(X) — co Exta((e, - 2)7)) = As.

The penultimate equality holds since the limit as r — 400 of Almgren’s frequency
function is independent of the point at which it is centered, and the last equal-
ity holds because ¢ is A,-homogeneous with A\, > k, and thus ¢ out-scales a k-
homogeneous polynomial.

Since gz is A.-homogeneous, we deduce that

q(X) +q(X + 2200)'

(X +7Zs) = 5

(5.61)

To see this, first, observe that
T’\*q(X + 7712 = q(t X + Z) = T’\*qZOO(X) + 7o Exto((ey - 2)7),

for all 7 > 0. The first equality follows from the \.-homogeneity of ¢, while the
second follows from the A,-homogeneity of g . So

(X +7717) — qz..(X) = 7" Moo Exto((ey - 2)%),
for all 7 > 0. Taking the limit as 7 — 400 yields
17w = q- (5.62)
(Recall, A\, > k.) That is,
Coo Exto((ey - 2)%) = (X 4+ Zo) — q(X). (5.63)
And because e, 1 Z,
Coo Exty((ey - 2)%) = q(X) — (X — Z).

Hence, (5.61]) holds, as desired.
To conclude, from the \,-homogeneity of ¢ and ([5.63)), observe that

Gé’:)q(Zoo) = kles.
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On the other hand, (5.61)) implies

0% q(22.)

( _

= 210 q(Zs).

Thus,
(1 =2 Nkley = 0.

Yet A\, — k — 1 # 0, by assumption. Consequently, c,, = 0.
Therefore, we have that if A, < x+ 1 and A = A,

—1 a
it /BB |4(Zos + - )PPly|" < C. (5.64)

P

By Lemma[5.55[ N (0", ¢(Zoo+ - )) = A« as ¢(Zoo+ - ) is a solution to the very thin
obstacle problem. On the other hand, since ¢ is A,-homogeneous, N (400, q(Z +
-)) = A, and from the monotonicity formula in Lemma , we deduce that ¢(Z. +
+) is A\,-homogeneous. Then,

X+ Z)=mq(r7' X + 7)) = q(X +77Z,) forall X € R"and T > 0;
that is, ¢ is invariant in the Z,, direction. O]

We close this section with a pair of remarks and a version of Lemma [5.18]
The observations made in these remarks are crucial to our analysis of when we can
produce the next term in the expansion of u around a singular point.

Remark 5.12. In Lemma as in Lemma [5.17 if ¢ is an a-harmonic, (k + 1)-
homogeneous polynomial and A = A\, = k + 1, we also have that

DYq(Zs) =0 forall a=(a,0)and |a] <k —2. (5.65)

Indeed, observe that ((5.60) becomes
][ (0(Zoo + ) = asoPly|* < Ot
B,

for all p € (0,1/2). Hence, the polynomial ¢(Z,, + -) + oo is only made up of
monomials of degree k + 1. In particular, since ¢ is (k 4+ 1)-homogeneous and ¢,
is of degree k, ¢(Zs + ) + G is a (k + 1)-homogeneous polynomial. So, for all
multiindices |a] < &,

D*(Z) = D*qe(0),

which, by (5.59)), implies ([5.65)) holds, as desired.
Remark 5.13. The last part of the proof of Lemma fails to show that ¢®v" is
invariant in the 7, direction when A = A\, = k + 1. In this case, however, we find
that

G5 (X) = ¢ (Zee + X) — o Bty (e - 2)%)

is A\,-homogeneous. Hence,

(X + 7 Z) — ¢ (X) = 77 e Exto (e - 7)),
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as before, for all 7 > 0. By letting 7 — oo, we deduce that ¢5 = ¢**", which
substituting back yields

N X +T25) = ¢ X) 4 Teoo Exto((es - x)®) forall X € R"™ and 7 > 0.
(5.66)
Moreover, considering X — Z,, we find that ¢°v*"(X) = ¢°¥"(X — Zo ) + Coo Exto((€y-
z)") for all X € R""'. Hence, for all 7 € R.

Lemma 5.20. Suppose holds. Then, 0 is an isolated point of ¥s.

Proof. The proof is identical to that of Lemma|5.18| but using Lemma [5.19| instead
of Lemma [5.17 O

5.5 The Size of the Anomalous Set

The goal of this section is to further stratify the set of singular points and prove
Proposition and Remark Proposition (and Remark is a statement
regarding the Hausdorff dimension of the anomalous singular points of order 2 and
(n — 1)-dimensional singular points of arbitrary order (i.e., singular points whose
first blow-up has (n — 1)-dimensional spine and is k-homogeneous). As such, let us
recall the definition of anomalous singular points, and generic singular points, as
well as some measure theoretic facts.

5.5.1 Singular Points Revisited

Given the set of singular points of order x and dimension m (i.e., whose first blow-up
has m-dimensional spine), we recall that the anomalous points are those for which
the homogeneity of second blow-ups is strictly less than x + 1:

Y ={X, €X' : NOT, u(Xo+ ) —pex.) < K+ 1}

The generic points, on the other hand, are those for which the homogeneity of second
blow-ups jumps by at least one:

e ={X, e X" : NO",u(Xo+ - ) —pux,) > K+ 1}

In turn, X7 = X7\ X2

While Proposition and Remark ignore higher order (greater than two)
and lower dimensional (less than n— 1) singular points, our analysis, in a sense, does
not. In particular, our results rely on the alignment of the nodal set and the spine
of first blow-ups at anomalous singular points. And so, we set

Y ={X, €, : Npax,) = L(pex,)}

and define . ) ) .

Sma.— § AX™ and SME =5, 0 XM,
Remark 5.14. A key consequence of the coincidence of N (p.x,) and L(p.x,) is
that p, x,|rnx{o} is positive away from its spine, i.e., if N'(p.x,) = L(psx,), then
Ps.x,(2,0) > 0 for any x € R™ such that = ¢ L(p. x,).
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Remark 5.15. Notice that if m = n — 1 or if & = 2, then X7 = ¥ Moreover, if
the spine and the nodal set of the first blow-up at anomalous points coincide,

and exhaust all possibilities (cf. Remark [5.10)).

5.5.2 Some Measure Theory

Given 5 > 0 and ¢ € (0, oo], we define the Hausdorff premeasures

diam E; \”
%?(E) ::inf{ng( 1ar2n Z) :ECUEi with diamEZ-<5},

so that the g-dimensional Hausdorff measure of a set E is

B T g
H(E) = lgﬁ)l%a (E).

(Here, wg is the volume of the S-dimensional unit ball.) The Hausdorff dimension
of a set can then be defined as

dimy E = inf{8 > 0: H (E) = 0}. (5.67)
(See, e.g., [Sim83].)

Lemma 5.21. Let E C R"*! be a set with HE (E) > 0 for some 3 € (0,n+1]. The
following holds:

(i) For HP-almost every point X, € E, there is a sequence r; 4 0 such that

. Hgo(‘E'ﬂBTJ(XO))
lim

k—o0 fr’[?
J

> o > 0, (5.68)

where ¢, 5 is a constant depending only on n and . We call these points
“density points”.

it) Assume that 0 € E is a “density point”, let r; e a sequence along whic
i) A that 0 € E is a “densit mt”, letr; L O b [ hich
(5.68) holds, and define the “accumulation set” for E at 0 as

Ap :={Z € Bi2 : H{ Zs}ien, {Je}een such that Z, € rj’elEﬂBl/Q and Zy — Z}.

Then,
HE (A) > 0.

Proof. See [ES18, Lemma 3.5]. O

In order to prove that anomalous points form a small set in [Case 2| we will
focus on “almost continuity” points of the frequency, in the spirit of [FRS19]. More
precisely, as shown in [FRS19], points where the frequency is discontinuous along
“too many” sets of converging sequences have small Hausdorff measure. This fact,
which plays a crucial role in [FRS19], allows us to use Lemma to show that
second blow-ups are translation invariant in directions of “almost continuity” of the
frequency.
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Lemma 5.22. Let E C R"™! and f : E — R be any function. The set
{X € E: for all {X}sen such that X, # X and X, — X, f(Xy) /A f(X)}

18 at most countable.

Proof. If X, is an element of the set in question, then (X, f(X,)) is an isolated
point of {(X, f(X)) : X € E}. Since collection of isolated points of any subset of
R™*2 is at most countable, the lemma follows. O

Lemma 5.23. Let E C R" and f : E — [0,00) be any function. Suppose for any
x € E and any € > 0, there exists a p > 0 such that for all r € (0, p),

ENB. ()N f([f(z) — p, f(z) + p]) C {2 : dist(z,,,) < er} (5.69)
for some m-dimensional plane Il , passing through x, possibly depending on r. Then,
dimy £ < m.

Proof. See [FRS19]. O

5.5.3 Proofs of Proposition [5.4] and Remark [5.6

We now move to the goal of this section. We start with a set of results which pertain

to [Case 11

Proposition 5.24. Assume n > 2.

(i) Ifa € [0,1), dimy X7 <m —1 for any 1 <m <n — 1.

(i) If a € (—1,0), dimy X™* <m —1 for any 1 < m < n — 2.
Proof. The first part of the proof follows the steps of [FSI8, Lemma 3.6]. Set ¥ :=
PIULES
Szep 1: We argue by contradiction. Suppose that H” (3) > 0 for some 3 > m — 1.
Then, there is a point X, € X and sequence r; | 0 such that

H (XN B, (X.))

3
T

> Cn,g > 0.

Up to a translation, X, = 0. By definition, we have that
A= N0 0,) <k +1,
and that, after extracting a subsequence,
U, = q in L*(By,|y|").

Additionally, from Lemma [5.21[ii), we have that the accumulation set A := Ay
satisfies
HE (A) > 0. (5.70)
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By the definition of A, Z € A if there are sequences X, € ¥ and r;, | 0
such that |X,| < rj, and X,/r;, — Z. Thus, X,/2r;, — Z/2, and by Lemma [5.17]
(notice that we are in [Case 1)), Z € L, and Z € T(q) := {X = (v,0) € R*1 :
qg(z+ -,0) —q(-,0) is invariant under L,}. That is,

AC B NL.NT(q).

Notice that by assumption, ¢ is k-homogeneous and dimy L, = m. Also, T'(q) is
a linear space. We will, therefore, reach a contradiction if we can show that L, #
T'(q) N L,; since then, dimy L, N T(q) < m — 1, which contradicts ([5.70).

Step 2: Let p := plrn« {0y for any a-harmonic, even in y polynomial p, and recall that
p uniquely determines p (see the lines after (5.13))). Suppose, again, to the contrary,
that L, = T'(q) N L. After a change of variables, since L, has dimension m, we can
assume that p, = p.(z1,...,3;) for [ = n —m. Set ' = (zy,..., 7). Notice that
L, = {(0,,2™,0) : 2™ € R™}, where 0' € R! denotes the vector 0 in [ dimensions.
The inclusion L, C T(q) implies that g((0',2™) + -) — g can only depend on z! for
any 2" € R™. This, together with the homogeneity of ¢, directly yields that

n

dx) = q@@) + > ez = qa@') + @),
j=l+1

where ¢; and ¢; are k-homogeneous and (x—1)-homogeneous polynomial respectively
depending only on zy, ..., ;.
Now recall Lemma [5. 14}

/ gply|* <0 forall pe 2. (5.71)
By

Moreover, (5.71)) is an equality if p = p. (this is (5.33])). Notice, first, that (recall
G.13))

/ Extq(q1) Exte(q2)|y|* = 0. (5.72)
B

Indeed, ¢; does not depend on z;,4,...,x,, whereas the terms of @ are sums of
linear terms in one of x;,1, ..., 2,; thus, odd in one of the last variables.

Since 0 € ¥ = X2, (z},0™) > 0 for all 2! € R!\ {0}. In particular, we can
choose C' > 1 such that Cp, + ¢ > 0 (p. and g have the same homogeneity and
depend on the same variables). That is, Ext,(Cp. + ¢1) = Cps + Exto(q1) € Py,
from which it follows that

0> / (Cp. + Exta(@))alyl" = / Exta(@1)?ly]"
Bl Bl

using the equality in (5.71]) and (5.72). Hence
g q Yy )

qlEO.

Finally, fix [+1 < j < n, and take p; := C(|2'|" +2%) + ¢;(2')x; for some C' > 1
so that p; > 0. (The fact that such a constant C' > 0 exists is straight-forward.
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Indeed, it suffices to show that % + x5 — 2§~ 'zy > 0, which after dividing by xf% is
analogous to showing that £* > ¢ — 1 for all £ € R; this is immediate.) Arguing as
before, by odd/even symmetry, we find that

/ Extq(gz;) Exto(qiz:)|y|* =0 forall I+1<i#j<n
By

and
/ Extq(|2')" + 2f) Exto(qivs)y|* =0 forall [+1<4,j<n.
By

And so, as ¢; = 0 and Ext,(p;) € P,

0= [ Extuplalsl” = [ Bxtula)lol

Bl Bl

which is only true if ¢g; = 0. Because j was fixed arbitrarily, we deduce that

q2 = 0

A contradiction. m

Lemma 5.25. Let n > 2. Then, %% is empty.

Proof. Suppose 0 € X% Then, N, = L, = {0} and 7, := Pi|rnxqoy > 0 outside of
the origin. Hence, there exists a C' > 1 so that Ext,(Cp. + q) = Cp. + q € P,
(cf. Step 2 of the proof of Proposition [5.24]). Here, g is the restriction of any second

blow-up of u at 0. So, by (5.34)) and (5.33)), we find that

oz/ wm+mwz/ Plyl*,
0B1 0B,

which cannot be: ¢ # 0. O

Lemma 5.26. Let n > 2 and a € [0,1) orn > 3 and a € (—1,1). Then, XL2 is
isolated in Xs,.

Proof. Suppose not and assume that 0 € f]}i’a. Then, there exists a sequence X, €
Y, with Xy, — 0. Let 7y := 2]|X,|, and notice that dimy, L, = dimy{p. = 0} =1, by
assumption. On the other hand, up to a subsequence, we can assume that 0,, — ¢
in L?(By, |y|*), which is k-homogeneous.

The proof now follows exactly as in Step 2 of the proof of Proposition O

Remark 5.16. In all of the above results, Proposition[5.24], Lemmal5.25], and Lemmal5.26]
the coincidence of the nodal set and the spine of p, is crucial. To illustrate how much,

let us consider Zg’a, which we would like to say is empty. (Notice that Zg’a is empty;

in this case, the nodal set and spine of the first blow-up at any point are aligned.)

In Proposition [5.24] in order to rule out a x-homogeneous, a-harmonic ¢ as a
second blow-up at anomalous points, we have used Lemmas [5.17] and [5.14] Since
we are dealing with 29;&, Lemma provides no new information on ¢. Also,
Lemma is too weak to rule out that ¢ is a 4-homogeneous, harmonic (assume
a = 0, for simplicity) polynomial.
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Indeed, in R3 = {(zy,22,)}, consider the harmonic extensions
Py = Exto(ziz3)
and
q = Extg (bx‘f — (% + b) 5 + a:fx%) with b€ {—%, —%] :
Notice that the spine and nodal set of p, are different:
L,=1{(0,0)} while N,={x;=0}U{z, =0}
Moreover, by direct (but tedious) computations, the pair (p.,q) is such that
(¢, p<)o=0 and (q,p)o <0 forall pe 2.

In turn, this pair could be a first and second blow-up pair at 0 for a solution u
for which £9(u) = {0}, leaving open the possibility that X5 is not only not lower
dimensional, but all of .

Now we study of the size of the anomalous set in
Lemma 5.27. Let n =2 and a € (—1,0). Then, ¥ is at most countable.

Proof. Assume that 0 € 31 which holds up to a translation, and that there exists
a sequence X, € 3! such that X, — 0 and N(0", u(X, + ) — pex,) = M\x, —
A = N(07,v,). By Proposition and the definition of anomalous set, ¥1? we
have that

A € K+ a,,k+1). (5.73)

Moreover, up to a subsequence, if r, := 2| X/,

oy, = q in WY(By,|y|*)

where ¢ is a global \,-homogeneous solution to the very thin obstacle problem with
zero obstacle on L,. In addition, by Lemma, Xo/r¢ = Zoo € LiNOBy 2, ¢ = ¢
(A« < £+ 1 by assumption, forcing ¢°dd = 0), and ¢ is invariant in the Z,, direction
(i.e., in the L, direction). That is, ¢ is two-dimensional. So by Lemma , since
A« > 2, q is a polynomial and, in particular, A, > x+ 1. But this contradicts .

In turn, by Lemmalp.22]applied to £ = X! and f(X) = N(0F, u(X+ - )—p. x),

we conclude. O
Proposition 5.28. Let n > 3 and a € (—1,0). Then, dimy X712 <n — 2.
Proof. Let ¥ := Xn~12 We will show that X fulfills the hypotheses of Lemma m

with m =n — 2 and

FX) = {N(0+,u(x + ) —pox) if X €eR"x {0} (5:74)

o otherwise.

Then, by Lemma [5.23, dimy ¥ < n — 2.
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Suppose, to the contrary, that (5.69)) does not hold, that is, in particular, there
exists some X, € 3,6, >0, pp | 0 as £ — 0o, and 0 < ry < p,; for which

inf  dist (z N B, (0) N FE([F(X0) — pes F(X0) + i) ,H) > o, (5.75)

HEHXO

where Iy, denotes the set of (n — 2)-dimensional planes passing through X,, and
we denote dist(A, B) := sup,¢4 inf,ep |z — y|. Up to a translation, assume X, = 0.
We claim (and prove later) that thanks to (5.75)), for any ¢ € N, there exist n—1

points
XL, X, €SN By 0 () — o £0) + i) (5.76)

such that
YA AYE | >e™! where Y :=1,'X]¢€ B\ B.., (5.77)

(2

for all i € {1,...,n — 1}. In particular, up to subsequences, Y;* — Y;* € B \ B.,
for all i € {1,...,n — 1}, and passing to the limit, in (5.77),

V2N AY | > el (5.78)
On the other hand, from ([5.76)), we have that
f(XH = f(0) as £—o00 forall ic{l,...,n—1}. (5.79)

Up to subsequences, by Proposition [5.15]

Uy

14 : 1,2 a
—q 1m w> Bl> Yy 9
HUW ’|L2(0Bl,|y|“) ( | | )

and ¢ is some \,-homogeneous solution to the very thin obstacle problem. Moreover,
since 0 € X,
N(OT,v,) € [k+ e,k +1) (5.80)

Thus, for each i € {1,...,n — 1}, we can apply Lemma with the sequence of
radii 2r,. By definition and using the notation of Lemma [5.19, we are in the case
A < £+ 1 (see (5.80)) and A = A, (thanks to (5.79)). So by Lemma [5.19] ¢ is
invariant in the directions Y™ for all ¢ € {1,...,n — 1}.

From (5.78)), the set {Y®,...,Y,> }ien C L, x {0} is linearly independent. That
is, ¢ is independent of the n — 1 directions determined by this linearly independent
set. Therefore, it is a two-dimensional solution to the very thin obstacle problem.
Hence, by Lemma , q is a polynomial, and N(0%,¢) > s + 1. But this runs
contrary to 0 living in ¥ = X712 (5.80).

In turn, > meets the hypotheses of Lemma [5.23| with m = n — 2 and f as above.
And so, dimy > < n — 2.

We now prove ((5.76]) and (5.77]).

After a dilation, it suffices to show that if S C Bj is such that

inf dist(S,II) > ¢,

IIelly
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then there exist points Xy,..., X,_1 € S such that
X0 A A X, | >

But this follows from a simple construction.

Take any X; € SN (B \ B:), and let ey := X;/|X;| be the first element of our
orthogonal n—1 dimensional basis on which we will compute the (n—1)-determinant.
Notice X; = ajie; for some |a; ;| > €. Now take any (n — 2)-dimensional plane
passing through X; (and 0), II¥, take any X, € S N (B; \ B.) that is ¢ far from
15, and choose e; L e; and such that span(e;, e;) = span(X;, X5). Then, X, =
ag1€1 + agsesy, and since X is € far from I D span(e;), |ags| > ¢.

Proceed recursively until m = n —1: let X,, € SN (B \ B.) be ¢ far from 1Y,
where ITX | is any (n — 2)-dimensional plane containing {0, X1, ..., X,,_1} (such a
plane always exists since m < n — 1). Choose e,, L span(ey,..., e, 1) and such
that span(ey,...,e,) =span(Xy,..., X,,). Then,

Xm = Gm,1€1 + Qm,2€2 + -+ Qm,m—1€m—1 + Am,m€Em;,

and since X, is ¢ far from 11X | D span(ey, ..., €n_1), |amm| > €. Therefore,
|IXi A AXpq] =lar1e1 Nagier +agseas A ANay_11€1 + -+ A1 n—1€5-1
= |a1 1022 An_1p-1|ler NEes A A€y
Z a,:_n—l’
as desired. [

We close this section by collecting the results we have proved to understand the
size of X7 when k =2 and m <n — 1 and when x € 2N and m =n — 1.

Proofs of Proposition and Remark[5.6. We separate each case.
(i) This follows by Lemma [5.25 noting that 9% = %9°.
(ii) If a € [0,1) or a € (—1,0) and m < n — 1, this follows from Proposition [5.24]

by noting that 35" = X3"*. If a € (—1,0) and m = n — 1, this is due to
Proposition [5.28]

(iii) If @ € [0,1), we use Proposition [5.24] noticing that X7~1» = ¥r=1a [f ¢ €
(—1,0), we use Proposition [5.28

Finally, regarding Remark [5.6] if n = 2 and a € (—1,0), $1* is countable by

Lemma and if n = 2 and a € [0,1), X1* is discrete by Lemma [5.26] If n > 3,
»3* is discrete by Lemma [5.26] as well. O

5.6 Whitney’s Extension Theorem and the Proof
of Theorem 5.5

In this section, we prove our first higher regularity result Theorem [5.5] The proof
of Theorem [5.5 is a model for the proofs of our main results, and utilizes an im-
plicit function theorem argument and the following generalized Whitney’s extension
theorem. (See [Fef09] and the references therein.)
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Lemma 5.29 (Whitney’s Extension Theorem). Let 8 € (0,1], £ € N, K c R**!
be compact, and f : K — R. For every Z, € K, suppose that there exits a degree ¢
polynomaial Py, for which

(i) Py, (Z,) = f(Z,); and

(i) |D*Py (X,) — D*Px,(X,)| < C|Zs — Xo|“P71 for all |a| < ¢ and X, € K,
where C' > 0 s independent of Z,

hold. Then, there exists a function F : R" — R of class C%* and constant C,, > 0
for which

Flg=f and |F(X)— Px,(X)| <CuulX — X, | forall X, € K.

