SCHAUDER AND CORDES-NIRENBERG ESTIMATES
FOR NONLOCAL ELLIPTIC EQUATIONS
WITH SINGULAR KERNELS

XAVIER FERNANDEZ-REAL AND XAVIER ROS-OTON

ABSTRACT. We study integro-differential elliptic equations (of order 2s) with vari-
able coefficients, and prove the natural and most general Schauder-type estimates
that can hold in this setting, both in divergence and non-divergence form. Further-
more, we also establish Holder estimates for general elliptic equations with no reg-
ularity assumption on z, including for the first time operators like 7", (—8‘2”(,6) )%,
provided that the coefficients have “small oscillation”.

1. INTRODUCTION

The study of integro-differential elliptic equations has been an important area of
research in the 21st century, especially since the celebrated works of Caffarelli and
Silvestre [8, 9 10]. There are several important motivations to study these equations,
from quite diverse areas including Probability (Lévy processes) [45], Mathematical
Physics (the Boltzmann equation) [29, 31 [49], Geometry (nonlocal minimal surfaces)
[11, [7], or other models in applied sciences [17] 19} 25, 40]. We refer to the books
[43), 23] for an overview of the state of the art in this area of research.

One of the most fundamental questions in this context is to understand the reg-
ularity of solutions to linear equations (of order 2s) of the form

L(u,z)=f in B; CR™ (1.1)

When the operator L is translation invariant, the regularity theory for (1.1)) is well
understood [23]. However, there are several open problems in case of equations with
variable coefficients, of which we have two typesﬂ
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1The kernel K may be a nonnegative measure. Even though we use the notation K(z,y)dy as
if it was absolutely continuous, it does not need to be. We will prove all our results for general
measures K, but in the introduction we abuse notation for simplicity.
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e Non-divergence-form operators are those of the form

L(u,x) =P.V. . (u(z) — u(z +y))K(z,y) dy (1.2)

with

K>0 and K(z,y) = K(z,—y) forall z,yeR" (1.3)
They correspond (in the limiting case s = 1) to operators of the type tr(A(z)D?u) =
ZZL i1 a;j(z)0;;u, and they arise as infinitesimal generators of Lévy-type processes
(see below and [6]).

e Divergence-form operators, instead, are those of the form

L(u,x) =P.V. (u(z) — u(2))K (2, 2) dz (1.4)
Rn
with
K>0 and K(z,z) = K(z,z) forall z,z¢eR". (1.5)
They correspond (in the limiting case s = 1) to operators of the type div(A(z)Vu) =
Z? =1 0; (aij(a:)aju). By the Beurling-Deny representation, they arise as infinites-
imal generators of storngly continuous symmetric semigroups associated to regular
Dirichlet forms, [24]. Conversely, at least in the absolutely continuous case, oper-

ators of the form (1.4)-(1.5)-(1.12)) define a regular semi-Dirichlet form, [46].

Of course, when the kernels do not depend on z (translation invariant operators),
then these two classes of operators coincide.
When the kernels K in ([1.2]) or (1.4]) satisfy a strong form of uniform ellipticity,

1 1
K(il'f,y) = W or K(l’,Z) X (16)

- ’.CE _ Z|n+25’
then the regularity theory for is well understood; see [5], 4} 3], (16}, 20, 33 34, 37,
38, 48, 2, 14, 35, 36]. However, things become much more delicate when one tries
to understand general uniformly elliptic operators of order 2s (for which the kernels
K may be a purely singular measure).
The ellipticity conditions in this setting are

rQS/ K(z,y)dy<A  forall r>0 (L.7)
BQT\BT
and
r272 inf 1/ le -y K (x,y)dy > X >0 forall >0 (1.8)
eeS" ™ J B,

for ([1.2]), or the analogous conditions ([1.12)-(1.13]) in case of operators (|1.4]).