Now we state and prove a collection of results that, in aggregate, prove Theo-
rem [5.5]

Theorem 5.30. The set X% is contained in the countable union of m-dimensional
CYY manifolds.

Proof. Let us define

By ={Xo € X,NBi_iyp : h ' p" < sup  |u(X)] < hp",0 < p < 1—|Xo|}. (5.81)
| X—Xo|=p

From the continuity of the map
Y 2 Xo > Dix,
(see |[GR19, Proposition 4.6]), we find that the map
Ep,2 X, NOT u(Xo+ +) —pax.)

is upper semicontinuous (it is the pointwise monotone decreasing limit of a sequence
of continuous maps). Here, the sets Ej, C B,—1y/, are closed and decompose X, as

follows: .
S = B
h=1

(this follows arguing exactly as in the proof of [GP09, Lemma 1.5.3], using [GR19,
Lemma 4.5]). In turn, the set

S,’;A ={X, € B, : NO",u(Xo + ) — pux,) > A}

is compact in R™*!,
For each X, € SQW define

PXO (X) = p*7Xo (X - Xo)

We claim that f =0, K = SZ y» and { Py, }x.cx satisfy the hypotheses of Whitney’s
Extension Theorem, Lemma [5.29 with £+ 5 = .
Clearly, (i) holds.
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To show (ii) holds, first observe that Lemma [5.8|implies that for all X, € S},

1
Xt )= (a2 e < s Xt )=, 7l o
and
[u(Xo +7+) = P (7 )l 2208, g1y < Cur™.
So

[u(Xo +7+) = pexo (r )l 2By gy < Cpr™ forall X, € 527/\. (5.82)

(Of course, r < 1 —|X,|.) Now for any pair Z,, X, € S}",

[Pz, — Px.](r- )|’L2(Bl/2(r_1Xo),|y|“) < Cpr? (5.83)
where r := 2| X, — Z,|. Indeed,

[Pz, — Px,)(r )lL2s, o1 x0) Jyley < 1411
with
[+11:= ||u(r-) — Px,(r- )“LQ(Bl/Q(r—lXO),\yP) + [Ju(r-) = Pz, (r- )HLQ(Bl/Q(r—lXo),lyla)-
Now assume that » < h~!. Then, by (5.82)) applied at X, and Z,,
I = ||U(XO “+7r- ) — D+, X, (7“ . )||L2(Bl/2,|y\“) S ||U(XO “+7r- ) — Ds, X (7’ . >||L2(B1,|y\“) S ChrA
and

M= [lu(Zo +7+) = Puz (r - )llL2(8, o1 (xe~20)).w10)
<Nu(Zo + 1) = Pazo (r )l 220811y < Crr™.
When h~! < r < 4, (5.83) is true by the triangle inequality, using that p. x, and p. z,

are homogenecous, and the bound ||p. x, |25, 1yo)s |P+,2. | 2By jyey < C. Finally,
since all norms are equivalent on the finite dimensional space of k-homogeneous

polynomials, (5.83]) implies that

I[Pz, — PxJ(r)llces, o xomy) < Cpr?

for any X, Z, € SZ,/\ with r = 2| X, — Z,|. In turn,
|D* Py, (rX)—D*Px,(rX)| < Cpr™710l = Cy| X~ Z,| #7101 for all X € Byja(r ' Xo).

Taking X = X,/r, we see that (ii) holds.
With our claim justified, applying Whitney’s Extension Theorem, we find an
F € C*(R™!) such that

|F(X) = Px,(X)| < Cu| X = X,|"7 forall X, €S,

If X, e S,’; L N2, by definition, there exist n —m linearly independent unit vectors
e; € R" and points (z°,0), 7 =1,...,n —m, such that

De.ps,x, (2',0) = €; - Vup. x, (2", 0) # 0.
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Let v; be the unit vector parallel to (z%,0) and oriented so that v, - ° > 0. Then,
we deduce that

96,0 VF(X,) = (9,(,':71)3&]9*,)(0 (0)#£0 forall i=1,...n—m.

€; Y v;

On the other hand,
Srask, c ({osVF =0}
i=1

Notice that 85" VF € C~~t18(R"*+1) In turn, by the implicit function theorem,
%7 N Sk, is contained in an m-dimensional manifold of class C*~*17,

The theorem then follows by the definition of ¥7"%, which implies that ¢/ = x and
g =1 O

Remark 5.17. In contrast to the classical (non-degenerate) obstacle problem, studied
in [F'S18], in the thin obstacle problem, singular points of many different orders may
exist. Their interaction (see Remark makes it impossible to prove that »7"#
is contained in a single m-dimensional manifold. But in the non-degenerate setting,
this is ruled out, and only singular points of order 2 exist.

Theorem 5.31. In the non-degenerate case, ¥.5"% is contained in a single m-dimensional

COYY manifold.

Proof. In this setting, the singular set is closed. Consider B;_,, C By, for any n €
(0,1). Thanks to the non-degeneracy condition (see Definition [5.1]), there exists a
constant ¢, > 0, depending only on n, a, the non-degeneracy constant ¢, and 7, such
that

sup u > cor2,

Br(Xo)
for all small » > 0 and all X, € ¥5(u) N By_, (see [BERI1S, Lemma 3.1]). In
particular, using the notation from the proof of Theorem [5.30] there exists some
ho > max{c;*, n~'} such that SN By_, C Ej,. Thus, by the proof of Theorem [5.30]
XN ngg is contained in a single m-dimensional manifold of class C*!'| and since
this can be done for any n > 0, we obtain that ¥7" is locally contained in a single
m-~dimensional manifold. This concludes the proof. O

Proposition 5.32. If a € (—1,0), the set X" is contained in a countable union
of (n — 1)-dimensional CY** manifolds. Moreover, in the non-degenerate case, it is
contained in a single (n — 1)-dimensional C* manifold, for some o > 0 depending
only on n and a.

Proof. The proof follows that of Theorem [5.30| exactly, replacing 5 = 1 with 8 = a,;
when a € (—1,0) and m = n — 1, second blow-ups always have higher homogeneity:
A« > K+ a, > K (see Proposition . In the non-degenerate case, we can proceed
as in Theorem [5.31] instead. O

Finally, we can proceed with the proof of one of our main results, Theorem [5.5

Proof of Theorem [5.5 We separate each case.
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(i) Notice that we are in (since k = 2). So apply Lemma [5.18]

(i) $5"* is lower dimensional by Proposition [5.4] while 37"# is covered by a count-
able union of m-dimensional C**! manifolds by Theorem [5.30]

(ili) Again, ¥77 12 is lower dimensional by Proposition [5.4 And £771# is covered
by a countable union of (n — 1)-dimensional C*' manifolds by Theorem [5.30]

(iv) This follows by Proposition [5.32

This completes the proof. n

5.7 The Main Results

In this section, we construct the second term in the expansion of u at singular points,
up to a lower dimensional set. We start by defining a specific subset of the generic
singular points at which the nodal set and spine of the first blow-up align. These
points will be those at which we produce the next term (of order at least x + 1) in
the expansion of u at a order s singular point, the goal of this work.

Definition 5.2. Let n > 2 and 0 < m < n — 1. We define the set "™ as the set
of singular points X, € i?vg for which there exists a sequence 1, | 0 as £ — oo such
that the following holds: there exists a (x4 1)-homogeneous, a-harmonic polynomial
¢o (possibly ¢, = 0) such that

0
w(Xo +7e0) — Pax, (10 . "
e 1= IR U0) i e,
/

(ii) D“qo vanishes on L(p. x,) for all @ = (a4, ..., a,,0) and |o| < k — 2; and

(iii)
||q0||%2(831,|y|‘1) = Ho1 (07, u(Xo + -) — PeX,)-

In the first set of results of this section, we estimate the size of X7"™" for certain
pairs of k and m.

Lemma 5.33. Letn > 2 and a € [0,1). Then, dimg X071\ Lnobnxt < — 2,

Proof. We proceed as in Proposition |5.241 Notice that by Proposition m, yn-la
is already lower dimensional. So we restrict our attention to X7 1. Let

. yn—-1lg n—1,nxt
Y= yrle

and suppose that HZ (3) > 0 for some 3 > n— 2. Then, there exists a point X, € 2
and a sequence r; | 0 such that

HI(S0 B, (X.))

3
T

> Cn,g > 0.
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Up to a translation, assume that X, = 0. By assumption,
)\* = N(O+7U*) Z K+ 17
and, up to a subsequence r, = 1,
. - : 1,2 a
Ure ¢ in W (B17|y| )7

where 7,, is defined as in ((5.29)), and ¢ is a-harmonic and at least (k+1)-homogeneous.
Moreover, by Lemma M(ii),
HE(A) >0,

where A = Ay. Now if Z € A, then there are sequences X, € ¥ and r, | 0 such
that | X| <7y and X,/2r; — Z/2. By Lemma [5.17, if we denote

Dy 2(q) :={X = (2,0): D*(X) =0 for all &« = (ay,...,q,,0) with |a| < k — 2},
then Z € L. N D,_2(q), so that
AC B NL.ND, 5(q).

Now, using the monotonicity of H,yi(re,v.) (see Lemma [5.8), we have that
H,ifl(OJr,v*) exists. So let
1/2
Qo = Hnil(0+,v*)q

and notice that

U(W ) —-p (W ) ~ HU ||L2(8B ) - 1/2
Urertl == n+1* = Ure - 1 == UTZHH—/H(T&’U*)'
Té 7’[
In turn,
U1 = o 0 WH2(By, [y|?).
Additionally,

||q0||%2(8B1,\y|a) = He1(07,0,) (5.84)

since (gl z2@py py) = 1.
If \. > K+ 1, then HU*H%%aBT,ma) = o(r2tHnta) And so H,.y (0, 0,) = 0,

which, by (5.84)), implies that ¢, = 0. But this is impossible:
0 ¢ yr-taxt, (5.85)

(In this case, ¢o is trivially (x+ 1)-homogeneous and D,_2(q,) = R™ x {0}.) In turn,
A = k+ 1 and ¢, # 0. Thus, by (5.85)),

DK;_Q(Q) N L* == DH_Q(qc)) N L* _,C._ L*
Hence, by the analyticity of ¢,
dimy Dy 2(q) N L, <n—2.

But then, #2 (A) = 0, a contradiction. O
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Notice that ¥ = 29™" since $9* is empty and 3y = 3.

Lemma 5.34. Let n > 3. Suppose that 1 < m < n — 2. Then, dimy X7\ 35"™ <
m— 1.

Proof. The proof is identical to the proof of Lemma [5.33} Notice that ¥5"* is lower
dimensional by Proposition [5.24] and %5 = ¥5"*. O

Lemma 5.35. Let n > 2. Suppose that a € (—1,0). Then, dimg X1\ Xn-boxt <
n— 2.

Proof. We proceed as in Lemma [5.33] By Proposition [5.28 72 is lower dimen-
sional, so we define
3= Enfl,g \ Enfl,nxt

and suppose that HZ_ (3) > 0 for some 8 > n — 2. We can assume that at 0 and for
some 7; | 0,

HE (XN B, (X.))

3
Tj

>cnp >0 and A\ =N(0",0,)>rk+1

Furthermore, up to a subsequence ry = r;j,,
o, = q in WU (B, |y|*)
T q 1Yl ),

where 7,, is defined as in (5.29)), and ¢ is a global homogeneous solution to the very
thin obstacle problem with homogeneity A\, > k + 1. Moreover, by Lemma M(ii),

HE (A) >0,

where A = Ay, and o
AC B NL,

by Lemma [5.19|
Arguing as in Lemma [5.33] since 0 € ¥, if we set

1/2
Qo ‘= HH—/l-l(0+7U*)(:Z7

we find that ¢, and ¢ are (k + 1)-homogeneous and non-zero.

Let us decompose ¢ into its odd and even parts with respect to L, as defined in
Lemma m q = ¢°% + ¢°°". Without loss of generality and for simplicity, assume
that

L.={z, =y =0}

On one hand, by the proof of Lemma [5.19] ¢°d¢ is an a-harmonic, (k + 1)-
homogeneous function, which by Liouville’s theorem (JCSS08, Lemma 2.7]), is a
polynomial. On the other hand, since H” (A) > 0, there are n — 1 elements in
A, Yi,...,Y, 1, such that span(Vy,...,Y, 1) = L.. By Remark [5.13] ¢ is then a
polynomial. Indeed, for each Y;, there exists a sequence {X/},eny with X! € ¥ such
that | X!| <ryand Y := X!/r; — Y; as £ — oo. In addition, if we let

f(X):=N0O"uX+ ) —p.x) for X eR"x {0},
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then k+1 < f(X}) (since Xf € ). Also, limsup,_,., f(X}) <\ = k+1 (f is upper
semicontinuous). So Almgren’s frequency at 0% is continuous along the sequences
{Xsen and i € {1,...,n—1}. Therefore, the hypotheses of Remark [5.13 hold, and
we have that

X + 1Y) = ¢N(X) + T Exto(2h), (5.86)

(recall, L, = {z,, = y = 0}). Since {Y; }1<i<n_1 spans L, for any X = (2/,z,, Tp41) €
]Rn—&—l,

X = <07 s ,071'7“ $n+1) + (afl ' I/))/l +ooe 4+ (an—l ' x/)Yn—lu

for some fixed vectors a) € R™ ! for j € {1,...,n — 1}. Now applying (5.86))
iteratively, we deduce that

¢(X) = (er(al o) + o)y 7)) Bxta(2) + G20, 2asn)
= (a' - 2") Exty(xf) + q(zn, Tni1).

Here, ¢(z,, Tni1) = ¢(0,...,0,2,, 2,11) and @’ € R"71. As ¢°*" is a solution to
the very thin obstacle problem which is (k + 1)-homogeneous and (a’ - ') Ext,(xf)
is (k + 1)-homogeneous, a-harmonic, and vanishes on L,, we find that g is a (k+ 1)-
homogeneous solution to the very thin obstacle problem. By Lemma [5.58] since ¢ is
two-dimensional and (k 4 1)-homogeneous, it is a polynomial. But ¢ is also even in
both x,, and y, which implies ¢ = 0. Therefore, ¢°V*" is also a polynomial. That is,
q is a (k + 1)-homogeneous polynomial since both ¢°d¢ and ¢ are polynomials.
To conclude, observe that because ¢ is a (k4 1)-homogeneous polynomial, for any
Z € A, there are sequences X, € ¥ and 7, | 0 such that | X,| < r, and X,;/r, — Z.
By Remark [5.12) D*q(Z) = 0 for all & = (a, ..., &y, 0) such that |a| <k —2, ie.,

even

ACB NL,ND,_5(q) =BiNL,N D _5(q).

Since 0 ¢ Xn—hoxt
D, 5(q) N Ly = Dy—5(go) N L. L,

and by the analyticity of ¢,
dimy Dy 2(q) N L, <n—2.
But then, #2 (A) = 0, a contradiction. O
In some of the end point cases, we can say more.

Corollary 5.36.

(i) Ifn=2 and a € [0,1), then X} \ TL™* is countable.

(ii) If n =2 and a € (—1,0), then 3L\ T s countable.
(iii) If n >3 and m = 1, then ¥} \ 3™ is countable.

Proof. We separate each case.
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(i) Notice that if n = 2 and a € [0,1), then X1* is discrete by Lemma [5.26]
Repeating the proof of Lemma , but assuming, to the contrary, that 31\
LLoxt has accumulation points, we deduce that $1&\ 212 s discrete as well.
The result follows.

(ii) By Lemma [5.27, we see that ©L* is countable. In addition, repeating the
arguments used to prove Lemma [5.35, we deduce that 318\ S cannot have
accumulation points.

(iii) Following the proof of (i), but using Lemma we conclude.
This completes the proof. O

The next pair of statement concern the almost monotonicity of a Monneau-type
energy and the uniqueness and continuity of second blow-ups at points in 37"t

Lemma 5.37. Let X, € X™™ N K for some compact set K C By N{y =0}, ¢o be
as in Definition [5.9, and H) be as in (5.25)). Then,

d q5
d_H/erl(T’ U(Xo + ) - p*,Xo - QO) 2 _CK —1 .
r D x, | Lo (B1n{y=0})

Proof. Without loss of generality, assume that X, = 0 € X7 Set
W= Uy — (o.

Since
d 2

3w = s /BBTIU(V@U X = )yl

arguing as we did to show ([5.23)), we find that

d 2
EH“H(T’ w) 2 rn+a+2m+2/ w Law.

Now observe that
w L,w = _(p* + QO) Lyu.

From the numerical inequality 1 —&+&* > 0 for all £ > 0 and as go|gnx {0} = 0 when
Pi|rnxqoy = 0, we see that

K

4, n
Pt Qo > P — || > ——> on R"x {0}

*

(recall that x is even and p, > 0 on R" x {0}). Therefore, using that L,u is a
non-positive measure supported on By N {y = 0}, we deduce that

d 1 qs
—H, r, W > — ° Lau.
dr +1( ) —  pntat2k+2 LT pzfl
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Because D*q, vanishes for all &« = (o, ..., a,,0) with |a] < k—2 on L,, we have
that ¢~ /pt ! is locally bounded on R™ x {0}. Moreover, ¢ /pf~1 is a 2k-homogeneous
polynomial. Thus,

1 / s Cll_g /
- o Lou > —— || =2 [ Latar
2m+2 —1ret = 3 k-1 o
prtat2ed2 fo || L= (Bin{y=0}) Y Bi/2

as 1> *L,u(rX) = Lyu,(X). Now from the proof of Proposition [5.13, we know that
[ atal = ~Norlizony [ Lt = ~Clloslizan,,
By 2 By 2

Moreover, thanks to Lemma [5.8]

—||ver|l2Byy = —Cllvar|lL2(08)) = —Cr.

In turn,
d K
_Hlﬂ-l(raw) > _CT)\*_S % ’
dr Pl oo (Buny=0y)
which, after recalling that A\, > x4+ 1 > 3, proves the lemma. O

Proposition 5.38. For every X, € X™™¢ there exists a unique (k+1)-homogeneous,
a-harmonic polynomial g x, such that

X0t 7 ) — pu (r- |
u( +TT1+1]7 x(r-) | Gox. in WYA(B) asr 0, (5.87)

D%q. x, vanishes on L(p.x,) for any a = (o, ..., ay,0) with |a] <k —2, and

HQ*’XO %2(3Bl,ly|“) = HK+1<O+"U/(XO + ) —p*’XO).

Moreover, the convergence in (5.87)) is uniform on compact subsets of By N{y = 0},
and the map

E,T’nXt > X, — G+, X,
1S continuous.
Proof. Without loss of generality, we take X, = 0. Let ¢, denote the limit along the
sequence 7y given by Definition Let ¢, be another limit taken through another

sequence, 7y, such that (after relabelling if necessary) 7, < r,. Then, by Lemma m,
we have that

qf{
2

|rg—7¢ forall ¢eN.
Leo(Bin{y=0})

Hn+1(7"£av*_q0) > HnJrl(fbv*_qo)_C’ 1

Thus, using that 7, " 'v,, — ¢, strongly in L?(0By, |y|?),

k—1

0=lim [ (7" vy, —qo)lyl"

{—00 3B1

> Zlim </ (f[“_lv,:é — qo)Q\y]“ — C‘
00 8B p

- / (@ — a.)°lyl"
0B,

And so, ¢, = ¢., and the limit is unique. The remainder of the proof follows the
proof of [ES18, Proposition 4.5]. O

K

q

Kk—1
*

|70 — W\)
Lo (B1n{y=0})



204 Chapter 5. Singular points in the thin obstacle problem

Remark 5.18. Thanks to Proposition [5.38] Definition [5.2] can be amended to say for
every sequence 1y | 0, instead of just a sequence.

An important consequence of Proposition [5.38, particularly, the uniform con-
vergence in compact sets of the limit (5.87)), is the following: for each compact set
K C By N {y = 0}, we have a modulus of continuity wy such that

Heoa(ru(Xo+ ) = pex, — Gox,) Swi(r) foral X, e KNI,

This modulus of continuity allows us to prove the following regularity result, a
precursor to our main results.

Theorem 5.39. The set ™™ js contained in the countable union of m-dimensional

C? manifolds.

Proof. The proof will be completed in two steps.
Step 1: Let Ej;, be the compact sets defined in the proof of Theorem [5.30, and set

Eh,m = EZL N Eh and E;Llj;% = EZL’HXt N Eh-
Observe that by Lemma [5.33 and Lemma [5.34]

when m > 1. Hence, for any j € N, we can find a family of balls {EZ};’QI such that

Eh,m \ Efrzlj;t@ C Oj = U B@ and Zdlam(él)m_h% <
i=1 i=1

(-

In particular,
m,1+% 1

0o (OJ) < ;

Now define
— 1
U = {X c R : dist(X, Epm\ Enm) < 5} and K, = Ep, \ (O; UU;).

Notice that O; and U; are open, K; is closed, and

Kj C Erxt

h,m*

Moreover, we have that
UK =Ewn\[)0)
j=1 Jj=1

Indeed, using the continuity of the map ¥, 3 X, — p. x, (see [GR19, Proposition
4.6]) and that Ej, is closed and contained in ¥, we find that

Eh,m \ Eh,m - U Eh,d;

d>m+1
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so that ()72, U; is disjoint from E, ,,. Finally, by construction, H5 (N2, O;) = 0 for
all 5 > m — 1, which implies that dimy ﬂ;; O; < m — 1. In turn, if we can show
that Ej,,, is contained in a m-dimensional C? manifold, then ™ can be covered by
a countable collection of m-dimensional C? manifolds along with a set of Hausdorff
dimension at most m — 1.

Step 2: This step is essentially identical to the second half of the proof of Theo-
rem [5.30, For completeness, however, we provide some details regarding the justifi-
cation of hypothesis (ii) in the statement of Whitney’s Extension Theorem.

For X, € Kj, define

Px (X) = pox,(X — Xo) + g x. (X — Xo).

Now let X, Z, € K; and r = 2|X, — Z,|. Arguing as we did in the proof of
Theorem [5.30, but using Proposition [5.38, we see that there exists a modulus of
continuity wg; such that

1
7al$+].

I[Pz, — Px,J(r)lle2(s, n -1 x0) i) < 2wk, (1)

So since all norms are equivalent on the finite dimensional space of polynomials of
degree less than or equal to k + 1,

||[PZO — PXO](T‘ . )HC”‘*l(Bl/z(r*lXo)) < QWKj (r)rn-i-l’

for any X, Z, € K; with r = 2| X, — Z,|. In turn, given |a| € {0,...,x+ 1},
|D*Py,(Xo) — D*Px,(Xo)| < 2w, (| Xo — Zo|)| Xo — Zo|" 7 forall X, € Kj.
Thus, thanks to the Whitney’s Extension Theorem, Lemma [5.29] we conclude. [

Theorem 5.40. In the non-degenerate case, the set Y™™ is contained in a single
m-dimensional C? manifold.

Proof. The proof follows the proof of Theorem but with the same modifications
as the proof of Theorem [5.31] O

To finish, we present the proofs of our two main results.
Proof of Theorem[5.1. We prove each case separately.
(i) As in the proof of Theorem [5.5[(i), this case holds by Lemma [5.18|

(i) £\ £y™" is countable by Corollary So the proof follows from Theo-
rem [5.40

(iii) 5™ is contained in an m-dimensional C? manifold by Theorem [5.40, On the
other hand, dimy X3\ £5"™" < m — 1 by Lemmas 5.33} [5.34} and [5.35|

(iv) See Proposition [5.32]

This concludes the proof. O
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Proof of Theorem[5.4 We consider each case separately.
(i) See Lemmal5.1§

(ii) See the proof of Theorem [5.1(ii), but consider Theorem instead of Theo-

rem [5.400
(iii) See the proof of Theorem [5.1f(iii), but consider Theorem instead of The-
orem [5.400

(iv) 3L\ 3BLaxtis countable by Corollary [5.36] and 1™ is contained in the count-
able union of one-dimensional C? manifolds by Theorem [5.39}

(v) Xnbaxt i contained in the countable union of (n — 1)-dimensional C? mani-
folds by Theorem [5.39] On the other hand, dimy X771\ Xn-Inxt < — 2 by
Lemmas [5.33] and (.35

(vi) See Theorem [5.5(iv).

This concludes the proof. O

5.8 The Very Thin Obstacle Problem

This section is dedicated to studying, what we have called, the very thin obsta-
cle problem for L, when a < 0: a minimization problem like (5.1]), but for a €
(—1,0) and subject to a codimension two obstacle constraint. Alternatively (see
Section , this problem corresponds to the fractional thin obstacle problem.
Namely, we consider

min{ wa\2|y\a}, with a € (—1,0), (5.88)
B

weT
where ¢ is the convex subset of the Sobolev space W12?(By, |y|*) defined by
@ = {w e Wy (B, [y|*) + g - w(@’,0,0) > 0 and w(z, —y) = w(z,y)},

given some boundary data g € C'(B;) (even with respect to y) such that g|op, n{z,=y—0} >
0. The condition that w is non-negative on the very thin space R™! x {0} x {0}
needs to be understood in the trace sense, a priori. Notice that since a < 0, the
condition w > 0 on B x {0} x {0} is relevant; the very thin space has non-zero
a-harmonic capacity if and only if @ € (—1,0). Indeed, recalling the proof of Propo-
sition [5.15] the (“double”) trace operator 7 : WY2(By, |y|*) — W 22(B}) C L*(B})
is well-defined and continuous.

In this setting, the Euler-Lagrange equations characterizing the unique solution

u to ((5.88)) are

u(r', zp,y) > 0 in ByN{x, =y =0}
Lau < 0 in Bl
ulysu = 0 in By (5.89)
Liu = 0 in By \ A(u)

u(z,y) = wu(x,—y) in By
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where, as expected,
A(u) :={(2',0,0) : u(2’,0,0) = 0}

is the the contact set. The free boundary here is the topological boundary in R*~!
of A(u):
['(u) := 0A(u) Cc R™ x {0} x {0}.

We close this introduction with a lemma that proves an analogous representation
of u to that in for the solution to the thin obstacle problem. Recall that (as
defined in Subsection D, denotes the two-dimensional disc centered at the
origin of radius r > 0.

Lemma 5.41. Let u be such that Lyu =0 in By \ {z, =y = 0}. Then,
Lou(2',w,,y) = fo(a)H" 'L By,

where

fa(2") :=lim uy |y|* do(zn, y)

&0 Jap,
. x?’l / y / a

=tlim [ (0 w0, y) + 20,u(a w0 )) Iyl do(an,y).
EJ,O 8D5 € £

In particular, if u is the solution to (5.89)), then
Low(2' 20, y) = fo(zYH" L Au).
Proof. For every ¢ € C°(By),
(Lou, @) == — [ Vu-Voly|*
By

= —lim Vu - Voly|*

0 JBin{a2 +y22e2)

: a
= lim u, ©|y|
S0 Bin{e} +y2=e2}

= / fa(@)p(2',0,0)d2’,
Bj

recalling that Lo,u = 0in By \ {z,, =y = 0}. O

In the following subsections, we prove a collection of results on the very thin
obstacle problem, (5.88)) or, equivalently, ([5.89).

5.8.1 A Non-local Operator

It is now well-known that the fractional Laplacian, or s-Laplacian, of a function v
defined on R™ can be reinterpreted as a weighted normal derivative of the a-harmonic
extension of v to the upper half-space R*! (see [MOG69, [CSS08]). In particular, if
we let v denote this extension,

—Cns(—A)°v(x) = limy*0,v(z, y).
y0
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This reinterpretation has been extremely useful in studying the thin obstacle prob-
lem (see [CS07] and cf. (5.6)).

In this subsection, we show that an analogous reinterpretation exists for a non-
local operator of a function v defined on R"! as a weighted normal derivative of
an a-harmonic extension of v to R™*!, and in the next subsection, we will use it to
help us prove a collection of regularity results on the solution to . For a given
(sufficiency smooth) function u : R"*' — R, define

Fo(u)(z') :=lim uy, (2, y) y|* do(xn, y). (5.90)
&0 Jap,

Hence, if v : R*™! — R is the unique a-harmonic extension that vanishes at infinity
to R™*! of a given function v : R"~! — R that vanishes at infinity:

Lo = 0 in R"™\ {z, =y =0}
9(2',0,0) = wv(z') on R™! (5.91)
lim|X|_)oo @(X) = 0,

then we can define the non-local operator Z, on v : R"! — R by

Za(v) := Fu(0). (5.92)
Notice that v can be constructed as the unique solution to the following minimization
problem:
min{/ |Vw|2\y|“}, with a € (—1,0),
% Rn+1
where

H o= {we WH R |y|*) :w=von {z, =y=0}, lim w(X)=0}

| X|—o0
An important and interesting fact is Z, is nothing but the —g-Laplacian:

Proposition 5.42. Let Z, be defined as in (5.92). Then,

wle
Il

Ia = Cn,a(_A)_ Cn,a(_A)S_%a
for some positive constant ¢, depending only on n and a.

Before proving Proposition [5.42] notice that the Poisson kernel associated to

1) i

2 ., 2y-¢

P.(2',xp,y) = Cha (0 +y7) Qn_l_a .

(|2']* + 23 +y?) 2
That is, if v : R"™1 — R, then v % P(-,7,,y) = 0. Indeed, it is easy to see
that L,P,(7',1,,y) = 0 when 22 + y* > 0 and P,(2/,0,0) is concentrated at 2’ =
0. Furthermore, since P,(z,7cos@,rsinf) = r~""1P,(r~'a’, cosf,sin ), we deduce
that P, is a multiple of the Dirac delta of the right dimensionality as z2 + y* | 0.

The intuition behind is as follows: the Poisson kernel for the fractional

Laplacian can be thought as the Poisson kernel regular Laplacian extended to a

(5.93)
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fractional number of additional dimensions, +a dimensions. In our case, we extend
an additional dimension, not only in gy, but also in x,. So we are considering an
(1 4+ a)-dimensional extension starting from n — 1 dimensions. That is, can
be recovered from the Poisson kernel for the fractional Laplacian (see [CSOT]) by
renaming the variable y to |(x,,y)| (by Pythagoras) and replacing a with 1+ a and
n with n — 1.

Proof of Proposition[5.43 Thanks to (5.93)), we have that

(2, y) = / v(2)Py(x — 2wy, y)d2.
Rn—1

In turn,

Z,(v)(2") = lim Dy (/ v(2)Py(2' — 2 2, y) dz’) ly|* do (2, y).
b0 Jop. Rn—1

Now since P, is radially symmetric in the (x,,y) variables,

/ 9] do (2, )
y=e J OD¢

= Clime'™9, (/ v(2 )P, (2" — 2',0,y) dz')
Rr—1

el0

T.(v)(2') = lim 9, ( /R ()R = £,0,p) dz’)

el0

y=e¢

= C(-A) fu(),

where, in the last step, we have used that P,(z’,0,y) is the Poisson kernel for the
fractional Laplacian of order 1+ a in n — 1 dimensions (see [CS07, Sections 1 and
2)). O

Thanks to Proposition [5.42 we can construct some useful Holder regular barriers.

Lemma 5.43 (Holder Barriers). Let ((r) : [0,00) — [0, 1] be a smooth function with
the following properties: ((r) =1 for 0 <r <2, {(r) =0 forr > 3, and ¢’ <0. Set
hg(x') == |2'|P¢(|2']) and define

hs(2', xn,y) = / hg(2)Pu(a' — 2z, y). (5.94)
Rn—1

Then,
Lohsg = 0 in RN\ {z, =y =0}
hs(2',0,0) = |2'|° on B,
]_lg > ¢ in 0B,

for some constant ¢ depending only on n, a. Moreover, hg € CY(By) for v =

min{—a, #}.

Proof. First, observe that by the definition of P,, Lyhg = 0 in R*™\ {z,, = y = 0}
and hg(2’,0,0) = |2'|? in B}. Second, by continuity, hs > ¢ > 0 on OB, since hg > 0
on B, N{z% +y*> > 0} and hgy = 1 on 9B, N {22 + y? = 0}. Finally, notice that
if we fix z,, = 0, then hg(2’,0,y) is the (1 + a)-harmonic extension of hs to R™ (see
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the proof of Proposition [5.42); note that 14 a € (0,1). Namely, hg(z’,0,%) is such
that

LHahﬁ(aJ ,0,y) = 0 in R"\ {y =0}
hs(',0,0) = hg(z') on R! (5.95)
lln’l‘ (@ y)|—o0 hg(xl, 0, y) = 0.

Now by [INI7, Proposition 2.3], we have that hg is (locally) smooth in z’ and
s (locally) (—a)-Holder in the y up to {y = 0}. Therefore, since hg is radially
symmetric in the (z,,y) variables, hg € C7(By), as desired. O

We conclude this subsection with a higher regularity result.

Lemma 5.44. If u € L*>(By) is such that Lyu = 0 in By \ {z, = y = 0} and
u(+,0,0) € C*A(B}) for k € NU{0} and 3 € (0,1], then for v := min{—a, 3},

[D];’u]cw(BUz) < C (HUHL“’(Bl) + HU(,O, O)l‘Ck"'ﬂ(Bi)) 5

for some constant C' depending only on n, a, k, and B. Moreover, if u(-,0,0) is
continuous, then u is continuous.

Proof. The proof follows simply by combining interior estimates for the operator
L, and a barrier argument on {z,, = y = 0}, with the barrier hg constructed in

Lemma [5.43]
Suppose k = 0 and let C be a constant such that

O > [u(-,O,O)]Cﬁ(Bi) and C_?L,g > HuHLoo(Bl) on 831/2.

Then, C’l_lﬂ serves both as a barrier from above and from below at any point 2’ €
B /o This barrier combined with interior estimates for a-harmonic functions (see,
e.g, [JN17, Proposition 2.3]) directly yields the desired estimate (as in [MS06], for
instance).

If £ > 1, we apply the previous result iteratively, starting with § = 1, to the
derivatives D$u, up to a ball By-«-1, and finish by a covering lemma.

To prove the last part, let us suppose that u(-,0,0) is continuous. We want to
show that u is continuous as well. Let us extend u to the whole space with any
cutoff function and consider v(2', x,,y) = u(-,0,0) * P,(-, z,,y). Notice that since
u(+,0,0) is continuous, v is continuous as well. Then, u = v + w where w satisfies
w(+,0,0) = 0 and L,w = 0 in By \ {z, = y = 0}. Thus, by the above result, w is
smooth and therefore, u is continuous. O

Corollary 5.45. Let u € L*®(By) be a solution to (5.89). Then, u is continuous in
B;.

Proof. The continuity on the very thin space follows from a standard argument in
obstacle type problems (see [Caf98, Theorem 1]) using super-a-harmonicity of the
solution and the mean value formula on the thin space for the operator L,. The
continuity in B; then follows from Lemma [5.44] O
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5.8.2 Basic Estimates

In this subsection, we prove some regularity properties of solutions to (5.88)). Our
first result contains two classical estimates: an energy estimate and an L estimate.

Lemma 5.46. Let u be a solution to (5.88) and (5.89). Then,
[ullwr2(s, 10y < Cllullz2(sy fyi (5.96)

and
[ullzoe (B, ) < Cllullrzp, ), (5.97)

for some constant C' depending only on n and a.
Proof. This is standard (see [AC04] or Lemma [5.9). O

Next, we prove the solutions are Lipschitz and semiconvex in the directions
parallel to the very thin space.

Lemma 5.47. Let u be a solution to (5.89). Then, for all e € {x, =y =0}NS",

el < Cllulzzca, e (5.9%)
and
inf 8eeu > _CHUHLQ(BLM“)? (599)
Big

for some constant C' depending only on n and a.

Proof. The proofs of these estimates are identical to the proofs of Lemmas [5.11{ and

b.12] That said, to get (5.98), we need to use the incremental quotients ((u(z +

he) —u(zx))/h)~ and ((u(x — he) —u(x))/h)~, in the spirit of Lemma and the

continuity of u (proved in Corollary [5.45)). O
An easy corollary of Lemma is that u is C~.

Corollary 5.48. Let u be the solution to . Then,
[ulc=e(B, ) < CllullLe(sy), (5.100)
for some constant C' depending only on n and a.
Proof. This is an immediate consequence of Lemmas and [5.44] O
Using Corollary , we now prove an L estimate on F,(u).

Lemma 5.49. Let u be the solution to (5.89) and F, be as in ((5.90)). Then,
[ Fa(w)l| s ) < Cllullze(s,),

for some constant C' depending only on n and a. That is, L,u is a locally bounded,
absolutely continuous measure, with respect to H" ™, supported on {z, =y = 0}.
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Proof. Recall, if Lyu = 0 in B,(X,), then

IVaull (s, jp(x0) < CT7° 5 U (5.101)
and
a a—1
1yl ayuHLOO(B,«/Q(XO)) <Cr B?(S)go)u. (5.102)

(See, e.g., [IN17, Proposition 2.3].) Now let 2’ € B} ,. And assume that F,(u)(z') <
0, so that u(2’) = 0 (otherwise, there is nothing to prove). We claim that

lim
el0

Tn Y a
/ <—8nU(w’,xn,y) + g(’?yU(wan,y)) ] da(xmy)‘ < Cllullzoe(s,).
0D,

€
(5.103)
From (5.101)) and (5.102) and by Corollary rescaled to B.(2',x,,y), we have

that

sup |Ohu| < Ce™ lull=(m) and sup [|y|"dyu] < O™ lull oo (my).

Hence, (5.103]), as desired. n

The following theorem proves that u is C*" in the directions parallel to {x, =
y =0}.

Theorem 5.50. Let u be the solution to (5.89). Then, for alle’ € {x, =y = 0}NS",
[Oct]cr(B,),) < Cllull 2y, i),
for some constants T > 0 small and C' depending only on n and a.
Proof. Define the cut-off function £(X) := ((|2'|*){ (22 + y*) where
C:[0,00) = [0,1], ¢ <0, ¢=1in[0,1/8], and ¢ =0in [1/4,00),
and set @(X) := u(X)&(X) in By and 4(X) = 0 outside of B;. Notice that
Lyt = uLoé + y|*VE - Vu =: [y*f(X) in R*™\ {z, =y =0}.
Now let w be such that
Lo = lyl*f in R\ {z, =y =0}
(20,00 = 0 on R (5.104)
limyy| oo 0(X) = 0.

Clearly, Low = 0 in Byjg \ {#, = y = 0}, so that by Lemma [5.44] & is smooth in
Bi 16 Hence, F, () is smooth in Bi/m.
Observe that

Lo(t—w) = 0 in R\ {x, =y =0}
i—w > 0 onR"!x {0} x {0}
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Moreover, by the symmetries of £ in the (x,,y) directions, we have that
Fo(ué)(z') = 0 ifu(2’,0,0) >0
Fo(ué) (') < 0 ifu(2’,0,0)=0;
SO
Fola—w)(z") = —Fu(w)(z") if (a—
Fali—w)(2') < —Fa(w)(z') if ( ,
Alternatively, thanks to Proposition [5.42 U(z) := (4 — w)(2’,0,0) solves the fol-
lowing obstacle problem

U Z 0 in Rn_17
(-2)5U = —CF(d) n{s' U) > 0}, (5.105)
(—A)5U < —CF,(w) in R |

limwl‘ﬁoo U($/) 0.

By [CRSI7, Proposition 2.2], recalling that F,(w) is smooth in B}, ¢ and that u is
Lipschitz (5.98) and semiconvex (5.99), we deduce that U € C'7(B] /30)- And via a
simple covering argument, U € C*7 (B, / 1)

The theorem now follows from Lemma [5.44] O

The last result of this subsection is a Holder regularity result for the X-directional
derivative of u for X € B;.

Corollary 5.51. Let u be the solution to (5.89)). Then, X - Vu is continuous in By.
In particular,
1X - Vuller(s, ) < Cllullzesy),

for some constants T > 0 small and C, depending only on n and a.

Proof. Let X, € A(u). By (5.101)), (5.102)), and Corollary [5.48]

sup |z,0hu| + lyo,ul < Cr™?.
BT/Q(XO)

This, Theorem m, the OV regularity of w in 2’, and interior estimates for a-
harmonic functions in By \ A(u) (see, e.g., [JN17]) yield the desired result (again, as
in [MS06], for instance). O

5.8.3 Monotonicity Formulae

In this subsection, we prove that u has the same monotonicity properties as its
cousin, the solution to the thin obstacle problem. We start with Almgren’s frequency
function.

Lemma 5.52. Let u be the solution to (5.89)) and 0 € A(u). Then, Almgren’s fre-

quency function on u

r [p, [Vul?ly|®
r— N(r,u) = T ST
on, WYl

is non-decreasing for 0 < r < 1. Moreover, N(u,r) = X if and only if u is homoge-
neous of degree A in By, i.e., x-Vu—Au=0 in B.
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Proof. The proof of this lemma is standard, and follows the lines of the proof that
Almgren’s frequency function is monotone on solutions the thin obstacle problem.
Nonetheless, some of the steps now require justification because of the inherent
lower regularity of the very thin obstacle problem. Justifying these steps is where
Theorem [5.50]— more precisely, Corollary [5.51]— comes into play.

Set, for 0 < r < 1,

D(r) = D(r,u) ::/ Vul?|y|* and H(r) = H(r,u) ::/ u?|yl?,
B, OB,
so that N(r) := N(r,u) = rD(r)/H(r). Notice that both quantities are pointwise
defined, since u € W12(By, |y|*) N C;.¢(By), and in particular, N(r) is continuous.
Following the proof of Proposition [5.6| (where we remark that D and H were defined
differently), we immediately find that

) =" +2 [y
r 9B,
and ) 5
D'(r) = ’”#D(r) + ;/ Vu- V(X - Vau)|y| (5.106)

r

By Corollary [5.51] the quantity H'(r) is well-defined pointwise (and finite). On the
other hand, D(r) is absolutely continuous, being the integral in B, of an integrable
function, so that its derivative is well-defined pointwise and almost everywhere finite
(and non-negative). Thus, N(r,u) is locally absolutely continuous.

Integrating by parts in the second term of , we deduce that

1 1
—/ Vu-V(X-Vu)|y|“:/ u3|y|a—-/ (X - V) Lou
r r 0B, r r

Now notice that L,u is a finite measure concentrated on {z,, = y = 0} (see
Lemma , and X - Vu is continuous (see Corollary . Moreover, by the
proof of Corollary [5.51, X - Vu = 0 whenever L,u < 0. In turn, the second term
above vanishes. On the other hand, by the continuity of X - Vu, the first term is
well-defined pointwise. Hence,

n+a—1
—D(r)—i—?/ u12,|y|a.
r dB,

Integrating by parts again, observe that

= [ valtyt = [ wnlsl = [ k= [l
B 0B, B, 0By

where the term [ B, ULqu = 0 arguing as before: u is continuous (Corollary 0. 48 and

D'(r) =

vanishes whenever L,u < 0, and L,u is a finite measure concentrated on =y =

0} (Lemma5.49).

Combing the above estimates, we determine that

NG _ D) H'<r>+1_2<faBru3|y|a_faBT““”'y|a>>o
r — Y

Jos, v lyle [ w?lyle
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by the Cauchy—Schwarz inequality, which yields the monotonicity of N(r,u). Ana-
lyzing the equality case, we see that if N(r) is constant, then u is homogeneous of
degree N(r) (see, e.g., [ACSO8, Lemma 1]). O

Next we prove a Monneau-type monotonicity formula.