For operators with no z-dependence, these two conditions are equivalent to A(§) =<
|€|%¢, where A is the Fourier symbol of £; see [23]. In particular, in the case of

non-divergence-form equations, (|1.2))-(1.3])-(1.7])-(L.8]), we have the equivalent char-

acterization in terms of pseudo-differential operators
f(ﬁ(ua x))(g) = q(w,&)]—‘(u)({), for all we Cgo(Rn)v
where F denotes the Fourier transform, and ¢(z, ) satisfies

NEP® < g(a,€) < AP, forall z€R"



ESTIMATES FOR NONLOCAL EQUATIONS WITH SINGULAR KERNELS 3

Feller generators are of the form -—, in which case they are necessarily
conservative (see [0, Theorems 2.31-2.33]), with the lower condition (1.8]) used to
ensure a weak nondegeneracy property. Conversely, if g(x, &) is sufficiently smooth
(in x), the corresponding pseudo-differential operator extends to a generator of a
Feller semigroup (see, e.g., [32, Theorem 2.6.4]). We refer to [28, [0, [32].

An outstanding open question in this context is the following;:

Open question: Establish Holder estimates for solutions to L(u,x) = 0 for general
operators L of the form (1.2)-(1.3)) satisfying (1.7))-(L.8)).

Moreover, the analogous question is also open in case of divergence-form opera-
tors —; see [I8, [12]. In addition to its own intrinsic interest, having Holder
estimates has important applications in the construction of the corresponding sto-
chastic process, and in particular to the uniqueness of the martingale problem for
the operator £, [5 Remark 4.5] (see also [I]). Without such a continuity, one can
expect to construct examples of martingale problems where uniqueness fails, [2].

These are often called equations with bounded measurable coefficients. Notice
that, as said before, the general ellipticity conditions — allow for kernels K
that may be purely singular measures. A typical example is

n
Llu,z)=> (=02 )" (1.9)
i=1
where v; : R" — S" ! are such that det(v;) > ¢ > 0.

Despite many important developments in the last years [47, 30, B39, 18| 29| 12|, 4T,
42, 13], no regularity result is known for operators of the type (|1.9) —except for the
simplest case of translation invariant ones [44] 15], 23].

The goal of this paper is to prove new regularity estimates for general ellip-
tic operators £ with z-dependence, both in divergence and non-divergence form,
under the natural ellipticity conditions - for integro-differential operators
(in particular, much more general than ) The estimates we prove are either
Cordes-Nirenberg or Schauder for equations .

1.1. Main results for non-divergence form equations. Our first result is a
Cordes-Nirenberg-type estimate for general nonlocal equations in non-divergence
form, and reads as follows.

Theorem 1.1. Let s € (0,1), 8 € (0,2s), and let L be an operator of the form
(11.2)-(1.3) satisfying (1.7)-(1.8) uniformly in x € R™, and

sup
[¢]CB (R™) <1
#(0)=0

for all x,x’ € By and all p > 0, for some n > 0. Then, there exists ng > 0 depending

only onn, s, B, A, and A, such that if n < ng, then the following holds.
Let f € L®(By), and let u € C257(By) N L®(R™) be any solution of (T.1). Then,

loc

/ o(y) (K (z,y) — K(2/,y))dy| < np’~>, (1.10)
B2p\Bp

lullcs(s,,,) < C (lull oo @ny + 1 fll Lo (a1))
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for some C depending only on n, s, B, A, and A.

To the best of our knowledge, this is the first Holder estimate for equations in
non-divergence form with no regularity assumption on x which allows general kernels
—. Of course, this comes at the cost of assuming that the “coefficients”
K (z,-) have “small oscillation”.

Notice that, in , the “distance” between the kernels K(z,-) and K(a/,-) is
measured in a (weighted) Kantorovich-type norm. Notice also that this assumption
allows for operators with purely singular kernels, such as provided that

}vi(x)—vi(:v’)‘ﬂgcn in  Bj.

Remark 1.2. Condition (1.10|) is scale invariant, and therefore when the kernels K
are homogeneous in the y-variable, it is equivalent to

gn—1 ¢(0) (K(xv 9) - K(ff/, 0))d9 <.

sup
”d)Hcﬁ(Sn—l)Sl

Moreover, something similar happens for the condition ([1.11]) below.

Notice also that the assumption (1.10)) is significantly weaker than
/ ‘K(:z:,y) — K(x’,y)‘dy <np~ 2 forall =z € By, p>0,
B2P\BP

which allows some operators with singular kernels, but not those like (|1.9)).
We also prove a Schauder-type estimate for this type of equations, in which C“
regularity of the coefficients yield C?*T® regularity of the solution.

Theorem 1.3. Let s € (0,1), v € [0,1), and let L be an operator of the form
(11.2)-(1.3) satisfying (1.7)-(1.8) uniformly in x € R™, cde|

sup / $(y) (K (z,y) — K(2',y))dy| < Mz — 2’| (1.11)
[Blcr@®ny<1 |/ B2p\B,

#(0)=0
for all x,2’ € R™ and all p > 0, for some M > 0. In case o > vy, assume in addition
that sup,c g, [Kzla—y < M; see (2.6)).

Let f € C*(By), and let u € C?7%(By)NCY(R") be any solution of (1.1)). Then,

[ullzstas, p) < C (Iflloas) + lullovn)
for some C depending only on n, s, a, v, X\, A, and M.

As explained later on, we expect to be the minimal assumption under which
these Schauder-type estimates hold; see and Lemma

Notice that, when v > «, our result allows for operators with purely singular ker-
nels, like . This is the first Schauder-type estimate for general non-translation
invariant operators, like . On the other hand, under condition with
v = 0, a similar result was established in [30] in the context of kinetic equations; see
also [39].

2When v =0, we denote [}]co(q) := 0sca ¢.
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1.2. Main results for divergence form equations. We also establish new results
for divergence-form equations. In this context, the best known Schauder estimates
are for operators with kernels satisfying ; see Fall [20].

We improve substantially these estimates by allowing general elliptic operators
(1.4)) with kernels satisfying

r25/ K(z,z)dz <A for all z e R" (1.12)
Bar(2)\Br(z)

and

r2572 inf / le - (z— 2)?K(z,2)dz> )X >0 forall zeR".  (1.13)
eGS"’l BT(I)

In order to obtain Schauder-type estimates, in addition to the uniform ellipticity
assumptions ((1.12))-(1.13) we need to assume some C® regularity of the kernels in
the z-variable. More precisely, we assume

/ ‘K(:erh,thz)fK(x,z)‘dz < M|h|*p~2 (1.14)
Bap(x)\By(z)

for all x,h € R”, and p > 0. Besides the previous regularity in = we also need to
assume that the kernel, at small scales, is (quantitatively) almost even:

/ |K(z,z+y) — K(z,2 —y)| dy < Mp*~** (1.15)
BQ/J\BP

for all x € R™, and p > 0.
Finally, in some cases we will need to assume regularity in the z-variable as well,
given by

/ ’K(l‘,thZ) fK(x,z)‘dz < M|h|%p=2579, (1.16)
Bap(2)\By()

(for some 0 € (0,1]) for all h € B,/5 and for all x € R™ and p > 0.
The nonlocal Schauder estimates for general equations in divergence form read as
follows:

Theorem 1.4. Let s € (0,1), a € (0,1], € € (0,a), and let L be any operator of
the form - satisfying 1} uniformly in x € R"™, as well as (1.14))-
for some M > 0.