Lemma 5.53. Let u be the solution to (5.89) and 0 € A(u). Given A > 0, define

1 a
Hy(r,u) := e /8B u?|y|®. (5.107)

For all0 < X < N(0%,u), the map r — Hy(r,u) is non-decreasing.
Proof. Arguing as in the proof of Lemma using [, uL,u = 0, we compute that

H;, 2

F)\(T’ u) = ;(N(r, u) — A). (5.108)
(See, also, the proof of Lemma [5.8) The lemma then follows from Lemma [5.52}
N(r,u) > N0t u) > A O

Now we move to the Weiss energies.

Lemma 5.54. Let u be the solution to (5.89)) and 0 € A(u). Given A > 0, define
Wi(r,u) == Hy(r,u)(N(r,u) — \). (5.109)
For all X > 0, the map r +— Wy (r,u) is non-decreasing.

Proof. Arguing as in the proof of Lemma , using | g, uLlau = 0, an explicit
computation directly yields

d 2 2 a
EWA(T,U) = m/@fg (X - Vu—u)ly|* >0,

T

as desired. O
We close this subsection with a useful limit.

Lemma 5.55. Let u be the solution to (5.89) and 0 € A(u). Suppose that N(0F, u) =
A Given A > \*,

lim H(r, u) = +o0.
rl0

Proof. Suppose, to the contrary, we can find a sequence of radii r, | 0 such that
Hy(rg,u) < C for all £ € N. Then, for u € (\*,\), H,(r;,u) = 0 as £ — oo. Hence,
as W, (r,u) > —pH (r,u) for all r > 0,

lim inf W, (ry, u) > lil;n inf —pH,,(re,u) = 0.
—00

{—00

By the monotonicity of r +— W, (r, u), Lemma |5.54, we find that
N(Tb U) Z s

for all £ € N. But this is impossible: © > A* := N(0%, u). O
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5.8.4 Blow-up Analysis and Consequences

This subsection is dedicated to the analysis of blow-ups of u at points X, € A(u).
As such, for X, € A(u), define

ux,(X) =uXo+rX) and ax,,: o . (5.110)

 lux,rllz2 08,1

We start by showing that blow-ups exists and are global, homogeneous solutions
to ((5.89).

Lemma 5.56. Let u be the solution to (5.89) and suppose that X, € A(u). Let tx, ,
be as in (5.110). Then, for every sequence r; | 0, there exists a subsequence rj, | 0
such that

Ux,r;, = Ux,0 . WY(By,|yl") as € — oo (5.111)

for some ux, o € WH(By, |y|*). Moreover, tix, o % 0 is a global, homogeneous solu-
tion to a very thin obstacle problem with zero obstacle. If, in addition, u is homoge-
neous, then tx, o 15 translation invariant with respect to X,.

Proof. By Lemma , we see that given any sequence r; | 0, the family {ix, . }jen
is uniformly bounded in W?(By, |y|*). Hence, there is a subsequence r;, | 0 such
that

Ux,m;, = Ux,0 I WHU(By, [yl*).

As ||ﬁX07TJg||L2(3Blaly|“) =1,
lax. 0208, Jyje) = 1.

Clearly, ux, 0 # 0.

Since the family of functions {ﬂxo,w }een is locally uniformly Holder continu-
ous (by Corollary , we have that ux,,, — tx,o locally uniformly. Moreover,
Latix,r;, = Latix, o (Which is non-positive) weakly™* as measures (see, e.g., the proof
of Proposition . Therefore, for every p > 0,

0= / ixr, Lafix, r, [y]" = / iix.oLaiix.oly* as (o0, (5.112)
B B,

P

so that, since ux, gLytx, 0 <0,
Uy, 0Lalix,0 =0 in R"™.

This, together with the uniform convergence of ux,,, and the weak®™ convergence
of L,ux, 1, 1O L,tux, o directly yields that @x,  is a global solution to the very thin
obstacle problem with zero obstacle.

Furthermore, from the local uniform continuity of X - Va,, ,, given by Corol-

lary

/ INLXOﬂnjz (X : VﬂXo7Tj[)|y|“ — ﬂXO,0<X : VﬂXO’0)|y|a as { — oo.
0B, 0B,
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Consequently, for all p > 0,

N(p,tix,0) = 11111 N(p;tx,r;,);

Tjp
and, in particular,
N(p,tix,0) = N0, u(Xo + ) =t Ax,
for all p > 0. (By scaling, lim,, o N(p, tix,r,,) = lim,, jo N(prj,, u(Xo+ -)).) Hence,

by Lemma/5.52, iy, o is Ax,-homogeneous, and the first part of the proof is complete.
Now assume that u is A-homogeneous. Then,

/E Vix, ,, (X) - (Xo + 13, X) [yl = /E Ay, oy, (X)Iy]°

for any compact set £ C By. In turn, as iy, ,, — tx,o weakly in WH?(By, [y[*),
taking r;, | 0, we find that

X, - Vix, o(X)=0 (5.113)
for almost every X € Bj. Finally, by Corollary and the \x_ -homogeneity of
Uy, o established above, we see that ((5.113)) holds for all X € R™*!, O

Just as we did in the thin obstacle setting, we define the nodal set of a solution
u to (5.89)):

N(u) = {(2/,0,0) : u(z',0,0) = |Vyu(2',0,0)| = f.(z") = 0} (5.114)

where f, is defined as in Lemma [5.41
In the following result, we prove an estimate on the size of the points whose
blow-ups have spines

L(fix, ) :=={¢ e R" ' . ¢ - Vyiix, o(2/,0,0) = 0 for all 2’ € R"'}
with a certain dimensional bound.
Proposition 5.57. Let u be a solution to . Then,
dimy ({Xo € N(u) : dim L(ax, o) < d for all blow-ups tx,o}) < d, (5.115)
for any d € {0,...,n — 1}. Moreover, if d =0, the previous set is countable.

Proof. The proof follows the first half of the proof of [FoSp18, Theorem 1.3]; and
so, we have to check that the assumptions of [Whi97, Theorem 3.2] are fulfilled. In
particular, we argue in parallel to [FoSp18| Section 8.1].

Define the upper semicontinuous function f : B; — R* by

o) = NOT, u(X, + +)) if X, € N(u)
T 0 it X, ¢ N(u),
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and for any x/, € Bj, let ¢4,, be the family of upper semicontinuous functions ¢ :
R"! — R* given by

o VO (Z 4 ) X e M)
7770 it X, ¢ N(u)

where i, o is a possible blow-up limit of v at X, = (2,0,0) (as produced in
Lemma , and of course, Z = (2/,0,0). Observe, arguing as in [FoSp18| Lemma
5.2|, that for all g € ¥4,

if g(2') = g(0), then g(¢' +72') = g(¢ + ') for all 2/ € R" ™ and 7 > 0;
that is, g is conical, following the definitions used in [FoSpl8, Section 8.1] and
[FMIST).

Furthermore, let {g;}jen C %, . For each g;, we have an associated blow-up
tix, 0; which has L?(9Bjy, |y|*)-norm equal to 1. And arguing as in Lemma and
then applying a diagonal argument, we can find a subsequence {ux, ¢, }ren that
converges weakly in W2(By, |y|*) and locally uniformly in C~%(B;) to a blow-up of
u at X,. Call @g?:,)o this blow-up and define

() = NOH AW (Z + ) if Xo € N(u)
SRR Y it X, ¢ N (u).

By construction, g., € ¢,.. Now given any convergent sequence x, — =, € R"! as
{ — oo, by Lemma [5.52| and the upper semicontinuity of the frequency,
limsup N (07, tx, 0,(Xe + +)) < ir>118 limsup N (p, tix, 0,5, (Xe + +))
P {—s00

L— o0

= inf N(p, a5 (Xoo + -))

p>0
= N0, a5 (Koo + ).

In turn,
/

lim sup 9je (xle) < goo{£oo)7
{—00
and ¥, is a class of compact conical functions (see [FoSp18| Section 8.1] and [FMSI5,
Definition 3.3]). Like before, X, = (2},0,0) and X = (2/,0,0).

In addition, we need to check the structural hypotheses of [Whi97, Theorem 3.2],
which we do as in [FoSp18, Section 8.1(i) and (ii)]. For all g € ¢,,, from the proof
of Lemma [5.56],

9(0) = f(x5).
Moreover, suppose r; | 0. By Lemma , we can find a subsequence r;, | 0 and
element g, € ¥,, so that for any convergent sequence xj, — z., € B} as { — oo,
limsup f(z) + 7j,77) < goo(2h)-

L—00

In particular,

o [NOF (7 4 ) i X e N(w)
P20 it X, ¢ N(u)
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with @iy, o being the wealk W'2(By, [y|*) limit of Gx, ., (it is also the limit in C;;¢(B)
of tix, s, ). Indeed,

limsup N (0", u(Xo + r;,Xe + +)) < inf limsup N (r;,p, w(Xo + 7;,X¢ + ))

{—00 >0y 4o

= inf lim sup N(p, ix, r;, (X¢ + -))

p>0 poo

= inf N(p, tx, 0(Xoo + -))
p>0
= N(0", dix, o(Xoo + +)).

(Again, X, = (2,0,0) and X, = (2/,0,0).) Hence, applying [Whi97, Theorem 3.2]
(or see [FoSpl18|, Section 8.1}), we prove (5.115)). O]

We close this section recalling the classification of two-dimensional homogeneous
solutions to ((5.89)), which was proved in [FoSpI18| Proposition A.1(i)], and an im-
portant consequence.

Lemma 5.58. Let n = 1. Let u be a A\-homogeneous solution to (5.89)), subject to
its own boundary data. Then,

A€ {—a,1,2,3,...}.
In addition, when X\ € N, u is an a-harmonic polynomial in R2.

Proof. The possible values of A are classified in [FoSp18| Proposition A.1(i)], whence
A € N. Moreover, these integrally homogeneous solutions are polynomials; in par-
ticular, they are a-harmonic. That said, in [FoSp18|, only homogeneities greater or
equal than 1+ s are considered. Within the proof of [FoSp18|, Proposition A.1(i)],
however, if homogeneities in (0,1) are also considered, then only one extra homo-
geneity appears: —a, by taking ¥ = —1 + s (using the notation of [FoSp1§]). ]

Corollary 5.59. Let n > 2 and u be the solution to (5.89)). Then,
dimy ({Xo € Alu) : N(0T,u(Xo + ) ¢ NU{—a}}) <n-—2.

Proof. It Z, € A(u) \ {X, € N(u) : dim L(ux, o) < n — 2 for all blow-ups tx, o},
then there exists a blow-up 4y, o such that dim L(@z, o) = n — 1. In turn, since
two-dimensional homogeneous solutions to the very thin obstacle problem with zero
obstacle are polynomials or a multiple of |X|™ (by Lemma [5.58)), we deduce that
N(0",u(Zs + -)) € NU{—a}. Hence, from Proposition [5.57, we conclude. O

5.9 Final Remark: Global Problems

In this final section, we state three global obstacle problems—all equivalent —to
provide some additional perspective on the very thin obstacle problem. Let

Y € CH(R™ ) (5.116)

be our obstacle, which we assume decays rapidly at infinity.
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The very thin obstacle problem for L, in R™™ with a € (—1,0). Our first problem
is a global version of the very thin obstacle problem for L, with obstacle ¥ on
{z, = y = 0}. Namely, we can consider either the global minimizer of the energy
among those functions that sit above the obstacle ¢ on {z,, = y = 0} and go
to zero at infinity or, equivalently, the solution to Euler-Lagrange equations

wi(2,0,0) > (z) in R*!
Low;, = 0 in R"™\ {(2/,0,0) : wy(2/,0,0) = (')}
Lyw, < 0 in R+

(5.117)

Since a € (—1,0), it makes sense to say that the solution sits above the ¢ on the
set {z, =y =0}.

The thin obstacle problem for (—A)® in R™ with s € (1/2,1) Our second problem is
the fractional thin obstacle problem. That is, we consider

wy(z',0) > (a') %n]R”*1 / , |
(A = 0 R0 0 =) g

0.

im0 wo ()

The obstacle problem for (—A)*~2 in R™ with s € (1/2,1). Our third and final

problem is the obstacle problem for the fractional Laplacian (—A)*~2 in R"!. This
problem is classical already, and its Euler-Lagrange equations are

wy(z') > P(a’) in R*!
(=A)"zw; = 0 in R\ {2 : ws(a') = ¥(a')}
1 5.119
(—A)* 2wy < 0 in R"! ( )
lim|p e wy(z’) = 0.

Proposition 5.60. If wy(2',z,,y) is the solution to (5.117)), then wo(2',z,) =
wy (2, xy,,0) is the solution to (5.118), and ws(z") = we(2’,0) = wy(2’,0,0) is the
solution to ([5.119)).

Proof. The fact that wy(2’,z,) is a solution to ((5.118) comes from the extension
problem for the fractional Laplacian (see [CS07]). The fact that ws(z’) solves ((5.119)
is due to Lemma [5.41| and Proposition [5.42 O



Chapter 6

Free boundary regularity for
almost every solution to the
Signorini problem

We investigate the regularity of the free boundary for the Signorini problem in R™*!.
It is known that regular points are (n — 1)-dimensional and C'*°. However, even for
C obstacles ¢, the set of non-regular (or degenerate) points could be very large —
e.g. with infinite H"~! measure.

The only two assumptions under which a nice structure result for degenerate
points has been established are: when ¢ is analytic, and when Ay < 0. However,
even in these cases, the set of degenerate points is in general (n — 1)-dimensional —
as large as the set of regular points.

In this work, we show for the first time that, “usually”, the set of degenerate
points is small. Namely, we prove that, given any C> obstacle, for almost every
solution the non-regular part of the free boundary is at most (n — 2)-dimensional.
This is the first result in this direction for the Signorini problem.

Furthermore, we prove analogous results for the obstacle problem for the frac-
tional Laplacian (—A)?®, and for the parabolic Signorini problem. In the parabolic
Signorini problem, our main result establishes that the non-regular part of the free
boundary is (n — 1 — a,)-dimensional for almost all times ¢, for some a, > 0.

Finally, we construct some new examples of free boundaries with degenerate
points.

6.1 Introduction

The Signorini problem (also known as the thin or boundary obstacle problem) is a
classical free boundary problem that was originally studied by Antonio Signorini in
connection with linear elasticity [Sig33], [Sigh9, [IKO88|. The problem gained further
attention in the seventies due to its connection to mechanics, biology, and even
finance — see [DL76], [Mer76l [CT04], and [Rosl18] —, and since then it has been
widely studied in the mathematical community; see [Caf79, [AC04] [(CS07, [ACSOS,
GP09, [PSU12, [KPS15, [KRS19, DGPTI1T, [FoSp18, ICSV19, [IN17, [FJ20, [Shil8] and
references therein.
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The main goal of this work is to better understand the size and structure of the
non-regular part of the free boundary for such problem.

In particular, our goal is to prove for the first time that, for almost every solution
(see Remark , the set of non-regular points is small. As explained in detail below,
this is completely new even when the obstacle ¢ is analytic or when it satisfies
Ap < 0.

6.1.1 The Signorini problem

Let us denote * = (', 2,41) € R" x R and By = By N {z,11 > 0}. We say that
u € H'(BY) is a solution to the Signorini problem with a smooth obstacle ¢ defined
on B} := By N{x,11 = 0} if u solves

Au = 0 in By

{ min{—0,, ., u,u —¢} = 0 on ByN{x,41 =0}, (6-1)

in the weak sense, for some boundary data g € C°(0B; N {x,+1 > 0}). Solutions to
the Signorini problem are minimizers of the Dirichlet energy

/ VP,
Bf

under the constrain u > ¢ on {z,4+1 = 0}, and with boundary conditions u = g on
0By N {l’n+1 > 0}

Problem (6.1) is a free boundary problem, i.e., the unknowns of the problem are
the solution itself, and the contact set

Alu) = {x’ eR":u(2',0) = gp(x’)} x {0} ¢ R,

whose topological boundary in the relative topology of R™, which we denote I'(u) =
OA(u) = 0{a’ € R" 1 u(2’,0) = ¢(a')} x {0}, is known as the free boundary.
Solutions to (6.1) are known to be C%2 (see [AC04]), and this is optimal.

6.1.2 The free boundary

While the optimal regularity of the solution is already known, the structure and
regularity of the free boundary is still not completely understood. The main known
results are the following.

The free boundary can be divided into two sets,

I'(u) = Reg(u) U Deg(u),

the set of reqular points,

Reg(u) := {x = (2/,0) €D(u): 0 < er¥? < sup (u— ) <Cr¥? Vre (0,7’0)} ,

B(a')
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and the set of non-regular points or degenerate points

Deg(u) := {w = (2/,0) € T(u) : 0 < sup (u— ) <Cr?, Vre (O,ro)} , (6.2)

Br.(2')

(see JACS0§]). Alternatively, each of the subsets can be defined according to the
order of the blow-up at that point. Namely, the set of regular points are those whose
blow-up is of order %, and the set of degenerate points are those whose blow-up is
of order « for some k € [2, 00].

Let us denote I',, the set of free boundary points of order x. That is, those points
whose blow-up is homogeneous of order x (we will be more precise about it later on,
in Section ; the definition of 'y, is slightly different). Then, it is well known that
the free boundary can be divided as

F(U) = F3/2 U 1—‘even U Fodd U Fhalf U F* U Foo, (63)
where:

e '3/ = Reg(u) is the set of regular points. They are an open (n — 1)-dimensional
subset of I'(u), and it is C* (see [ACS08|, [KPS15, [DS16]).

® I'even = U,,>1 '2m(u) denotes the set of points whose blow-ups have even homo-
geneity. Equivalently, they can also be characterised as those points of the free
boundary where the contact set has zero density, and they are often called singu-
lar points. They are contained in the countable union of C'* (n — 1)-dimensional
manifolds; see [GP09].

o ['Lqq = UmZl [omi1(u) is, a priori, also an at most (n — 1)-dimensional subset
of the free boundary and it is (n — 1)-rectifiable (see [FoSpl8| [IKW13| [FoSp19,
FRS19]), although it is not actually known whether it exists.

o I = Um21 F2m+3/2(u) corresponds to those points with blow-up of order g,
%, etc. They are much less understood than regular points. The set ['yu¢ is an

(n — 1)-dimensional subset of the free boundary and it is (n — 1)-rectifiable (see
[FoSp18, IKW13| [FoSp19]).

e [', is the set of all points with homogeneities k € (2,00), with x ¢ N and
K ¢ 2N — % This set has Hausdorff dimension at most n — 2, so it is always small,
see [FoSpl8, [KW13], [FoSp19].

e ' is the set of points with infinite order (namely, those points at which u — ¢
vanishes at infinite order, see ) For general C'*° obstacles it could be a huge
set, even a fractal set of infinite perimeter with dimension exceeding n — 1. When
p is analytic, instead, ['y, is empty.

Overall, we see that, for general C'™ obstacles, the free boundary could be really
irregular.
The only two assumptions under which a better regularity is known are:
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o Ap <0on B} and v =0 on 9By N {x,41 > 0}. In this case, I'(u) =3/ Uy
and the set of degenerate points is locally contained in a C' manifold; see
[BER1S].

o ( is analytic. In this case, [', = @ and I' is (n — 1)-rectifiable, in the sense
that it is contained in a countable union of C!' manifolds, up to a set of zero
H" Lmeasure, see [FoSp18, KWT3].

The goal of this paper is to show that, actually, for most solutions, all the sets
Ceven, T'oad, nair, and 'y are small, namely, of dimension at most n — 2. This is new
even in case that ¢ is analytic and Ay < 0.

6.1.3 Owur results

We will prove here that, even if degenerate points could potentially constitute a large
part of the free boundary (of the same dimension as the regular part, or even higher),
they are not common. More precisely, for almost every obstacle (or for almost every
boundary datum), the set of degenerate points is small. This is the first result in
this direction for the Signorini problem, even for zero obstacle.

Let gy € C°(0By) for A € [0,1], and let us denote by wuy the family of solutions

to (6.1)), satisfying

Uy = gx, On 831 M {xn—i-l > 0}7 (64)
with g, satisfying
Irre = 9, on 0By N{z,41 >0} 65
Grpe = grte on OB N{z, >3}, .

for all A € [0,1), e € (0,1 —\).
Our main result reads as follows.

Theorem 6.1. Let uy be any family of solutions of (6.1)) satisfying (6.4)-(6.5)), for

some obstacle p € C'*°. Then, we have
dimy (Deg(uy)) <n—2 forae. X€[0,1],

where Deg(uy) is defined by (6.2)).
In other words, for a.e. A € [0,1], the free boundary I'(uy) is a C* (n — 1)-

dimensional manifold, up to a closed subset of Hausdorff dimension n — 2.

This result is completely new even for analytic obstacles, or for ¢ = 0. No result
of this type was known for the Signorini problem.

The results we prove (see Theorem and Proposition are actually more
precise and concern the Hausdorff dimension of I's,(u,), the set of points of order
greater or equal than x. We will show that, if 3 < x < n + 1, then I's,(uy) has
dimension n — k + 1, while for k > n + 1, then I's,(u,) is empty for almost every
A € [0, 1]. We refer to [Mat95, Chapter 4] for the definition of Hausdorff dimension.

Theorem also holds true for non-smooth obstacles. Namely, we will prove
that for ¢ € C*! we have dimy (Deg(uy)) < n — 2 for a.e. A € [0,1]. In particular,
the free boundary I'(uy) is C*® up to a subset of dimension n — 2 for a.e. A € [0, 1];
see [JN17, KPST5, [AR19].
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Remark 6.1. In the context of the theory of prevalence, [HSY92] (see also [OY05]),
Theorem says that the set of solutions satisfying that the free boundary has a
small degenerate set is prevalent within the set of solutions (say, given by C° or L*
boundary data). Alternatively, the set of solutions whose degenerate set is not lower
dimensional is shy.