Letu e CP (B1) N L>®(R™) be any weak solution of with f € X, and

loc
l+a if s>1,

B:=¢ 14+a—ce if s:%, X::{

2s+a if s<%,

Assume in addition that B # 1, B # 2s, and that (1.16) holds if > 2s, with
0 =08 —2s. Then,

CP2(Br)  if B> 2s,

L%3(By) if B<2s. (1.17)

lullcss,,,) < C (lull o @ny + 1£1lx)
The constant C' depends only onn, s, a, €, A\, A, and M.
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Notice that conditions (1.14)-(1.15]) are like a C* regularity of the coefficients.
Indeed, since K(x,z) = K(z,x), we have that (1.14)-(1.15) hold automatically if

one assumes the (stronger) pointwise condition

M|h|*

K (@t hoz 4 h) = K@, 2)] < = s

for all x,z,h e R"™

In general, though, our assumptions - allow for much more singular ker-
nels. Furthermore, even for operators comparable to the fractional Laplacian, ,
the new assumptions — are the most general and comprehensible inter-
pretation of C“ coefficients in the context of integro-differential operators.

We also establish a Cordes-Nirenberg type result in this context:

Theorem 1.5. Let s € (0,1), let § € (s,min{1,2s}), and let L be any operator of

the form (L.4)-(1.5) satisfying (1.12)-(1.13) uniformly in x € R", as well as
/ |K(z+h,h+2) — K(z,2)|dz <np~* (1.18)
Bap(2)\By(x)

and
/ |K (2,2 +y) — K(z,z —y)|dy <np~ (1.19)
BQFI\BP

for all x,h € R™, and p > 0. Then, there exists n > 0 small, depending only on n,
s, B, A\, A, for which the following holds.

Let u € C’E)C(Bl) N L*®(R™) be any weak solution of (1.1)) with f € L%5 5 (B).
Then,

lulless, < € (Iullzmen + 171, 2 B)>

The constant C' depends only on n, s, 3, A, A.

As said before, to our knowledge, these are the first Schauder and Cordes-Nirenberg
type results for nonlocal elliptic operators in divergence form with kernels not sat-

isfying ([1.6)). Moreover, we expect our assumptions - ) to be essentially
optimal for the Schauder estimate to hold.

1.3. Organization of the paper. In Section[2]we give some preliminary definitions
and known results. In Section [3] we prove Theorem [I.3] Then, in Section [4 we prove
Theorem In Section [5] we prove Theorem and finally in Section [6] we give
the proof of Theorem In addition, in Appendix [A] we collect some useful results
about Holder spaces that we use throughout the paper.

2. PRELIMINARIES

In this section we introduce the notation used throughout the work, as well as
some preliminary results that will be useful in the following proofs.
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2.1. Notation. Let us introduce some of the notation that will be used throughout
the work.

Since we work with kernels K that are not necessarily absolutely continuous,
from now on K(dy) will denote a nonnegative Radon measure in R™. Moreover,
given a measure K(dy), we denote by K(a + rdy) the measure K (dy) such that
K(B) = K(a+ rB) for all B C R Borel.

We also denote by L3°(R"™) the space of functions with bounded growth at infinity.
Namely, given 7 > 0, we say that w € L>°(R") if

w(z)
1+ |x|7

< 0.
Lo (R™)

P H

Finally, given a > 0, we denote C**(Q) := [J,.. o C*™ ().
We next introduce the general class of elliptic operators &4(A, A) (and its more
regular counter-part, &4(\, A; «)); see Definition

2.2. Translation invariant operators. In the simplest case of operators without
x-dependence, we have

Lu(z) =P.V. (u(z) — u(z +y)) K (dy)
. R (2.1)

=5 /n (2u(z) —u(z +y) —ulz —y)) K (dy),

where K (dy) satisfies
K > 0 is symmetric, K({0}) =0, / min{1, |y|*} K (dy) < cc. (2.2)
R’ﬂ

Operators like the ones above have a natural Fourier representation in terms of a
Fourier multiplier .A. That is, in Fourier space, there exists a function A : R” — R
such that

F(Lu)(§) = A(E)F(u)(§)-
The weakest ellipticity assumption on £ to obtain interior regularity estimates of

order 2s is given by a condition on their Fourier symbol, A. Namely, we say that £
is elliptic of order 2s with ellipticity constants A and A in Fourier space if

0 < ME)* < AE) < Ajg)* forall ¢eR™ (2.3)

In physical space, such a condition is equivalent (see [23]) to the existence of some
A >0 and A > 0 such that

r2s / K(dy) <A  forall r>0, (2.4)
B2T\Br
and
7272 inf le-y|*K(dy) > A >0 for all r > 0. (2.5)
ecS" 1 /B,

On the other hand, given an operator as above, there is a natural way to assign
it a Holder-type regularity in the integral sense on its kernel, by considering the
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semi-norms:

K(x —dy) — K(2' — dy)
[L]o = [K]q :=sup sup p25+0‘/ | — |
p>0 z,3'€B, /5 Ba,\B, |z — 2|

, (26)

With the previous definitions, we introduce the most general class of translation
invariant elliptic operators of order 2s under which one expects classical interior
regularity estimates to equations of the form (|1.1)):

Definition 2.1 (General elliptic operator). Let s € (0, 1) and A, A > 0. We define

o _ L is an operator of the form (2.1)-(2.2)
Bs(AA) = {£ " such that (2.4)-(2.5) hold

Furthermore, given « € (0, 1], we define the class
B\ Asa) = {L e B, (N\A): [L]o <0}
of operators in &4(\, A) with regular kernels, in the sense of (12.6]).

2.3. Some useful results. The following are known results that we recall here for
the convenience of the reader. Most of them can be found (together with proofs) in
[23]. The first is a result regarding the boundedness of Lu when u is regular.

Lemma 2.2 ([23]). Let s € (0,1) and £ € B5(\,A). Letu € C*(B)NL3__(R™)
for some € > 0. Then Lu € L2.(By) with

loc
|£ullzoes, ) < CA (lullozsse(ay) + lull i em)
for some C' depending only on n, s, and €.
Followed by a result on the regularity of Lu, again when w is regular.

Lemma 2.3 ([23]). Let s € (0,1) and o € (0,1). Then:
(i) If L € B4(\, A; ) (see Definition|2.1)), then for anyu € C*5T*(By)NL3S_. (R™)
with € > 0 we have Lu € C (B nd

[Lu]ca(p, ) < C (AHUHC?HQ(BI) + [‘C]a||u||L§§7€(R")) :

for some C' depending only on n, s, €, and a.
(ii) If L € &5(\, A), then for any u € C?**T*(By)NC*(R") we have Lu € C2_(B1)
and

[Lu]ga, p) < OA (lullczsra(sy) + [Uloa@n))

with C' depending only on n, s, and «.
(iii) If v € (0,) and L € S5\, A;a — ), then for any u € C*T%(By) N C7(R™)
we have Lu € Cf (B1) and

[Culca(s, ) < C (Mlullozssasy + [Llay (lulig_ @) + Wow@n) ), (27)

for some C' depending only on n, s, €, o, and 7.
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Remark 2.4. Lemmas and do not require the lower ellipticity assumptions,
(2.5)), which can be seen from the lack of dependence on A; nor the nonnegativity of
the kernel. We only need that K is even and

7"23/ |K(dy)] <A < o0 for all >0,
B27"\B’I‘

as well as the regularity assumption (2.6) in Lemma [2.3{(i)| and

The following is a Liouville theorem for solutions to translation invariant nonlocal
equations.

Theorem 2.5 (Liouville-type theorem, [23]). Let s € (0,1) and £ € &5(\,A). Let
u € LF(R™) for some B € [0,2s) be a distributional or weak solution to
Lu=0 1in R"
Then, u(x) =a-x+b, withb=0 if § < 1.
And we next recall the following interior regularity estimate for general translation
invariant nonlocal equations:

Theorem 2.6 ([23]). Let s € (0,1) and L € &5(\, A;«) for some a > 0 such
that 2s + a ¢ N. Let f € C*(By), and let w € L3S __(R"™) for some ¢ > 0 be a
distributional solution of
Lu=f 1in Bj.
Then, u € CE5F*(By) with

®n) T ||f||ca(Bl))

for some C depending only onn, s, a, €, A\, A, and [L],.

lullgzerap, ) < € (Ilullnge

2s—e

We finally state the following technical lemma, that will be useful to establish
regularity estimates in general settings.