In particular, we can say that for almost every boundary data (see [OY05, Defi-
nition 3.1]) the corresponding solution has a lower dimensional degenerate set. This
is because adding a constant as in (6.5]) is a I-probe (see [OY 05, Definition 3.5]) for
the set of boundary data, thanks to Theorem [6.1]

We will establish the following finer result regarding the set I'yo(uy). While it
is known that it can certainly exist for some solutions wu) (see Proposition , we
show that it will be empty for almost every A € [0, 1]:

Theorem 6.2. Let uy be any family of solutions of (6.1)) satisfying (6.4)-(6.5)), for
some obstacle p € C. Then, there exists £ C [0, 1] such that dimy & =0 and

FOO(U)\) = @,

for every A € [0,1]\ €.
Furthermore, for every h > 0, there exists some &, C [0, 1] such that dimpa E, = 0
and
FOO(U)\) N Blfh = @,

for every XA € [0,1] \ &p.

We remark that in the previous result, dimy denotes the Hausdorff dimension,
whereas dimy, denotes the Minkowski dimension (we refer to [Mat95, Chapters 4
and 5]). As such, the second part of the result is much stronger than the first one
(e.g., 0 = dimy (QN[0,1]) < dimy (QN[0,1]) = 1).

Let us briefly comment on the condition (6.5)). Notice that such condition can be
reformulated in many ways. In the simplest case, one could simply take gy = go + A.
Alternatively, one could take a family of obstacles ¢\ = @+ A (with fixed boundary
conditions); this is equivalent to fixing the obstacle ¢y and moving the boundary
data gy = g F A. Furthermore, one could also consider g, = gy + AV for any ¥ > 0,
¥ £ 0. Then, even if the second condition in is not directly fulfilled, a simple
use of strong maximum principle makes it true in some smaller ball B;_,, so that
Grte > gr +c(p)e on OBy, N {xpy1 > % — p/2}. By rescaling the function and the
domain, we can rewrite it as .

Regularity results for almost every solution have been established before in the
context of the classical obstacle problem by Monneau in [Mon03]. In such problem,
however, all free boundary points have homogeneity 2, and non-regular points are
characterised by the density of the contact set around them: non-regular points are
those at which the contact set has density zero. In the Signorini problem, instead,
the structure of non-regular points is quite different, and they are characterised by
the growth of u around them (recall and the definition of I'even, I'oad, I'nar, and
I's). This is why the approach of [Mon03|] cannot work in the present context.

More recently, the results of Monneau for the classical obstacle problem have
been widely improved by Figalli, the second author, and Serra in [FRS19]. The
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results in [FRS19| are based on very fine higher order expansions at singular points,
which then lead to a better understanding of solutions around them, combined with
new dimension reduction arguments and a cleaning lemma to get improved bounds
on higher order expansions.

Here, due to the different nature of the problem, we do not need any fine ex-
pansion at non-regular points nor any dimension reduction. Most of our arguments
require only the growth of solutions at different types of degenerate points, combined
with appropriate barriers, and Harnack-type inequalities. The starting point of our
results is to use a simple (but key) GMT lemma from [FRSI9] (see Lemma [6.19]
below).

6.1.4 Parabolic Signorini problem

The previous results use rather general techniques that suitably modified can be
applied to other situations. We show here that using a similar approach as in the
elliptic case, one can deduce results regarding the size of the non-regular part of the
free boundary for the parabolic version of the Signorini problem, for almost every
time t.

We say that a function v = u(z,t) € H"*(B; x (—1,0]) (see [DGPTT7, Chapter
2]) solves the parabolic Signorini problem with stationary obstacle ¢ = ¢(z) if u
solves

{ Ou—Au = 0 in Bf x (—1,0] (6.6)

min{—0,, ,,u,u —¢} = 0 on By N{z,1 =0} x (—1,0],

in the weak sense (cf. (6.1)). A thorough study of the parabolic Signorini problem
was made by Danielli, Garofalo, Petrosyan, and To, in [DGPT17].

The parabolic Signorini problem is a free boundary problem, where the free
boundary belongs to By x (—1,0] and is defined by

[(u) == Opx(—1,0{ (2, t) € By x (—=1,0] : u(2’,0,t) > ¢(z')},

where Op/  (~1,0 denotes the boundary in the relative topology of Bj x (—1,0]. Anal-
ogously to the elliptic Signorini problem, the free boundary can be divided into
regular points and degenerate (or non-regular) points:

['(u) = Reg(u) U Deg(u).

The set of regular points are those where parabolic blow-ups are parabolically
g—homogeneous. On the other hand, degenerate points are those where parabolic
blow-ups of the solution are parabolically xk-homogeneous, with k > 2 (alternatively,
the solution detaches at most quadratically from the obstacle in parabolic cylinders,
B, x (=r?%,0]). Further stratifications according to the homogeneity of the parabolic
blow-ups can be done in an analogous way to the elliptic problem, see [DGPT17].

The set of regular points Reg(u) is a relatively open subset of I'(u) and the free
boundary is smooth (C'*) around them (see [DGPTT17, Chapter 11]). The set of
degenerate points, however, could be even larger than the set of regular points.

In this manuscript we show that, under the appropriate conditions, for a.e. time
t € (—1,0] the set of degenerate points has dimension (n — 1 — «,) for some a, > 0
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depending only on n. That is, for a.e. time, the free boundary is mostly comprised
of regular points, and therefore, it is smooth almost everywhere.

In order to be able to get results of this type we must impose some conditions
on the solution. We will assume that

w >0 in Bf U[(B, x (=1,0]) N {u> ¢}, (6.7)

that is, wherever the solution u is not in contact with the obstacle ¢, it is strictly
monotone. Alternatively, by the strong maximum principle, the condition can be
rewritten as .

u; >0, in Bf x (—1,0],

u > 1, in (B N{zn1 >1/2}) x (=1,0],
up to a constant multiplicative factor.

Condition is somewhat necessary. If the strict monotonicity was not re-
quired, we could be dealing with a bad solution (with large non-regular set) of the
elliptic problem for a set of times of positive measure, and therefore, we could not
expect a result like the one we prove. On the other hand, if one allowed changes in
the sign of u; (alternatively, one allowed non-stationary obstacles), then the result
is also not true (see, for instance, the example discussed in [DGPT17, Figure 12.1]).

Condition is actually quite natural. One of the main applications of the
parabolic Signorini problem is the study of semi-permeable membranes (see [DL76],
Section 2.2]):

We consider a domain (Bj) and a thin membrane (B} ), which is semi-permeable:
that is, a fluid can pass through B into B freely, but outflow of the fluid is
prevented by the membrane. If we suppose that there is a given liquid pressure
applied to the membrane Bj given by ¢, and we denote u(z,t) the inside pressure of
the liquid in B;, then the parabolic Signorini problem describes the evolution
of the inside pressure with time. In particular, since liquid can only enter By (and we
assume no liquid can leave from the other parts of the boundary), pressure inside the
domain can only become higher, and the solution will be such that u; > 0. The same
condition also appears in volume injection through a semi-permeable wall ([DL76],
subsections 2.2.3 and 2.2.4)).

Our result reads as follows.

Theorem 6.3. Let o € C™ and let u be a solution to satisfying (6.7). Then,
dimy (Deg(u) N{t =t.}) <n—1—a, forae t,€(—1,0],

for some a, > 0 depending only on n.
In particular, for a.e. t, € (—1,0] the free boundary T'(u) N {t = t.} is a C**
(n—1)-dimensional manifold, up to a closed subset of Hausdorff dimension n—1—ay.

When ¢ is analytic, then the free boundary is actually C'* around regular points.
Higher regularity of the free boundary is also expected for smooth obstacles, but so
far it is only known when ¢ is analytic; see [BSZ17].

It is important to remark that the parabolic case presents some extra difficulties
with respect to the elliptic one, and in fact we do not know if a result analogous to
Theorem holds in this context. This means that points of order oo could a priori
still appear for all times (even though by Theorem they are lower-dimensional
for almost every time).
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6.1.5 The fractional obstacle problem

The Signorini problem in R™™! can be reformulated in terms of a fractional obsta-
cle problem with operator (—A)% in R™. Conversely, fractional obstacle problems
(with the operator (—A)*, s € (0,1)) can also be reformulated in terms of thin
obstacle problems with weights. In this work we will generally deal with the thin
obstacle problem with a weight, so that the results from subsection can also
be formulated for the fractional obstacle problem.

Given an obstacle ¢ € C*°(R") such that

{¢ >0} CC R", (6.8)

the fractional obstacle problem with obstacle ¢ in R" (n > 2) is

(—=A)v = 0 inR"\{v=¢p}
(-A)v > 0 inR"
v > ¢ inR” (6.9)
v(z) — 0 as|z]— oo.

Solutions to the fractional obstacle problem are C'* (see [CSS08]). We denote
A(v) = {v = ¢} the contact set, and I'(v) = OA(v) the free boundary. As in the
Signorini problem (which corresponds to s = %) the free boundary can be partitioned
into regular points

Reg(v) := {x’ eT(w):0<cr'™ < sup (v—¢) <Cr'*s, vre (O,ro)} :

BL(2')

and non-regular (or degenerate) points,

Deg(v) := {x’ cel(v):0< sup (v—y) <Cr? Vre (0,7’0)} : (6.10)
Bi.(z')

More precisely, if we denote by I';(v) the free boundary points of order k, then the
free boundary I'(v) can be further stratified analogously to (6.3) as

I(v) =T, U ( U rzm) U ( U r2m+28) U ( U F2m+1+5) UT,UT. (6.11)

m>1 m>1 m>1

Here, I'1 15 = Reg(v) is the set of regular points (JCSS08, [Sil07]). Again, it is an
open subset of the free boundary, which is smooth. Similarly, I's,, for m > 1 are
often called singular points, and are those where the contact set has zero measure
(see [GR19]). Together with the sets I'gp 105 and T'gpi14s for m > 1, they are an
(n — 1)-dimensional rectifiable subset of the free boundary, [GR19, [FoSp19]. Finally,
I, denotes the set containing the remaining homogeneities (except infinite), and
has dimension n — 2; and I',, denotes those boundary points where the solution is
approaching the obstacle faster than any power (i.e., at infinite order). As before,
the set I'y, could have dimension even higher than n — 1.

The type of result we want to prove in this setting regarding regularity for
most solutions is concerned with global perturbations of the obstacle (rather than
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boundary perturbations, as before). That is, we will consider obstacles fulfilling

We define the set of solutions indexed by A € [0,1] to the fractional obstacle
problem as

(=A)oy = 0 in R™\ {oy = ¢}
(—A)SU)\ Z 0 in R™
vy = @—XA inR" (6.12)
ua(z) — 0 as |x| — oo.

Then, our main result reads as follows.

Theorem 6.4. Let vy be any family of solutions solving (6.12)), for some obstacle
w € C™ fulfilling . Then, we have

dimy, (Deg(vy)) <n—2, forae Xel0,1],

where Deg(vy) is defined by (6.10)).
In other words, for a.e. A € [0,1], the free boundary I'(vy) is a C* (n — 1)-

dimensional manifold, up to a closed subset of Hausdorff dimension n — 2.

As before, we actually prove more precise results (see Theorem and Propo-
sition [6.25)). We establish an estimate for the Hausdorff dimension of I's.(vy). We
show that, for 2 < k—2s < n, then dimy I's;(v)) < n—k+2s, and if K > n+2s, then
I's.(vy) is empty for almost every A € [0, 1]. Similarly, we can also reduce the regu-
larity of the obstacle to ¢ € C** so that, for a.e. A € [0, 1], dimyg (Deg(vy)) < n —2
(in particular, the free boundary I'(vy) is C*“ up to a subset of dimension n — 2 for
a.e. A € [0,1]; see [JN17, [AR19]).

Theorem [6.4]is analogous to Theorem [6.1} On the other hand, we also have that:

Theorem 6.5. Let vy be any family of solutions solving (6.12)), for some obstacle
¢ € C= fulfilling (6.8). Then, there exists € C [0,1] such that dimy & = 0 and

Foo(v)\) =,

for all X € [0,1]\ £.
Furthermore, for every h > 0, there exists some &, C [0, 1] such that dimp &, = 0
and
FOO(U)\) N Blfh = @,

for every A € [0,1] \ &p.

That is, analogously to Theorem [6.2], we can also control the size of A for which
the free boundary points of infinite order exist.

6.1.6 Examples of degenerate free boundary points

Let us finally comment on the non-regular part of the free boundary, that is,

Deg(u) = Feven U Fodd U Fhalf U F* U Foo- (613)
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The main open questions regarding each of the subsets of the degenerate part of
the free boundary are:

Q1: Are there non-trivial examples (e.g., the limit of regular points) of singular
points in [eyen?

Q2: Do points in I'ygqq exist?

Q3: Can one construct arbitrary contact sets with free boundary formed entirely of
[har (alternatively, do they exist apart from the homogeneous solutions)?

Q4: Do points in I', exist?
Q5: How big can the set I'y, be?

In this paper, we answer questions Q1, Q3, and Q5. (Questions Q2 and Q4 remain
open.)

Let us start with Q1. The set Ieyen = |, ['2m, often called the set of singular
points, is an (n — 1)-dimensional subset of the free boundary. Examples of free
boundary points belonging to I'cven are easy to construct as level sets of homogeneous
harmonic polynomials, such as z7 — z2_,, in which case we have I' = Toyen = {21 =
0}. They are also expected to appear in less trivial situations but, as far as we know,
none has been constructed so far that appears as limit of regular points (i.e., on the
boundary of the interior of the contact set). Here, we show that:

Proposition 6.6. There exists a boundary data g such that the free boundary of the
solution to the Signorini problem (6.1) with ¢ = 0 has a sequence of reqular points
(of order 3/2) converging to a singular point (of order 2).

The proof of the previous result is given in Section [6.5] In contrast to what
occurs with the classical obstacle problem, the construction of singular points does
not seem to immediately arise from continuous perturbations of the boundary value
under symmetry assumptions. Instead, one has to be aware that there could appear
other points (different from regular, but not in I'eyen ). Thus, our strategy is based on
being in a special setting that avoids the appearance of higher order free boundary
points.

On the other hand, regarding question Q3, it is known that examples of such
points can be constructed through homogeneous solutions, in which case they can
even appear as limit of regular (or lower frequency) points (see [CSV19, Example 1]).
Until now, however, it was not clear whether such points could appear in non-trivial
(say, non-homogeneous) situations.

We show that, given any smooth domain 2 C R", one can find a solution to the
Signorini problem whose contact set is exactly given by €2, and whose free boundary
is entirely made of points of order % (or %, etc.). More generally, we show that given
(), the contact set for the fractional obstacle problem can be made up entirely of
points belonging to |J,,~; [om+14s (the case s = % corresponding to the Signorini
problem).

Proposition 6.7. Let ) C R" be any given C*> bounded domain, and let m € N.
Then, there exists an obstacle p € C*(R™) with ¢ — 0 at 0o, and a global solution
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to the obstacle problem

(=A)u > 0 R
(=A)u = 0 n{u>p}
u > ¢ inR"

u(r) — 0 asl|z| — oo,

such that the contact set is A(u) = {u = ¢} = Q, and all the points on the free
boundary OA(u) have frequency 2m + 1 + s.

The proof of the previous proposition is constructive: we show a way in which
such solutions can be constructed, using some results from [Grul5, [ARI9).

Finally, we also answer question Q5, that deals with the set I'so. Not much has
been discussed about it in the literature, though its lack of structure was somewhat
known by the community. For instance, the following result is not difficult to prove:

Proposition 6.8. For any e > 0 there exists a non-trivial solution v and an obstacle
© € C°(R"™) such that

(=A)Yu > 0 nR”
(=AYu = 0 in{u>ep}
u > ¢ n R,

and the boundary of the contact set, A(u) = {u = ¢}, fulfils
dimy OA(u) > n —e.

This shows that, in general, there is no hope to get nice structure results for the
full free boundary for C*> obstacles. However, thanks to Theorem [6.5 above we know
that such behaviour is extremely rare. As before, we are answering question Q5 in
the generality of the fractional obstacle problem; the Signorini problem corresponds

1

to the case s = 3

6.1.7 Organization of the paper

The paper is organised as follows:

In Section [6.2] we study the behaviour of degenerate points under perturbation.
In particular, we show how the free boundary moves around them when perturbing
monotonically the solution to the obstacle problem. We treat separately general de-
generate points, and those of order 2. In Section [6.3| we study the dimension of the
set I's by means of an appropriate application of Whitney’s extension theorem. In
Section [6.4 we prove the main results of this work, Theorems [6.1, [6.2] and [6.5]
In Section [6.5] we construct the examples of degenerate points introduced in Sub-

section [6.1.6] proving Propositions [6.6] and [6.8] Finally, in Section [6.6] we deal
with the parabolic Signorini problem and prove Theorem [6.3]
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6.2 Behaviour of non-regular points under per-
turbations

Let By CR"! Bl = {2/ € R": |2/| <1} C R" and let
0:B] =R, ¢©cC™(B}), €Ny, ac(0,1] (6.14)
be our obstacle on the thin space. Let us consider the fractional operator
Lo := div(|z,41]*Vu) = div(|z, 1| V), a:=1-—2s,

with a € (=1,1), and (0,1) > s = 5. We will interchangeably use both a and s
depending on the situation. (In general, we will use a for the weight exponent, and
s for all the other situations.)

Let us suppose that we have a family of increasing even solutions uy for 0 < A <1
to the fractional obstacle problem

Louy = 0 in B\ {zpy1 =0} N{uy = ¢})
Ly < 0 inB (6.15)
uy > ¢ on{x, =0}

for a given obstacle ¢ satisfying (6.14)). In particular, {u,}o<r<i satisfy

ux(2', pyq) ux(2', —xpa1) in By, for \>0

Uy > Uy in By, for N>\ (6.16)
Uyye > Uy +E in By N{|zp] > %}, for \,e>0 '
HU)\Hcrzs(Bl) < M, in Bl for A > O,

for some constant M independent of A, that will depend on the obstacle (see —
below). Notice that solutions are C** in B] , (or in By,), but only C** in B,
(C%! when s = 1).

We denote A(uy) := {2’ : upy(2/,0) = p(z’)} x {0} C R™ the contact set, and its
boundary in the relative topology of R, dA(uy) = 0{z" : uy(2',0) = p(z’)} x {0} is
the free boundary. Note that, from the monotonicity assumption,

A(U)\) C A(U)\/) for A > N. (617)

Lemma 6.9. Let uy, denote the family of solutions to (6.15))-(6.16|). Then, for any
h >0 small, x, € B1_p, and € > 0,

Upie(To) — un (o)

> ¢ dist® (2o, A(uy)),

for some constant ¢ > 0 depending only on n, s, and h. In particular,

OV up(xo) := lim inf e (o) — (o)

> ¢ dist® (zo, A ,
ni . > ¢ dist*(zo, A(uy))

for some constant ¢ > 0 depending only on n, s, and h.
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Proof. Fix some A > 0 and € > 0, and define

5)\75110\(33) _ U/\Jrs(x)g_ UA(.%')

We will show that the result holds for ¢, .u) for some constant ¢ independent of
e > 0, and in particular, it also holds after taking the lim inf.

Notice that ). ux(x) > 0 from the monotonicity of uy in A. Notice, also, that
Meun > 1in By N{zpsg > %}, form the third condition in . On the other
hand,

La5)\75U)\ =0 in Bl \ A(U)\>,

thanks to (6.17)). Now, let
h
r= Zdist(zo, A(uy))

and we define the barrier function 1 : B; — R as the solution to

La'QZ) = 0 in Bl \ {In—&—l = 0}

v = 0 on {x, =0}
w = 1 on aBl N {‘xn+1| 2 %}
v = 0 on OBy N{|z,1] < %}

Then, by maximum principle,
drey > in By,

Notice that, by the boundary Harnack inequality for Muckenhoupt weights A (see
[FJK83]), ¢ is comparable to |z,,1]* (since both vanish continuously at z,.; = 0,
and both are a-harmonic), and in particular, there exists some ¢’ > 0 small depending
only on n, s, and h, such that ¢ > |z,11|* in B,(z,). We have that

Lobxcuy =0, Oyeuy >0 >lr|* in By(xo).

Now, if 2, = (27, Tony1) is such that |z, 41| > 7, it is clear that 9y ux(z,) > cr?s.
On the other hand, if |zo,41| < §, then Lidy.un = 0 in B, /5((27,0)), so that
applying Harnack’s inequality in B, 4((z5,0)) to 0 ua,
1 s
OrneUr(To) > inf  Gyoux> = sup dyeun > 5 = cr®s,
B, 4((x5,0)) B, 4((25,0)) 425(C

for some ¢ depending only on n, s, and h. Thus,
Sxctin(z0) > er® = ¢ dist® (o, A(uy)),
as we wanted to see. O

Let 0 € OA(uy) be a free boundary point for uy. Let us denote Q,(z') the
Taylor expansion of p(z’) around 0 up to order 7, and we denote Q%(x) its unique
even a-harmonic extension (see [GRI9, Lemma 5.2]) to R"™ (L,Q%x) = 0, and
Q%(2',0) = Q-(2')). Let us define

U (7', Tpy1) = ur (', opp1) — Qi(x’, Tni1) + Q- (') — p(2).
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Then @y (2', x,41) solves the zero obstacle problem with a right-hand side

Louy = |zon|"f  in Bi\ ({zp = 0N {uy = 0})
L.y < |z,1|*f in By (6.18)
uy > 0 on {x,41 =0},
where
[ = 1) = Al Que() — (). (6.19)

In particular, notice that since Q. (') is the Taylor approximation of ¢ up to order
7, we have that
()] < Mla/|7o72 (6.20)

for some M > 0 depending only on ¢. We take M larger if necessary, so that it
coincides with the one of (6.16)).

We consider the generalized frequency formula, for 6 € (0, «), and for some Cjy
(that is independent of the point around which is taken)

d
D, ap(r,uy) = (r+ C’gr”e)d— log max {H(T), r”+a+2(7+a9)}, (6.21)
T
where
Hr) == / & enia]".
OB,

Then, by |[GRI19, Proposition 6.1] (see also [CSSO08|,IGP09]) we know that @, , o(r, @,)
is nondecreasing for 0 < r < r, for some .. In particular, ®,,(07,ay) is well
defined, and by [GP09, Lemma 2.3.2],

n+3< P, 0007, 0) <n+a+2(r+a—0).