Lemma 2.7 ([23]). Let p > 0 with p ¢ Z, let 6 > 0, and let us consider S :
C“(Rn) — RZO. Then,
(i) either we have
[ucn(B, ) < Olulen@ny + Cs(ullLoo(my) + S(u))
for all w € CH(R"™), for some Cs depending only on u, S, and 9,
(ii) or there is a sequence uy, € C*(R™), with
S
_ Sluw) 0, (2.8)
[uklcn (B, )
and there are 1, — 0, T, € By, such that if we define

vg(x) =

and we denote by pi the v-th order Taylor polynomial of vy at 0, then

ug(x) + rix)

, 2.9
TZ[Uk]Cu(Rn) (2:9)

)
vk — prllcv(sy) > 3

for k large enough, where v = |p].
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2.4. Viscosity solutions. In the following, we define the notion of viscosity (sub-
/super-)solution to non-divergence-form equations (|1.1)).

Definition 2.8 (Viscosity solutions). Let s € (0,1), let £ be an operator of the
form (3.1) with £, € B45(\, A) for all x € R”, and let f € C().

e We say that u € USC(2) N L$S__(R™) for some € > 0 is a viscosity subsolution

2s5—¢

to in 2, and we denote
L(u,z) < f(x) in Q,

if for any x €  and any neighborhood of x in 2, N, C Q, and for any test
function ¢ € LL__(R™) such that ¢ € C2(N,), ¢(x) = u(x), and ¢ > u in all

of R™, we have L,¢ < f(x).
e We say that u € LSC(Q)NLSS__(R™) for some € > 0 is a viscosity supersolution

2s5—¢

to (1.1) in Q, and we denote
Linz) > fz) i O

if for any x €  and any neighborhood of x in 2, N, C Q, and for any test
function ¢ € LL__(R™) such that ¢ € C%(N,), ¢(x) = u(x), and ¢ < u in all

of R", we have L;¢ > f(z).
e Wesay that u € C(Q)NLSS__(R™) for some € > 0 is a viscosity solution to (|1.1])

25—¢
in Q, and we denote L(u,z) = f(z) in €, if it is both a viscosity subsolution

and supersolution.

3. SCHAUDER ESTIMATES IN NON-DIVERGENCE FORM

From now on, we denote as follows the operators in non-divergence form with
x-dependence:

L(u,x):=P.V. /n (u(z) — u(z +y)) K (dy)
—5 [ u(@) — ula +y) — ule — ) Ko,

(cf. ) where (K;)zern is a family of Lévy measures satisfying and with
ellipticity conditions — uniform in z € R”. Namely, if for a given z, € R"
we denote L, the translation invariant operator with Lévy measure K,  (i.e., the
operator with “frozen coefficients”), we consider operators £ of the form (3.1) such
that £, € B4(\, A) for all x € R™.

The assumption of “Holder continuous coefficients” in this context reads as fol-
lows:

(3.1)

[ |Kaldy) ~ Kl < Mo = o7, (3.2)
BQ/J\BP

for all z,2’ € R™ and all p > 0, and for some M > 0.
In some cases, we also need some regularity of each K, in the y-variable, namely

sup [Kzlo < M. (3.3)
TER™

(Recall )
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Under the previous assumptions, we then have the following a priori estimate (see

Remark . It corresponds to Theorem in the case v = 0.

Proposition 3.1. Let s € (0,1), and let L be an operator of the form with
Ly € B4\ A) for all z € R™. Suppose, moreover, that L satisfies the regularity
assumptions (3.2))-([3.3) for some o € (0,1] such that 2s + o ¢ N, and M > 0.