We say that 0 € dA(u,) is a point of order k if @, ,0(0%,ay) =n+1— 25+ 2k.
In particular, by the previous inequalities

l+s<k<174+a-—10

Thanks to |[GR19, Lemma 6.4] (see, also, [BER1S8, Lemma 7.1]) we know that for a
point of order greater or equal than k, for kK < 74+ o — 6, then we have

sup |uy| < Cyr”, (6.22)
B,
for some constant C; depending only on M, 7, «, 6.

In general, for any point x, € OA(uy), we can define u}° analogously to before
as follows.

Definition 6.1. Let z, € OA(uy). We define,
Uy (x) = ux(a’ + al, wnp1) — Q77 (2], i) + Q7 (7)) — (2’ +25),  (6.23)

where Q¥ (z') is the Taylor expansion of order 7 of p(z! + 2’), and Q%% (') is its
unique even harmonic extension to R"*!,
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(Notice that, on the thin space, u3°(2,0) = uy(z" + x,0), but this is not true
outside the thin space.) Then, u}°(z) solves a zero obstacle problem with a right-
hand side in By_j,,| (in fact, in 2, + B;). With this, we can define the free boundary
points of uy of order x, with 1 + s <k <7+ a —0, as

= {w, € ON(uy) : Proap(0T,45°) =n+ 1 — 25 + 2k},
and similarly
I8, = {7 € OA(w)) : Prap(0T,45°) > n+1— 25+ 2k}

Equivalently, one can define Fgﬁ as those points where (|6.22)) occurs.

Notice that the previous sets are consistently defined, in the sense that if z, is
a free boundary point for uy, and 7" € N, o/ € (0,1) are such that 7/ + o' < 7+ a,
then

P10 p(07,43°) = min {(I)T,a’,9<0+, u5°),n+1—2s+2(7" +a — 9)},

(cf. [GPQ9, Lemma 2.3.1]), i.e., the definition of free boundary points of order x does
not depend on which regularity of the obstacle we consider. In particular, for C*°
obstacles we can define the points of infinite order as

I =T, (6.24)

K>2

We will need the following lemma, similar to [ACS08, Lemma 4] and analogous
to [CSS08, Lemma 7.2].

Lemma 6.10. Let w € C°(By), and let A C By N {x,,1 = 0}. There exists some
€0 > 0, depending only on n and a, such that if 0 < e < e, and

w > 1 in By {|zp| > e}
w > —€ m B

|Low| < e|lxpgq|® in Bi\ A
w > 0 on A,

then w > 0 in By ;.

Proof. Suppose that it is not true. In particular, suppose that there exists some
2= (2, 2n41) € B2 \ {Zns1 = 0} such that w(z) = 0. Let us define the cylinder

Vﬁiak

1
Q= {37 = (', 2n11) € Br: |2/ = 2| < 5, [Tng1 — 2aga] <

2’ 4
and let o
P() = P ) i= ' = 2 = il
so that L,P = 0. Let
1 £ 5



236 Chapter 6. Free boundary regularity for almost every solution

Notice that v(z) = = 575%m41 — Tia?n1 < 0. We also have that

Lov = Low —2e|z,41]* < —¢|z,1]® <0 in By \ A,
and
v>0 on A.

That is, v is super- a-harmonic and is negative at z € (), then it must be negative
somewhere on 0(). Let us check that this is not the case, to reach a contradiction.
First, notice that, assuming e, < ¥4, on 0Q N {|zn41| > €} we have

> 1 i >0
v - —>0.
= T 16(n+1) 16~

On the other hand, on {|2/ — 2'| = 1} N {|2y41| < e} we have

1 /1 noo, e’
- — e’ ) — > 0,
n+1\4 1+4a 1+4+a
if € is small enough depending only on n and a. Thus, v > 0 on 9@ and on A, and is
super- a-harmonic in @\ A, so we must have v > 0 in @), contradicting v(z) < 0. O

v > —€—+

Let us now show the following proposition.

Proposition 6.11. Let uy satisfy (6.15)-(6.16), and let ¢ satisfy (6.14]). Let h > 0

small, and let x, € B1_, N an with k <7+ a—a and Kk < 7+ «. Then,

Upnporm2s > @ in BL(xl), forall r< —,

4
for some C, depending only onn, s, M, k, 7, a, and h.
In particular, if xo € Bi_, NT?, then
- / / h
Upniori-s > @ in Bl(xl), forall r< T (6.25)

for some C, depending only onn, s, M, k, 7, a, and h.

Proof. Let us assume that r < %, and let us establish some properties of af\jrC*TK_QS
in B,(0) (see Definition |6.1]), for C, yet to be chosen.
From Lemma [6.9] we know that, for any z € By,s,

U (2) — 4 (2) _ Unye(To + 2) — ur(To + 2)
5 5
> ¢ dist® (2, + 2, A(uy))

= c dist® (z, A(T5°)).

From the previous inequality applied at = € B,.(0) N {|z,41| > ro}, for some o > 0
to be chosen, for r < %, and with e = C,r*~2* for some C, to be chosen,

U ) n2a(T) 2 cCr™*(ro)* +ul(z) for € B.(0)N{|zna| > ro}.
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—To

On the other hand, notice that 0 is a free boundary point of @}° of order greater or
equal than . In particular, from the growth estimate (6.22), we know that

h
wy > —Cr" in B,(0), for r<

for some C depending only on n, M, s, 7, a, #, and h. By choosing, for example,

6 = min{§, 75~} in the definition of the generalized frequency function, (6.21)),

we can get rid of the dependence on . That is,
ﬂi:_c*rn—% (.Z') Z CC*THO_QS - C?"H fOI' T &€ BT(O) N {|$n+1| Z 7”0}.

—To

Moreover, since 43’ o .2, > Uy°,

U o pn2e = —CT" in B.(0), for r< %
Notice, also, that
| Latss, o pnmse] < Mana ™72 in B(0) \ A ¢ nmss)-
Let us rescale in domain. We denote
W(T) 1= U, o mmna (TT).

Then w is a solution to a thin obstacle problem with right-hand side and with zero
obstacle in the ball By, such that

w > (cCio®* —=C)r* in Bi(0)N{|xp1] > o}
w > —=Cr" in  B(0)
|Low| < Mlzpq]™ % in By \ ({xp01 =0} N {w = 0}).

In particular, if we take w := (ch2+C)T“’ then
w > 1 in B1(0) N{|zps1| > o}
W Z _CCV*O'% n Bl (0)
Lab| < cpdiglanalrT e i B\ ({me = 0} 0 = 0)).

(Notice that 7+« —a—k > 0 by assumption.) We now want to apply Lemma [6.10]
We need to choose o < £,(n,a), and C, such that

¢ M
cCo2s_C %

By choosing C, > 172 we get that such C, exists independently of r, depending
only on n, M, s, k, 7, a, and h.

From Lemma [6.10, we deduce that @ > 0 in By, so that ailc*rﬁ_zs > 0
in B,2(0). Since r < h/4, we get the desired result, noticing that @}% . .. =
(un e — ) + 2) on B,

Finally, notice that thanks to the optimal regularity of solutions, if z, € I'*, then
z, € 'Y, so that applying the previous result we are done. O
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The following corollary will be useful below.
Corollary 6.12. Let v and u® denote two solutions to

Lau@ 0 in B\ ({znp =0} N {u® =})
Lou®® 0 in B for i€ {1,2}. (6.26)
ul® o on {x,y =0},

Then, for any e, > 0 and h > 0, there exists a 0 > 0 such that if

AVAVANEI

—~

u® >0V and u® >uW 4o, in {|zaa] > 1/2},

then
inf {|x1 — o] 1y € 8A(u(1)) N Bi_p,x9 € 3A(u(2)) N Bl_h} > 4.

Proof. The proof follows by Proposition m Let us denote u )\1 the solution to the
thin obstacle problem (6.15) with boundary data equal to ") on 0By N {|z,11| <

1/2}, and u/\)+/\50 on OB N{|z,11| > 1/2}. In particular, u) = u( V<l < u®.

Moreover, thanks to the Harnack inequality we know that u&lg > ug) + cee, for

e > 01in By N{|@n41| > 1}, for some constant ¢. Thus, if we define

wy 1= (c&?o)’lug\l),

then w, fulfil (6.16). The result now follows applying Proposition to wy and
using that u™" = ce,wy < ce,wy < u® for A € [0, 1]. m

As a direct consequence of Proposition [6.11] (in particular, of (6.25])), we get that
if 0 € OA(uy), then 0 ¢ OA(uy) for A # X (since uy,c,s51-s > @ in B for § > 0 small
enough).

In particular:

Definition 6.2. We define

= =Y ama T:=[JTIN

A€[0,1] X€0,1] A€[0,1]

We also define
Azo) :={N€[0,1] : 7, € OA(wy) }, (6.27)

which is uniquely defined on T'.

The fact that A(x,) is uniquely defined for z, € T follows since I', N Tz = @ if
k # k. In particular, if z, € ', then x, € TA®) = ON(Ur(zs))-
A direct consequence of Proposition is that I' 3 2, — A(x,) is continuous:

Corollary 6.13. Let uy satisfy —, and let ¢ satisfy . The function
I's x> Azo)
for A(z,) defined by is continuous. Moreover, for each h > 0,
I'NBi_p >z, — ﬂi‘(’x)

is continuous in the C°-norm.
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Proof. Let us start with the first statement. If x1, 25 € T are such that |x; —xs| < g
for 6 > 0 small enough, and A(x;) > A(x3), then

UN(29)+Cd1—5 > in Bg([[’o)

by Proposition [6.11} In particular, A(y) < A(zq)+ C.6'~* for any y € Bs(xs), so that
A1) < AMxg) + C,6' 5. That is,

IMNz1) — AMx2)| < CLO°

and \(x) is continuous (in fact, it is (1 — s)-Holder continuous).
Let us now show that
I'nByp2x,—~ 1_[;6\‘()

Zo)

is also continuous (in the CY-norm). From the definition of ﬂf\‘(’xo), Definition ,
and since ¢ is continuous, it is enough to show that I' N By_p 3 2o = uy(.)(zo + -
is continuous. Moreover, since each u, is continuous (and in fact, they are uniformly
C?%), we will show that I 3 x, — U (z,) 18 continuous, in the sense that, for every
e > 0, there exists some & > 0 such that if z,z € I' N By_;, (for some h > 0),
|z — z| <0, then

SUP |Un(z) — ur| < €.

By

Let us argue by contradiction. Suppose that it is not true, and that there exist

sequences x;, z; € By, N T such that |x; — 2| < % and

SUP |Un(z;) — Un(z)| = €0 > 0,
B1

for some €, > 0. In particular, let us assume that A(x;) > A(z;), so that ux,) > ua(,)-
After taking a subsequence (by compactness, using also that |[ux|/cesp,) < M), we
can assume that there exists some ball B,(y) C B; such that

€ .
Un(z;) = Un(z) T 5 B,(y) C By

for all 7 € N. (The radius p depends only on n, ., and M.) By interior Harnack’s
inequality, we have that

€ .
UA(@w:) 2 UA(z) 5 1D Biya(2i) N {|znsa| = h/4},

for some constant ¢ depending on p and h. After translating and scaling, we are in
a situation to apply Corollary In particular, for some 6 > 0 (depending on &,
and h), |z; — z| > 6 > 0. This is a contradiction with |z; — z;| < T for i € N large
enough. Therefore, z, — ﬂi( ) is continuous. O

The following lemma improves Lemma in case T, € I';., We denote here

a_ = max{0, —a}.

Lemma 6.14. Let uy satisfy (6.15))-(6.16]), and let ¢ satisfy (6.14)). Let n > 2, and
h >0 small. Let x, € By_,, NT'y. Then, for each n > 0 small, and for u > X,
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(i) if s > 3,

aj\razo (0) = 3;%#(:(:0) > ¢ dist"T*- (2o, Au,)) = c dist” (0, A(a”°)),

17
(i) if s < 3,

8;@;";"(0) = ajuu(xo) > ¢ dist"* (w,, A(u,)) = c dist™(0, A(ﬂfj’)),

for some constant ¢ > 0 independent of A and p (but possibly depending on everything
else).

Proof. Fix some p > 0 and € > 0 small, and define

i) D) )ty b))
sk € €

As in the proof of Lemma , we know that 0y .uj°(z) > 0, dxcuf° > 1 on (=, +
dB1) N {|xni1| > 3}, and

Ladrcu =0 in (=zo+ Br) \ AMuy°) D (=0 + Br) \ A(uy°). (6.28)

Let us start by showing that, for every A > 0, there exists some p4 > 0 (inde-
pendent of 1) such that, after a rotation,

A(u*) N B, C {|a']* > Az}, (6.29)

In particular, we will show that, for every A > 0, there exists some py4 > 0 such
that, after a rotation,
Aui)N B, C {|7'|* > Az} (6.30)

(Notice that now we have taken p | A, and since the contact set is decreasing in A,

(6:30) implies (6.29).)
Indeed, by |[GR19, Theorem 8.2], we know that

@y (w) = pa() + oz

for some 2-homogeneous, a-harmonic polynomial, such that po > 0 on {z,1 = 0}
(recall that we are assuming that x, € I'5) and p, # 0. After a rotation, thus, we
may assume that py(z’,0) > cz?. That is,

a3 (2, 0) > exf +o|a']?) > %Ix’l2 +o(j2[*) >0 in B, N{|2|* < Az}

if p4 is small enough (depending on A, but also on the point z,, and the function
uy°). That is, (6.30), and in particular, (6.29), holds. Considering again the x4
direction, we know that for every A > 0 there exists some pa such that, after a
rotation,

Al )N B,, C {2? + xiﬂ < A7 PY = Ca. (6.31)
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Notice that ps | 0 as A — oco. Let us suppose that we are always in the rotated set-
ting so that the previous inclusion holds. Let us denote 14 the unique homogeneous
solution to

Lopa = 0 in R"\Cap
”(bA = 0 in CA/2
'le > 0 in Rn,

such that supyp, ¥a = 1.

Let 1, > 0 denote the homogeneity of 14 (i.e., Ya(tx) = t"a(x)). It corresponds
to the first eigenvalue on the sphere 8" of L, with zero boundary condition on C4/s.
Alternatively, it corresponds to the infimum of the corresponding Rayleigh quotient
among functions with the same boundary values. Notice that, as A — oo, Ca/2 —
{z1 = 2,41 = 0} locally uniformly in the Hausdorff distance, and {z; = z,+; = 0}
has zero a-harmonic capacity when s < 3 (see [Kil94, Corollary 2.12]). Thus, when
5 < % the infimum of the Rayleigh quotient converges to the first eigenvalue of L,
on the sphere without boundary conditions (namely, 0), and thus, 1, | 0 as A — oo
if a > 0. Alternatively, if s > % the first eigenvalue corresponds to the homogeneity
—a (attained by the function (22 + 22,,)~%?), so that n, | —a as A — oo if a < 0.
In all, n, | a_, with a_ = max{0, —a}.

Let us choose some A large enough such that n, < 7+ a_. Now, let

r = dist(z., Au,)) = dist(0, A(@)°)),

m

and let 14, for r < pa/2 denote the solution to

Lopa, = 0 in B,U(B,,2\Ca)
Yar = 0 n (BPA/2 N CA/2) \ B,
Ya, = ta on 0B, .

Let ¢ small enough (depending on p4, A, h, n, s, M) such that 14 < 9y u° on
0B, , /». For instance, take

e= _inf _ by.at(x) >0,
xE@BPA/QﬁCj‘/Q

which is positive since ) cu, > 0, 05 .u, > 1 on 0B1N{|z,41| = 0}, and Ly0y.u, =0
in (By \ {zns1 = 0}) U (B, (7o) \ Ca) (recall 0y .u, = 0y 42 (- — o)), and thus, by
strong maximum principle (or Harnack’s inequality, see [FKS82, Theorem 2.3.8]) we
must have ¢ > 0 depending only on pa, A, h, n, s, M.

Now notice that cpa, < 0ty on 0B, /2, Cha,r < 0y on By, p N Cayo \ B,
and both ¢4, and d, 4} are a-harmonic in B, U (B,, 2 \ Ca/2) (thanks to —
(6.31])). By comparison principle

EwA < EwA,r < 5)\,577/20 in BpA/2-

By Harnack’s inequality, there exists a constant C' depending only on n and s
such that

1 1
Yar(0) > inf aha, > = sup Ya, > = sup g > o™,
Br/2(0) B,.2(0) B,.5(0)
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where in the last inequality we are using the n.-homogeneity of ¥4, and ¢ depends
only on n and a. Thus,

OrcU,(0) > e, (0) > cor™ = c dist™ (zo, A(uy,)) = ¢ dist™ (0, A(u;°)),

for some ¢ > 0 that might depends on everything, but it is independent of p and
A, where we assumed r < p4/2. We can reach all » > 0 by taking a smaller ¢ > 0
(independent of A and p), thanks to Lemma . Recalling n, < n+ a_, and letting
e } 0, this gives the desired result. O

Using the previous lemma, combined with an ODE argument, we find the fol-
lowing.

Proposition 6.15. Let v, € I'y be any point of order 2. Then,

o I[fs < %, for every e, > 0, there exists some o, > 0 such that
)77 N By(z,) = @,
for all 6 € (0,0,).

o Ifs > , for every e, > 0, there exists some 6, > 0 such that

2-s
T3 A By(a,) = @,
for all § € (0,0,).
Proof. We use Lemma We know that, for each n > 0 small,

Oy e (0) > ¢ dist"™ = (0, A(aye)) for p> A

On the other hand, from the optimal regularity for the thin obstacle problem, we
know that
—:ro 1+s —To
i, (0) < Cdist (0, A(u??)),

which gives

5wt (0) > e(at(0)) T .
Solving the ODE between A\ and pu, this yields

n+a_ 2+42s

az%of—ﬁ >c(p—2A) = 4r(0) > c(p—A)32nll

Let us now suppose that there exists some 2, € Bs(r,) N T. Notice that @’ has
quadratic growth around zero (since z, is a singular point of order 2), that is @} <
Cp® in B), x {0} for p > 0. Thus, using that @ = w7 (- 4+ 2o — 2,) in Bj

52 > af; (0 — 20) = T (0) > c(p — )\)73—25723@\ ,
that is, ,u A< 0§ T == In particular, whenever y— A > 5" then Bs(z,)N
T =
Taking 0 and 7 small enough we get the desired result. O
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6.3 Dimension of [,

In this section we prove that I'y = | AE0,1] '} has dimension at most n — 1.

Proposition 6.16. Let m € N, and suppose 2m < 7 + «. Let us denote py, the
blow-up of ET\E%) at x5 € I'ap,. Then, the mapping Uay S xo — par, is continuous.
Moreover, for any compact set K C T'y,, there exists a modulus of continuity oy
such that

To

[05{a) () = Poa(@)] < o (|2]) |

|2m
for any z, € K.

Proof. This follows exactly as the proof of [GP09, Theorem 2.8.4] (or |[GRI19, The-
orem 8.2]) using that I'y, 5 2o+ () and I'yy, 3 2 = Y7, | are continuous (see

To

Corollary [6.13]). O

Singular points (that is, points of order 2m < 7 + «) have a non-degeneracy
property. Namely, as proved in [GRI9, Lemma 8.1], if z, € T}, then there exists
some constant C' > 0 (depending on the point z,) such that

C~1r?™ < sup |use| < Or*™.
OBy

In particular, we can further divide the set I's,,, according to the degree of degeneracy
of the singular point. That is, let us define

Do j = {26 € By_j-1 N Ty : 5™ < sup @5y | < gr¥™ for all r < (25)7'},
0B,

so that
Tom = [ Tam.j,
jEN
and each 'y, ; C I'yp, is compact (see [GP09, Lemma 2.8.2], which only uses the
upper semi-continuity of the frequency formula with respect to the point).
In the next proposition we are going to use a Monneau-type monotonicity for-

mula. In particular, we will use that, if we define for m € N, 2, € '}, ,
1

M5 ) = s [ (50 = pan Pl (6.32)

T

for any 2m-homogeneous, a-harmonic, even polynomial ps,, with py,(z’,0) > 0,
such that py,, < C' for some universal bound C', then

d
%Mm(ra ﬂg)ﬁ\oap2m) Z _C’MTOC_1 (633)

for some constant C); independent of A. (See [GR19, Proposition 7.2] and [GP09,
Theorem 2.7.2].)

Proposition 6.17. Let m € N, and suppose 2m < 7 + «. Let us denote p5:, the
blow-up of ﬂf‘z%) at v, € Dop,. Then, for each j € N there exists a modulus of
continuity o; such that

1P5 — Dol L2081 an 1)) < 05(]T0 — 20)

for all o, z5 € Iy .
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Proof. Suppose it is not true. That is, suppose that there exist sequences xy, z €
I9pn,; with k& € N, such that |z — 2| — 0 and

Do, — DasallL2(8B1 2 sa]e) = 0 > 0 (6.34)

for some § > 0. Suppose also that A(zx) < A(z).
Let pg := |z — 2| J 0 as k — oo. Let us define

Uy (. (PKT) ul (pex + ) — 2)
oF () = 2 k)2m and  oF(z) = 20 o :
Pk Pk

We have that

V(@) = vh(@) = ™ {urga (pu + 22) — wrga) (i + 21) + Q2 (i)
— Q2 (pua’ + 1, — ) — Exta(Q (r) — Q2 (o -+ — )@ )},

where, if p = p(2’) : R® — R is a polynomial, Ext,(p)(2’, ,,+1) denotes its unique
even a-harmonic extension.