Let f € C%(By), and let u € C*7%(By) N LL__(R™) for some ¢ > 0 be any

loc 2s—e
solution of (1.1). Then,

lullgarsap, ) < C (Ilullzge

2s—¢

®ny + HfHCa(Bl))
for some C depending only onn, s, a, €, A\, A, and M.

Notice that we need the kernel to have the same degree of regularity (in the
y variable) as the right-hand side in order to gain 2s derivatives. Without this
assumption, the previous estimate is false.

Still, for solutions satisfying a global regularity assumption of the type u €
C7(R™), one expects to be able to remove (or at least, weaken) such an assump-
tion. This is what we do in the following result, which holds under the weaker
regularity assumption (in z)

[Blevmny<1

/ Qb d(Kx - Kx’)
B2P\BP
#(0)=0

for all z,2’ € R™ and all p > 0. The expression on the right-hand side of can
be understood as some kind of weighted Kantorovich norm measuring the distance
between the measures K, and K, (see [26, 27]). Notice that, in the following, no
regularity in the y variable is assumed when o < ~.

Proposition 3.2. Let s € (0,1), v € (0,2s), « € (0,1] such that 2s+« ¢ N, and let
L be an operator of the form (3.1) such that L, € B45(\, A) for all x € R™. Suppose,
(34

moreover, that L satisfies (3.4]) for some M > 0. In case a > 7, assume in addition
that sup,ep, [Kela—y < M.
Let f € C*(By), and let u € C?**%(By) N CY(R™) be any solution of (1.1)). Then

[ullzstas, o) < C (Iflloas) + lullovn)

sup < M|z — o/ |%p7725, (3.4)

for some C depending only on n, s, a, v, X\, A, and M.

Notice that the assumption (3.4]) is the minimal scale-invariant assumption that
ensures the property

s = Lagto] 5, ) < Ml = 212 (Jtllcaesepy + [0llo@n), (35)

for all w € C%*%(B;) N C7(R") (see Lemma , and thus we expect it to be the
minimal assumption under which these Schauder-type estimates hold.

As explained in the Introduction, it is interesting to notice that, for a <=, (3.4))
allows for completely singular Lévy measures. For example, one could have operators
of the type

n

Z ( - 8\2’,(:1:))87

i=1
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where the directions v; are smooth functions of x satisfying det(v;); # 0. Notice
also that choosing o < +« allows us to consider Holder continuous functions v;
(with exponent /7). Such operators are not covered, for example, by the stronger
assumption (3.2)).

Remark 3.3. The estimates we prove in this paper are a priori estimates, in the
sense that we assume the solutions to be 25+, Still, using the theory of viscosity
solutions, we expect one could actually show by a regularization procedure that the
previous estimates are also valid for general viscosity solutions (cf. [37, 48] 21]).

Proof of Proposition[3.1l Let us divide the proof into three steps.

Step 1: We start with an initial reduction. By a standard covering argument, we
may prove the estimate in B,/ instead of By, where 75 is a small fixed constant
to be chosen later (depending only on n, s, a, €, A\, A, and M).

In order to do that, we define uq(x) := u(rox), so that if £ has kernel K, (dy), and
we consider £ to be the operator with kernel K’ (dy) = r2°K,_.(ro dy) (which has
the same ellipticity constants as K ), then u, satisfies

L (o, ) = folx) =12 f(rox) in By.

If we can now prove the desired estimate for wuo,

ltellceraay o) < € (tollzgs_, @y + 1 follcasy))

2s5—¢

we will be done, since

e ullczeras,, ) < luollozsres, )

< C (Jluollzge_, ) + I folloncsy)
< O (Ilullze_ ey + 1 fllcesn) -

In particular, since o will be fixed universally, this will yield the estimate in B, /o,
and after a covering (and rescaling) argument, in the whole By ;.