Notice that () > Ux,) (since A(z;) > A(xy)). On the other hand, let us study
the convergence of the degree T polynomials P*(x') = Q% (ppa’) — Q% (ppa’ + ), — 2},).
First, observe that

PP 0)] = 1Q7*(0) — @ (x}, — 2)| = le(ah) — @ (xk — 21)| = o(pR),

since (7% and Q2+ are the Taylor expansions of ¢ of order 7 at ), and 2 respectively,
and |z}, — z;| = pg. Similarly, for any multi-index 5 = (51, ..., Bn,-1) with |5| < 7,

[DPPH0) = p! | DPip(ay) — DP Q2 (), — 24,)| = olp})-

Thus, the P* = o(p}) (say, in any norm in Bj), and so the same occurs with the
a-harmonic extension. Notice, also, that by assumption, 2m < 7. In all, we have
that

v (x) — vk (x) > o(1). (6.35)

z

On the other hand, we have
03 (x) — g, ()] < o (prl])]x*™ (6.36)

thanks to Proposition [6.16| with K = T, j, and for some modulus of continuity o
depending on j. Similarly, if we denote
2k — Tk

Sk = esS",
Pk

then
08 () — par (2 = &) < oy (orl — &) — &> (6.37)

From the definition of Iy, ; we know that

G < sup |pSk | < gr¥m. (6.38)
OB,
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In particular, up to subsequences, p3* — p, uniformly for some 2m-homogeneous
polynomial p,, a-harmonic, such that p,(z’,0) > 0, and

G < sup|p,| < jr*™. (6.39)
OB,

Notice that both bounds are crucial: the bound from above allows a conver-
gence, and the bound from below avoid getting as a limit the zero polynomial. We
similarly have that p3% — p, for some p, 2m-homogeneous polynomial, a-harmonic,
with p,(2’,0) > 0 and such that holds for p,.

Combining the convergences of po* and p3* to p, and p, with (6.36)-(6.37) we
obtain that

U’;:: — P UI; — pz( - 50), uniformly,

for some & = (£,,0) € S™. On the other hand, from (6.35), we know that p, >
pz( - fo)'

Thus, p, — p.(- — &) > 0, and is a-harmonic, therefore by Lioville’s theorem is
constant. Moreover, both terms are non-negative on the thin space, and both attain
the value 0 (since they are homogeneous), therefore, p, = p.(- — &,). Since both p,
and p, are homogeneous of the same degree, this implies that p, = p..

Let us now use the Monneau-type monotonicity formula, —, with poly-

nomials p, and p,:
/ (UI; - pm)2’xn+1’a = Mm(pky ﬂi’ka),px)
0By
> Mm(OJr,ﬂil(}k)vpr) — Cupy

- / (125, — Do) nsa|* — Corp
0B,

where we are using that p~>" iy, (pr) — psr, as p | 0. Letting k — oo (so py | 0),
since v¥ — p, we get that

/ (125, — pa)|msa]® — 0.
0B,

On the other hand, proceeding analogously,

| @A) = pe Pl = [ 055~ pPlewl” - Curs
831 8Bl

and since v¥ — p.(- — &),

/ (52, — ) nsa]* — 0.
0B1

Thus, since p, = p., we obtain that
| W= pewal =0,
9By

a contradiction with (6.34]). O
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Finally, we prove the following.

Proposition 6.18. Let m € N, and suppose 2m < 7+ «. Then, I'y,, is contained
in a countable union of (n — 1)-dimensional C* manifolds.

Proof. The proof is now standard, and it follows applying the Whitney extension

theorem, which can be applied thanks to Proposition We refer the reader to

the proof of [GP09, Theorem 1.3.8], which we summarise here for completeness.
Indeed, if z, € Iy, and = (54, ..., fnr1) is a multi-index, we denote

P = 3 e

|
|8|=2m A

so that a(x,) (the coefficients) are continuous on I'y,, ; by Proposition [6.17] Arguing
as in [GP09, Lemma 1.5.6] (by means of Proposition |6.16]) the function fz defined
for the multi-index /3, with || < 2m,

_J0 if |B] < 2m,
fo() = { ag(z) if |B] = 2m,

for x € I'y,,, fulfils the compatibility conditions to apply Whitney’s extension theo-
rem on Iy, ;. That is, there exists some F' € C?*™(R™*!) such that

A8l

@F = fﬁ on F2m,j:

for any |B] < 2m.
Now, for any z, € I'yy, j, since pay, # 0, there exists some v € R" such that

v-Vepse (2,00 40 on R™
In particular, for some multi-index (5, with |5,| = 2m — 1,

v-Vud®F(x,) =v-Vad®ps (0) #£0, (6.40)

where 9% := gf;j . On the other hand,

Tomj C () {0°F =0} c {0%F =0},

|8]=2m—1

so that, thanks to (6.40)), by the implicit function theorem I'y,, ; is locally contained
in a (n — 1)-dimensional C'' manifold. Thus, Ty, is contained in a countable union
of (n — 1)-dimensional C'' manifolds. O

6.4 Proof of main results

Finally, in this section we prove the main results. To do so, the starting point is the
following GMT lemma from [FRS19).
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Lemma 6.19 ([FRS19]). Consider the family {Ex}eo) with Ex C R™. and let us
denote R" D E == ¢ o1 En-
Suppose that for some 8 € (0,n] and v > 1, we have

® dlmHE < 67

e for any € > 0, and for any x, € E\, for some \, € [0, 1], there exists some
p = p(e,xo,\o) > 0 such that

B.(z,)NEN=@ forall r<p, and A\ > X\ +7177°.

Then,
1. If B <7y, then dimy({\ : E) # @}) < /vy < 1.
2. If B>, then for H'-a.e. X € R, we have dimy(Ey) < 8 — 7.

We will also use the following lemma, analogous to the first part of Lemma [6.19
but dealing with the upper Minkowski dimension instead (which we denote dim ).
We refer to [Mat95, Chapter 5] for more details on the upper/lower Minkowski
content and dimension.

Lemma 6.20. Consider the family {E\}xcp with Ex C R". and let us denote
Suppose that for some 5 € [1,n] and v > B, we have

e d‘l_mMESBJ

e for any e > 0, and for any x, € E\, for some \, € [0, 1], there exists some
p = p(e) > 0 such that

B.(z,)NEN=@ forall r<p, and A\ > X\ +7177°.

Then, dimp({\ : Ex # @}) < 8/v < 1.
Proof. Given A C R", let us denote
N(A,r):==min{k: AC U B, (z;) forsomez; € R"}, (6.41)

the smallest number of r-balls needed to cover A. The upper Minkowski dimension
of A can then be defined as

dim A = inf {s :limsup N(A,r)r® = 0}
10

(see [Mat95]). Notice that the definition of upper Minkowski dimension does not
change if we assume that the balls B,.(x;) from (6.41)) are centered at points in A
(by taking, for instance, balls with twice the radius).
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Since dimyE < f, we have that for any 6 > 0, N(E,r) = o(r?*?). Let us
consider N(E,r) balls of radius r centered at F, B,(x;), with x; € E. Thanks to
our second hypothesis we have that

N(E,r)
U 0 xBic U M) =775 A) +1779) x By (),
A€[0,1] i=1

where z; € E)(,). Thus,

N(E,r)
{Ae0,1]: E\# @} C U (M) = 7775, Azy) +1779),

=1

where the intervals are balls of radius r7~¢. In particular, using that N(E,r) =
o(r+9), we deduce that

— 0
v —¢€
Since this works for any d,e > 0, we deduce the desired result. n

Remark 6.2. Notice that Lemma [6.19] is somehow a generalization of the coarea
formula. Namely, if we consider the case v = 1, § = n, and € = 0, and we denote
E, the level sets of a Lipschitz function f = f()\) (Eyx = f~(\)), the the coarea
formula says that

/ e () da= [ (V] < oo

0 By

since f is Lipschitz by assumption. In particular, H" ! (f=1()\)) < oo for H'-a.c.
A € [0,1]. This is used by Monneau in [Mon03] for the classical obstacle problem.
This observation is also the reason why we do not expect to have a Minkowski

analogous to Lemma [6.19] (2), as we did in Lemma for part (1).

By applying the previous lemmas together with Proposition [6.11| we obtain the
following result.

Theorem 6.21. Let uy solve (6.15))-(6.16]). Let o € C™*, and let kK < T + a and
K< T4+ a—a.
If2+2s <k <n+2s, then,

dimy(T3,) <n—k+2s forae Xe|0,1],
On the other hand, if kK > n + 2s, then
I, =2 foral Xe[0,1]\E&,,

where &, C [0,1] is such that dimy(E;) < -2

Kk—2s "’

Furthermore, for any h > 0, if kK > n + 2s, then

I3, NBi_,=2 forall Ae[0,1]\ &y,

where &, C [0,1] is such that dimp(E,p) <

— K—2s"
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Proof. The proof of this result follows applying Lemmas and to the right
sets. Indeed, we consider the sets

Ey:=T%, E= (] B

A€(0,1]

Notice that £/ = I's,, and we can take = n in Lemma [6.19] On the other hand,
we know that for any A\, € [0, 1], z, € E,,, there exists p = p(z,, Ao) > 0 such that

B.(z)NEy=2 forall r<p, and A > X\, + C,r" 2.

thanks to Propositionm That is, for any € > 0 there exists some p = p(e, zo, Ao) >
0 such that

B.(xo)NEN=@ forall r<p, and A > A\, + pR—2s—e

and the hypotheses of Lemma [6.19 are fulfilled, with # = n and v = k — 2s. The
result now follows by Lemma [6.19]

The last part of the theorem follows by applying Lemma |6.20|instead of Lemma|6.19]
We notice in this case that the dependence of p on the point has been removed, but
now it depends on h > 0. This forces the result to hold only in smaller balls By_;,. [

In particular, we can also deal with the set of free boundary points of infinite
order.

Corollary 6.22. Let uy solve (6.15)-(6.16). Let ¢ € C™, and let I, := (), > Fgﬁ.
Then, -

MY =@ forall A€[0,1]\€,

where £ C [0,1] is such that dimy(E) = 0.
Furthermore, for any h > 0,

IXNBi_y=@ forall Ae[0,1]\ &,
where &, C [0, 1] is such that dimy(E) = 0.
Proof. Apply Theorem m to an and let kK — oo. O

And we get that the free boundary points of order greater or equal than 2 + 2s
are at most (n — 2)-dimensional, for almost every A € [0, 1].

Corollary 6.23. Let uy solve (6.15)-(6.16). Let ¢ € C*. Then,
dimH(ngws) <n-—-2,
for almost every X\ € [0,1].
Proof. This is simply Theorem [6.21| with kK = 2 + 2s. O]

On the other hand, combining the results from Sections[6.2]and [6.3| with Lemma[6.19
we get the following regarding the free boundary points of order 2.
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Theorem 6.24. Let uy solve (6.15))-(6.16]), and let n > 2. Then
dimy(Ty) <n—2 forae X€]0,1].

Proof. The proof of this result follows applying Lemma to the right sets. We
consider
Ey:=T}, E:= |J Ex=T

X€0,1]

Notice that £ has dimension H(E) = n — 1 by Proposition [6.18, so that we can
take f =n—1in Lemma[6.19, On the other hand, we know that for any A, € [0, 1],
z, € E),, and any ¢ > 0, there exists p = p(g, z,, o) > 0 such that

B.(xo)NEN=@ forall r<p, and A > Ao + 1.

thanks to Proposition (notice that 2372 > 1 for all s € (1/2,1)). That is, the
hypotheses of Lemma [6.19] are fulfilled, with § =n — 1 and v = 1. The result now
follows by Lemma [6.19 O

In fact, the previous theorem is a particular case of the more general statement
involving singular points given by the following proposition. We give it for complete-
ness, although we do not need it in our analysis.

Proposition 6.25. Let uy solve (6.15))-(6.16). Let n > 2 and let p € C™* for some
7 € Nsy and a € (0,1). Then, if s < 3,

dimy(I'5) <n—3 forae Xe][0,1].

Alternatively, if s > %,

9 _
dimy(T)) <n—1— 2?2 for a.e. X €]0,1].

Finally, if m € N s such that 2m < T,
dimy(T5,) <n—1—2m+2s forae Xe[0,1].

Proof. This proof simply follows by analysing the previous results more carefully.
The first part follows exactly as Theorem [6.24] using Proposition and looking
at each case separately.

Finally, regarding general singular points of order 2m, the proof follows exactly
as Theorem [6.21] using that I'y,, has dimension n — 1 instead of n thanks to Propo-
sition O

Finally, in order to control the size of points of homogeneity in the interval
(2,24 2s), we refer to the following result by Focardi-Spadaro, that establishes that
points in I', are lower dimensional with respect to the free boundary. The result in
[FoSp19] involves higher order points as well, but we state it in the explicit form it
will be used below.
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Proposition 6.26 ([FoSpl19]). Let u be a solution to the fractional obstacle problem
with obstacle p € CH for some a € (0, 1),

Liu = 0 inB\ {zp =00 {u=¢p})
Low < 0 in By (6.42)
u > ¢ on{r, =0}

Let 0 € (0,a) and let us denote

I, = U {a:o € OA(u) : D, 000, 0™)=n+1—2s+ 2/@}. (6.43)

KE(2,242s)

Then 3
dimy 'y, <n — 2.

Moreover, if n =2, Iy is discrete.

Combining the previous results we obtain the following.

Corollary 6.27. Let uy solve ((6.15)-(6.16]). Let ¢ € C**. Then,
dimg(Deg(uy)) < n —2,
for almost every X\ € [0, 1].

Proof. This follows by combining the previous results. Notice that
Deg(uy) =T\ Fﬁs =Ty U f*(u,\) U F§2+23-

The result now follows thanks to Proposition[6.26] Corollary[6.23] and Theorem [6.24]
]

Remark 6.3. Following the proofs carefully, one can see that the previous result
holds true for obstacles ¢ € C3! if 5 < % The condition ¢ € C** is only used
whenever s > %, since otherwise, in this case the previous methods do not imply the

smallness of f*

We can now prove the main results.
Proof of Theorem[0.1]. Notice that, by the Harnack inequality, there exists a con-
stant ¢ such that uyi. > gx + ce in 9By N {|z,41| > 3} Thus, let us consider

wy = ¢ tuy, so that wy fulfils (6.16) and we can apply Corollary to wy. Since
[o(wy) =Th(uy) for all k € [3/2,00], A € [0,1],

dimy (T'(u) \ Tzja(un)) <n —2.

We finish by recalling that I's/»(uy) = Reg(u,) is open, and a C*° (n—1)-dimensional
manifold (see [ACS08, [KPST5l [DS16]). O

Proof of Theorem[6.3 With the same transformation as in the previous proof, the
result now follows from Corollary O
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Proof of Theorem[6.4] Let us suppose that, after a rescaling if necessary, {¢ > 0} C
B} C R™.

We define wy = vy + A, which fulfils a fractional obstacle problem, with obstacle
¢, but with limiting value \. Take the standard a-harmonic (i.e., with the operator
L,) extension of wy, which we denote wy, from R™ to R"™!. Thanks to [CS07], w,
fulfils a problem of the form in B; C R,

Moreover, by the Harnack inequality, wy,. > wy + ce in By N {|x,41] > %}
for some constant c. Now, the functions ¢ 1w, fulfil , so that we can apply
Corollary to ¢ 1y, to obtain

dimgy (Deg(vy)) = dimy (F(vy) \ T'is(vy)) <n —2.

The result now follows since I'y;s(vy) = Reg(vy) is open, and a C® (n — 1)-
dimensional manifold (see [ACS08| JN17, [KRS19)]). O

Proof of Theorem[6.5. With the same transformation as in the previous proof, the
result follows from Corollary [6.22] O
6.5 Examples of degenerate free boundary points

Let us consider the thin obstacle problem in a domain Q C R™"!, with zero obstacle
defined on z,,; = 0. That is,

—Au = 0 inQ\ ({zp1=0}Nn{u=0})

—Au > 0 inQ
u > 0 on{x, =0} (6.44)
u = ¢ ondf,

for some continuous boundary values g € C°(92) such that ¢ > 0 on QN {z, 1 =
0}.

Proof of Proposition[6.6. We will show that there exists some domain 2 and some
boundary data ¢ such that the solution to has a sequence of regular points
(of order 3/2) converging to a non-regular (singular) point (of order 2). Then, the
solution from Proposition will be the solution here constructed restricted to
any ball inside € containing such singular point, with its own boundary data (and
appropriately rescaled, if necessary).

In order to build such a solution we will use [BFR18, Lemma 3.2], which says
that solutions to

~Au = 0 inQ\ {2 =0N{u=p})

—Au > 0 inQ
u > ¢ on{x, =0} (649)
u = 0 on 01,

with Ay < —cy < 0and 2 convex and even in x,, 1 have a free boundary containing
only regular points (frequency 3/2) and singular points of frequency 2. In particular,
they establish a non-degeneracy result stating that for any =, = (x.,0) € I'(u) then

sup (u— @) > cr* forall v € (0,7), (6.46)
B (x6)



253

for some r1,¢; that do not depend on the point z,. More precisely, they show it
around points x € {u > ¢} and then take the limit x — z, € I'(u).

On the other hand, from their proof one can also show that in fact, the convexity
on () can be weakened to convexity in €2 in the e, direction.

Let us fix n = 2. Up to subtracting the right obstacle, we consider the problem

—Au = 0 inQ\({zz3=0}N{u=0})

—Au > 0 in
u > ¢ on{xrg=0} (6.47)
u = 0 ondQ,

for some analytic obstacle ¢;, and some domain {2 smooth, convex and even in x3,
to be chosen.

Let ¢;(z) = t—(1—2%)*—4x3. Notice that, in the thin space, Ay = —1227—4 <
—4, so that, by the result in [BFR1S], under the appropriate domain €2, the points
on the free boundary I'(u;) are either regular (with frequency 3/2) or singular (with
frequency 2), and we have non-degeneracy (6.46). Let Q' := {2/ € R*: (1 — z})% +
423 < 2}, and take any bounded, convex in z3, and even in 3 extension of €, Q.
Then, if ¢ = 2, the solution us to is exactly equal to the solution to

Aug = 0 inQ\{z3=0}
ug = 0 on 0f)
us = o on{x3=0},

so that, in particular, the contact set is full.

Notice that, when ¢ < 0, the contact set is empty, A(u;) = &, and when ¢ = 0 the
contact set is two points, px = (£1,0,0) (which, in particular, are singular points).
Notice, also, that the contact set is always closed and is monotone in ¢, in the sense
that A(uy,) C A(uy,) if t1 < to. Let us say that a set is po-connected if the points p,
and p_ belong to the same connected component. Then, there exists some t* € (0, 2]
such that A(u,) is not pi-connected for ¢ < t*, and is po-connected for ¢ > ¢*. Notice,
also, that since A(u;) C {2’ : ¢ > 0} then t* > 1.

We claim that A(u) is pi-connected and has a set of regular points converging
to a singular point.

Let us first show that A(u) is pi-connected. Suppose it is not. That is, A(u)
is a closed set with py on different connected components. On the other hand, A(w;)
is compact and pi-connected for ¢t > t*, and nested (A(u;) C A(uy) for t < t'). Take

A= () Alw),

te(t*,2]

then Ay is pi-connected (being the intersection of compact p.-connected nested
sets), and A(ug) C Ay, since A(ug) is not pi-connected. In particular, there exists
some x, € A(uy) for all ¢ > t* such that z, ¢ A(u). But, by continuity, this is
not possible: 0 < (up — @i+ )(20) = limy e (uy — @1)(25) = 0. Therefore, A(u) is
p+-connected.

Take AP(uy) to be the connected component containing both p, and p_. Then,
OAP(u+) must contain at least one singular point. Indeed, suppose it is not true. In
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this case, all points in AP (u) are regular, and in particular, AP(u) is a compact
connected set with smooth boundary, with all points of the boundary having positive
density (in {x3 = 0}), and therefore (AP(us))° is also connected. Let us denote
A% (uy) the corresponding connected components of A(u;) containing py for ¢ < t*
(notice that, by definition of ¢*, A% (u;) # A” (ut). Then,

AiZp = (U (Ai(ut))°> U (U (A”(ut))") G (AP (u))”,

t<t* t<t*

given that the left-hand side is not connected, and the right-hand side is. Take
Yo € (AP(uy+))” \ A7, so that around y, the non-degeneracy holds for any
t < t*. Then, there exists some 1, > 0, 1, > r, (where 7 is defined in (6.46])) such
that B, (yo) C AP(us), so that ug — ¢u|py_(y.) =0 and

0 < eyr2 <lim sup (u — ;) = sup (upe — @) = 0,
AT CACH)
a contradiction. That is, not all points on JAP(u-) are regular. By [BER1§|, then
there exist some degenerate (singular) point of frequency 2, zp € IAP(uy). Now
consider I'p, the connected component in AP (uy) containing zp. Since the density
of the contact set around singular points is zero, if I'p consist exclusively of singular
points, then I'p itself is the whole connected component AP(u,;), and p+ € I'p are
singular points. Nonetheless, for small ¢ > 0, A(u;) contains a neighbourhood of p4,
which contradicts the singularity of py. Therefore, I'p is not formed exclusively of
singular points, and then there exists a sequence of regular points converging to a
singular point. O]

Now, before proving Proposition [6.7], let us show the following lemma.

Lemma 6.28. Let m € N.g, and let n € CX(By) such that n = 1 in B;. Let
uy = max{u,0} and u_ = —min{wu,0}. Then,

(—=A) [(z1)2"H1Hn] — Cns(@1)2™1 7% € C°(By ),
for some positive constant Cy, s > 0 depending only on n, m, and s.

Proof. We consider the extension problem from R” to R""!. Namely, let us denote

u; the extension of (z1)¥" 'y, that is, u; solves
Lou; = 0 in R""'n{z,, >0}
u(2',0) = (2)3"n forz’ € R
ui(x) — 0 as |r| = oo,

where a = 1 — 2s. Then, we know that
{(=8) [T ]} (2) = limy 0, (2 y)

for 2/ € R™ On the other hand, let uy be the unique a-harmonic extension of
(z1)2" 15 from R™ to R™L. That is, uy is homogeneous (of degree 2m + 1+ s), and
fulfils

{ Lous = 0 in R"™' N {z,., > 0}

ug(x’',0) = ()2 for 2’ € R™.
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The fact that such solution exists, and that limy o y*0,,,, u2(2’,y) = 0 if 21 > 0,
follows, for example, from [FoSpl8 Proposition A.1]. On the other hand, notice
that, since uy is (2m + 1 4 s)-homogeneous, we have that, lim, o y*0,, ,, us(2',y) =
Co.s|z1|*™ 172 for 71 < 0, so that, in all,

lim 4?0, ,, ua (7', y) = Co (1) 2™
yl0

Again, by [FoSpl8, Proposition A.1] us is a solution to the thin obstacle problem
with operator L,, so C, s > 0 (otherwise, it would not be a supersolution for L,).
Let now v = u; — us. Notice that v fulfils

Lov = 0 in R"™' N {z, > 0}
v(a’,0) = ($1)im+1+5(77 —1) fora’ € R"™

In particular, v(2’,0) = 0 in Bj. Let us denote D$v a derivative in the 2/ € R
direction of v, with multi-index o = (a1, g, . .., a1, 0). Then DS v is such that

L,D%v = 0 in ByN{z, >0}
D%v(x',0) = 0 fora' e Bj.

Then, by estimates for the operator L,, we know that, if we define

Dv(2',y), wo(x') == limy*9,, ., v(z',y),

we(2') = limy®0,
() Y iy

yiO n+1

then w, satisfies w, € CP(Bj2) for some B > 0 (see [CSSO8, Proposition 4.3]
or [JNI17, Proposition 2.3]). In particular, since w, = D®wy, we have that w, €
CloI+8(By 5). Since this works for all multi-index a, wy € C*(By2).

Thus, combining the previous steps,

(=A)° [(20)3"n] = Crps (1) = 1;{51 Y0, o (ur (2, y) — ua(2’,y))

= limy*d,,.,v(a’
im y i 0(2'y)

= Wy € COO<Bl/2),
as we wanted to see. O

We are now in disposition to give the proof of Proposition [6.7]

Proof of Proposition[6.7. We divide the proof into two steps. In the first step, we
show the results holds up to an intermediate claim, that will be proved in the second
step.
Step 1. Thanks to [Gruld, Theorem 4] or [AR19, Section 2], we have that (—A)*(d*n) €
C>(Q¢) for any n € O with sufficient decay at infinity. Here, d denotes any C*
function (with at most polynomial growth at infinity) such that in a neighbourhood
of Q coincides with the distance to €2, and d|g = 0.

In particular, once d is fixed, we know that for any k£ € N,

(=A)*(d") = f € C= (),
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and, if we make sure that d > 0 in ¢, with exponential decay at infinity, we get

C
< — .
|f({L‘)| =14+ |$|n+25

Define, for some g with the previous decay, |g(x)| < C(1 + |z|"***)~!, ¢, such that
<_A)8909 =9,

that is, one can take

@g(1) = Ipsg() := C/ ﬂdy.

n ‘l’ _ y‘nf2s

Notice that

dy
ol SC’/
S A N P en Ty
dy dy
C / e /
)zl (1 + [y[*28) [z — y|r—2 y—a<lzl (1 + [y[*T2%) [z — y|n—2

C / dy N C / dy
|x|n—25 ly— :1:\>‘ 11+ |y|n+23 1+|x|n+25 |y7:1:\§% |x_y|n—257

where we are using that if |y — x| < lz then |y > Lzl by triangular inequality. Notice
also that

/ dy _ / dz /le/2 251 dp = Ol
|yfx\§% |ZL' - y|n725 B|z‘/2 |Z|n728 0

In all, also using that ¢(z) is bounded around the origin, we obtain that

C
14+ |x|n—25 :

IN

IN

|iog(2)] <

Now let us define v = d*™*. We claim that, if & = 2m + 1 for some m € Ny,
then v fulfils

(-A¥v > f inR"
(-=A)v = f in{v>0} (6.48)
v > 0 mR"

where f is some appropriate C* extension of f inside §2. Then, if we define

ui=v+p_y,
u fulfils,
(=A)Yu > 0 in R
(—A)Yu = 0 in {u>p_s}
u > @_5 inR"

and notice that, since v > 0 in ¢ and v = 0 in §2, by definition, we have that the
contact set is exactly equal to 2. Moreover, by the growth of v at the boundary, the
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free boundary points are of frequency k + s. Also, by the decay at infinity of v and
¢_7, u— 0 at infinity.

Step 2. We still have to show that, for an appropriate choice of f, holds for
k = 2m + 1. Notice that, in fact, in Q¢ we know that f is C'*°. Moreover, we only
have to show the claim for a neighbourhood of 02 inside €2, given that exactly at the
boundary we expect a unique extension of f (that is, all derivatives are prescribed
at the boundary).

That is, if we let Q5 := {x € Q : dist(z,0Q) < 0}, we have to show that there
exists some § > 0 small enough such that (—A)*v > f in s, where we recall that
f is a C™ extension of f € C*(€¢) inside €.

Let z, € 09). After a translation and a rotation, we assume that z, = 0 and
v(0,00) = ey, where v(0, 092) denotes the outward normal to 02 at 0. After rescaling
if necessary, let us assume that we are working in B;, that each point in By has a
unique projection onto df2, and that d|p,nqe = dist(+,€2). Moreover, again after a
rescaling if necessary (since € is a C'™° domain), let us assume that

{1 < —(y2r -, u)INBL C QN By C {y1r < (Y2, yn)*} N By, (6.49)

so that, in particular, {—te; : t € (0,1)} C Q.

Let n € C°(Bsy) such that n = 1 in By, and let u; = max{u,0} denote the
positive part, and u_ = —min{u, 0} the negative part. Let « = 2m + 1 + s, and
define

ui(x) = (z)in,  w(x):=ov(@) —w(r) =d" (@) = (2)5n.
Notice that, by Lemma [6.28]

(=A)uy(z) — Cr s(@1)?" 7% € C(By ), (6.50)

for some positive constant C, s > 0.
We begin by claiming that

wi (1) = [(—A)*w](zy,0,...,0) € C*H1=5T((~1/2,1/2)), (6.51)

for some ¢ > 0.
Indeed, let any z; € (—1/2,1/2). Let us denote for y € (0, 1], 52?}1 the incremental
quotient in the e; direction of length 0 < h < 1/4 and order ~; that is,

F(yo + he1) — F(ys)|
5 By — | .
ei,h (y ) |h/|ry
Since d = (x1)4 on {zy = -+ = z,, = 0} N By, we have that w(z1,0,...,0) =0 on
(—1,1). Now notice that, for any £ € N, v € (0, 1],
d@ 5 52),1(% w(Zl + y)
52?hd—x1{w1(21) = {5g?ha£1[(_A) w]} (Zh 07 s 70) = /n : |y1|n+25 dy’

(6.52)
where z; = {21,0,...,0} € R", and we are using that 52?,18,@110(21) = 0. In order to
show (|6.51]), we will bound

d@
el,hd_mgwl(zl)

S C in Bl/g, (653)
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for some C, for £ = 2m and for v = 1 — s + ¢ for some € > 0.

We need to separate into different cases according to z; + y. Notice that the the
integral in is immediately bounded in R™ \ B/, because w € C* and the
integrand is thus bounded by Cly|™™~2*. We can, therefore, assume that y € By, so
that 7 +y € By.

Let us start by noticing that, from ([6.50), together with the fact that (—A)*v is
smooth in Q¢ we already know that w, € C*°([0,1/2)), so that we only care about
the case z; < 0.

Let z; < 0,s0that 2, € Q. If 2 +y € QN {x; < 0} N By, then w(z; +y) = 0.
If z1 +y € QN {zy > 0} N By, then |w(z +y)| = |21 + v1|® and |05, w](z +y) =
Clzy 4+ 11]*~¢ < Cly|*@9; where we are using that z; + 11 < |(y2, ..., ya) > < |y|?,
see ([6.49). Similarly, hmhw |5ez)h8£ w|(z1 +y) < Clzy + |7 < Cly[Hot7),

Conversely, if 21 +y € QN {x; < 0} N By, |w(z +y)| = da(zl + y) and
0L w](z1+y) < Cd(z+y) < C’|y|2 (@=0) where we are using (6.49) again. Taking
the incremental quotients, limy, o \(581 N w[(zl—i—y) < Cd* 7(zl+y) < Cly[He=t=)

Finally, if Z; +y € Q° N {z; > O} ﬂ By, both terms in the expression of w are
relevant. Using that |a” — b°| < Cla — b||a®~! + b°~1| we obtain that

w(z +y)| <Cld—w| (d* " +uf™") (21 + ).

Notice that on {zg = -+ = x, = 0} N By, d = u; and 0;d = u = 0 for
2 <4 < n, so that in fact |[d — u1|(Z +y) < C|y[*. On the other hand, we also have
that d*1(z; +y) < Cly|*', so that

lw(z+y)| < Cly|**. (6.54)

Notice, also, that w € C* (i.e., V¥ lw € C¢). By classical interpolation inequal-
ities for Holder spaces (or fractional Sobolev spaces with p = 0o) we know that, if
0<vy<l,

IV wlier s, @y < CIVET

BT(Z1 )HwHLoo B,(%1))

(see, for instance, [BL76, Theorem 6.4.5]). Thus, in our case we have that

i 52;161_2“’ (21 +y) < Cly|@ D= (6.55)
Thus, putting all together we obtain that
lim |37, 0%, w| (51 + 9) < € max {Jy 2=, |y TV ]
If we want to hold, we need (by checking )
20 —0—7v)>2s and (a+ 1)1%—{;57_7 > 2s, (6.56)

for some 1 — s < v < 1, and £ = 2m (recall we need to show v =1 — s + ¢ for some
e > 0). The first inequality holds as long as 7 < 1. The second inequality will hold
if

2sc a—1

<1 - =1~ )
i ts a+1 a—{—ls




259

Thus, we can choose vy =1—s+4+¢ with 0 <¢e < QLHS and (6.51)) holds with this .
Now, combining ((6.51))-(6.50) we obtain that

fo = [(—=A)*0](21,0,...,0) = Cps(x)? 175 € CPHI7s5tTe((—1/2,1/2)).

In particular, if we recall that f € C*°(B) is a C* extension of (=A)*v inside Q,

and noticing that f,— f(21,0,...,0) = 0 for 2; > 0, we have that f(-,0,...,0)—f, €
C?mtl=ste((—~1/2,1/2)) and

fo— f(21,0,...,0) = 0(|x1|2m+1_3+5)7
or
[(—=A)*0](21,0,...,0) = Cpys(x1)?™ 7% + f21,0,...,0) + o]z [ T1757°).

Thus, since C,.s > 0, [(=A)%0](21,0,...,0) > f(21,0,...,0) if |z;] is small enough
(depending only on n, m, s, and ), as we wanted to see.

We have that, for a fixed f extension of f inside Q, (—A)*v > f in Qs for some
small § > 0 depending only on n, m, s, and 2. Up to redefining f in Q\ Qs/2, we
can easily build an f € O such that (—A)%v > f in , as we wanted to see. [

To finish, we study the points of order infinity. To do that, we start with the
following proposition.

Proposition 6.29. Let C C By C R" be any closed set. Then, there exists a non-

trivial solution u and an obstacle ¢ € C*°(R") such that
(=A)Yu > 0 nR"

(=AYu = 0 in{u>ep}
u > ¢ nR"

and A(u)N By ={u=¢}NB; =C.

Proof. Take any obstacle ¢ € C*°(R") such that suppy CC B;(2e;), with ¢ > 0
somewhere, and take the non-trivial solution to

(=A)u > 0 inR"
(=A)u = 0 in{u>}
u > ¥ inR™

Notice that v > ¢ in B; (in particular, u € C*°(By)). Let fe be any C* function
such that 0 < fo <1 and C = {f; = 0}.

Now let n € C2°(Bs/2) such that 7 > 0 and n = 1 in B;. Consider, as new
obstacle, ¢ = 1 +n(u — ¥)(1 — f¢) € C°°(By). Notice that u — ¢ > 0. Notice, also,
that for x € By, (u— ¢)(z) = 0 if and only if = € C. Thus, u with obstacle ¢ gives
the desired result. O

And now we can provide the proof of Proposition [6.8}

Proof of Proposition[6.8 The proof is now immediate thanks to Proposition [6.29)
since we can choose as contact set any closed set with boundary of dimension greater
or equal than n — ¢ for any ¢ > 0, and points of finite order are at most (n — 1)-
dimensional. O
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6.6 The parabolic Signorini problem

We consider now the parabolic version of the thin obstacle problem. Given (x,t,) €
R™*! x R, we will use the notation

Qr(xo,to) = Br<xo) X (to _ TQ,tO] C Rn—i—l % R,
Q& te) i= By(al) x (t —*,1.] C R xR,
QF((21,0),t,) == B ((z},0)) x (t, —r* t,] C R"™ x R.

We will denote, @, = Q.(0,0), @. = Q.(0,0) and Q; = @Q;7(0,0). We consider
the problem posed in Q7 := By x (—1,0] for some fixed obstacle

© Bi — R, p e CT’Q(E), T € NZQ,OZ € (0, 1],

that is,
ou—Au = 0, in @
min{u — ¢, 0,, ,u} = 0, on Q.

The free boundary for (6.57)) is given by

(6.57)

P(u) = 0 {(2', 1) € Q) : u(e',0,1) > p(z')},

where dg; denotes the boundary in the relative topology of Q. For this problem, it
is more convenient to study the extended free boundary, defined by

F<u) = anl{(x,7t) E Qll : u(gj,7 07 t) - CIO(I/>’ @In+1u(x,7 07 t) = 0}7

so that T'(u) D T'(u). This distinction, however, will not come into play in this work.

In order to study (6.57)), one also needs to add some boundary condition on
(0B; x (—1,0]) N {zp41 > 0}. Instead of doing that, we will assume the additional
hypothesis u; > 0 on (0B; x(—1,0])N{z,+1 > 0}. That is, there is actually some time
evolution, and it makes the solution grow. Recall that such hypothesis is (somewhat)
necessary, and natural in some applications (see subsection .

Notice, also, that if u; > 0 on the spatial boundary, by strong maximum principle
applied to the caloric function u; in Q1 N {x,11 > %}, we know that u; > ¢ > 0 for
Tpa1 > % Thus, after dividing u by a constant, we may assume ¢ = 1, and thus, our
problem reads as

w—Au = 0 in Q7 x(—1,0],
min{u —¢,0,, ,u} = 0 on @, (6.58)
w > 0 on (9B; x(—1,0)) N{z,41 > 0}, '
u > 1 in QuN{ze >3}

In order to deal with the order of free boundary points, one requires the intro-
duction of heavy notation, analogous to what has been presented in the elliptic case,
but for the parabolic version. We will avoid that by focusing on the main property
we require about the order of the extended free boundary points:
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Definition 6.3. Let (7.,t,) € I'(u) NQ;_;, be an extended free boundary point. We
define

at (x,t) i= u((z + 2, tnga), t+to) — o2 + 2l) + Q7 (2') — Q7 (2, ),

where Q% is the Taylor polynomial of order 7 of ¢ at z,, and Q% is its harmonic
extension to R"*1,

We say that (2.,%,) € T'(u) N Q1_y, is an extended free boundary point of order
> K, (2o,t5) € I'sy, where 2 <k < 7, if

|—xo,to

u

<Cr* in Qf,
for all r < %, and for some constant C' depending only on the solution .

Notice that, in particular, the points of order greater or equal than  as defined
in [DGPTI17] fulfil the previous definition. Notice, also, that we have denoted by
I's, the set of points of order > k.

Thus, we can proceed to prove the following proposition, analogous to Proposi-
tion [6. 1Tk

Proposition 6.30. Let h > 0 small, and let (zo,t,) € QF ;, N[5, with t, < —h?,
where 2 < k < 3. Then,

u(to +Ct" N> in Bi(zl), foral 0<t<T,,

for some constant C, depending only on n, h, u, and T}, depending only onn, h, T,
K, U.

Proof. Let us assume, for simplicity in the notation, that x, = 0, and t, = —%, and
we denote 7 := u% /2. Notice that, by the parabolic Hopf Lemma, since @, > 0 in
Q1 and T, > 1in Qq N {x,1 > %} we have that for some constant ¢ and for any
o >0,

U >co in (B, N{wn > 0}) x [-1/2,0].

Notice, also, that since (0, —1/2) € R"™™ x R is an extended free boundary point
of order > k, we have that, for » > 0 small enough,

u(,—1/2+s) >u(-,—1/2) > =Cr* in B, (6.59)

for s > 0 by the monotonicity of the solution in time.
On the other hand, since @, > cro in {x,,; > ro}, we have that

u(-,—1/2+s) > c(ro)s+u(-,—1/2) in {x,.1 >ro} for s>0.
As in , this gives

u(-,—1/2+s8) > c(ro)s —Cr® in {x,., >ro}NBF for s>0.
Let w(y, ¢) = u(ry, —1/2 + r?¢). Then we have that

w(y,¢) > —=Cr", for ye B for (>0,
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and
w(y,¢) > c(ro)yr’C — Cr"®, for y € {yp1 >0o}NBF for ¢>0.

Notice, also, that since

then
1(0; — Ay)w| =o(r") in By.

o
Crr

Considering now w(y, () := “Zw(y, (), we have that

w(y,¢) > —o, for ye Bf and (>0,

?I)(y, C) > CTS?KUZC -0, for ye {yn+1 > U} N BT and C > 07

and
(0 = Ay)w| <o in B,

for » > 0 small enough. Let us take ¢ = C,r*~3, for some C, depending on n and o
such that cr3~"02(—o > 1. Then, by [DGPTT17, Lemma 11.5] (which is the parabolic
version of Lemma for a = 0), there exists some o, > 0 depending on n such
that if 0 < 0o, then w(-, C,r*3) > 0 in BT/Q. In particular, recalling the definition

of w, this yields the desired result. O

As in the elliptic case, the non-regular part of the free boundary is I'so (see
[DGPTIT, Proposition 10.8]). Thanks to Proposition we will obtain a bound
on the dimension of I's,, N {t = t,} for almost every time ¢, € (—1,0] if x > 2. For
the limiting case, k = 2, one has to proceed differently, analogous to what has been
done in the elliptic case.

Let us start by defining the set I'y. We say that a point (z.,t,) € T'(u) N Q7 _,
belongs to 'y, (z.,%,) € T2NQ],, if parabolic blow-ups around that point converge
uniformly to a parabolic 2-homogeneous polynomial.

Namely, consider a fixed test function ¢» € C°(R"™) such that suppy C By,
0<¢ <1,¢=1in By, and ¥(2', 2p41) = (', —2p41). Then u*'e(z,t)1)(z) can
be considered to be defined in R x (—h?,0], and we denote

0
HE(r) o= / / @t (z, )i (@) G, ) da dt,
—r2 "

r

where G(z,t) is the backward heat kernel in R"*! x R,

z|2

Glo.t) = (—4mt) " e ift <0,
’ 0 if t > 0.

We then define the rescalings

ute (rz, r’t)

To,t
o (x,t) = .
Uu (:Ey ) quo,to (7’)1/2

T
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Then, we say that (z.,t,) € I'y if for every r; | 0, there exists some subsequence
rj. 4 0 such that

ufj?’k’to — pae'  uniformly in compact sets,
for some parabolic 2-homogeneous caloric polynomial p5°* = pio'* (z,t) (i.e., po(Az, \2t) =
A2py(x,t) for A > 0), which is a global solution to the parabolic Signorini problem.
The existence of such polynomial, the uniqueness of the limit, and its properties,
are shown in [DGPTIT7, Proposition 12.2, Lemma 12.3, Theorem 12.6]. Moreover,

by the classification of free boundary points performed in [DGPT17] we know that
F(U) = Reg(u) U FZQ.

In addition, by [Shil8, Proposition 4.5] there are no free boundary points with
frequency belonging to the interval (2,2 + «a,) for some a, > 0 depending only on
n. Thus,

['(u) = Reg(u) UTe U044, (6.60)

Proposition 6.31. The set I'y defined as above is such that
dimy(Ton{t =t.}) <n -2, forae t,€(—1,0].

Proof. We separate the proof into two steps.
Step 1. By [DGPT17, Theorem 12.6], we know that

@ (@, t) = g () + o (. 1)),

To,lo

where ||(z,t)|| = (Jz|> + |t[)*/? is the parabolic norm. Here p3°* is a polynomial,
parabolic 2-homogeneous global solution to the parabolic Signorini problem. In
particular, it is at most linear in time. On the other, since u; > 0 everywhere,
the same occurs with the parabolic blow-up up, i.e., p§°’t° is non-decreasing in
time. All this implies that p§°’t° is actually constant in time, so that we have that
psote = pse'*(z) is an harmonic, second-order polynomial in z, non-negative on the

thin space {z,,+1 = 0}, and we have
@t (x,t) = pp* (@) + o([| (=, O)]1%).

On the other hand, also from [DGPTI7, Theorem 12.6], Ty 3 (20, o) — p3>'
is continuous. These last two conditions correspond to Proposition [6.16] and Propo-
sition from the elliptic case. In particular, one can apply Whitney’s extension
theorem as in Proposition to obtain that the set

Tl == {x € R"™ : (x,t) € Ty, for some t € (—1,0]},
is contained in the countable union of (n — 1)-dimensional C' manifolds. That is,
dimy(m,I'9) <n —1,

719 is (n — 1)-dimensional.
Step 2. Thanks to Step 1, and by Proposition [6.30| with k = 2, proceeding analo-
gously to Theorem by means of Lemma [6.19] we reach the desired result. [J
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Proposition 6.32. Let a > 0. Then,
dimy(T'sora N{t =1t}) <n—1—a, forae t,e(—1,0],

Proof. The result follows by Proposition [6.30| with k = 2+a, proceeding analogously
to Theorem by means of Lemma [6.19] O

We can now give the proof of the main result regarding the parabolic Signorini
problem.

Proof of Theorem[6.5 Is a direct consequence of , Proposition|6.31} and Propo-
sition with @ = a, depending only on n, given by [Shil8, Proposition 4.5]. The
regularity of the free boundary follows from [DGPTI17, Theorem 11.6]. O
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