The advantage of this rescaling is that, now, the new operator £™ satisfies a new
condition with constants depending on 7, (since we have “expanded” the space
by a factor 75 1):

K (dy) — K’ (d
sup sup ,025/ |5 (dy) e (dy)] < Mrg =: 4, (3.6)
p>0 z,x’ €R™ B3,\B, ‘.f -z ’a
whereas condition (3.3)) remains the same (that is, with the same constant);
sup [K.°]oa < M. (3.7)

r€ER™

In all, up to replacing u, £, and f, by u., L™, and f,, we can assume without
loss of generality that condition (3.2]) holds with M = § > 0 arbitrarily small, but
fixed, that will be chosen universally:

/ | Ko (dy) — Ko (dy)|
B2p\Bp

|x — o/ |

sup sup p** <0, (3.8)

p>0 z,2’ eR™
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Step 2: Let Ly € B4(\, A;a) be the operator £, corresponding to x = 0. Then, by
the regularity estimates for translation invariant equations, Theorem we have

lullgzse sy < C (lullzgs ey + 1 £oulloas, ) -

2s5—¢

Moreover, we also have

[Loullcas, ) < 1 fllcas, ,) + 1£(u;-) = Loullca(s, ,,)-

‘We now claim that

166, ) = Loullon (s, o) < C (Sllulleaeragey + Nl @) (3:9)

2s—¢

For this, we define, for any = € By, fixed, a new operator
Ry := Ly — Ly,

so that L(u,z) — Lou = Rgu. Observe that R, has kernel R, (dy) = K,(dy) —
Ko(dy), but it does not belong to &4(\, A) (since it is not positive).
We have, nonetheless, that by assumption (3.8)) applied with 2’/ = 0,

pQS/ Ru(dy)| <0le/* <6 forall p>0.
B

2p\Bp

In particular, we can apply Lemma (see Remark and deduce

2s5—¢

for any z € By /5, which gives the L> bound on (3.9).
On the other hand, given any 1, z2 € By /3, we now want to bound the difference

’Rmu(xl) - Rx2u(x2)’ < ’Rmu(xl) - Rﬂhu(x?)’ + ’Rmu(xQ) - Rmu(w?)"

For the first term, we use Lemma [2.3H(i)| (together with Remark with operator
R, fixed, to deduce

Rou(@)] < 3 (|ullzesaqm) + lullig_ @)

Rayu(z1) — Rayu(ze)| < Cloy — 22| (5||U||c2s+a(31) + 2M||U”Lg§75(R")) :

We have also used here that, by assumption (3.3)), [Ry,]a < 2M.
For the second term, we can define yet another operator

7?’961,362 = Rﬂn - Rﬂcza
which has kernel Ry, ., (y) := K, (y) — Ku,(y) and satisfies, by (3.8),

[ Rapnldy)] < Oy
B2p\BP

Thus, we can apply again Lemma [2.2] and Remark [2.4] to deduce
|R11u($2) - Rm2u(x2)| = |7§’I1,w2u(l‘2)’
< O6lzy — zo|*([lullc2s+a(y) + l[ullge__®n))-

Putting everything together, we have obtained (3.9)), where § can still be chosen.
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Step 3: In all, we have shown

2s—e

ullg2sta(p, ) < C (5”U||C2s+a(31) + Jullpse (mny + ||f||0a(Bl/2))
for allu € C?7%(By)NLSS__(R™), where L(u,-) = f. Obtaining the desired estimate
from the previous one is now a standard covering-type argument, after choosing
universally small enough (depending only on n, s, a, £, A, A, and M); see, e.g., [22]
Lemma 2.27] or [23] Section 2.4]. We obtain,

lullgzerap, o) < € (Iullig_ ey + 1 fllcagsy )

2s—¢

for all u € C?5+%(By) N LL__(R™), where L(u,-) = f.

2s—¢

From this proves the estimate in a universally small ball B, , and after a
further covering and rescaling, this shows the desired result. U

To prove Proposition [3.2] we need the following.

Lemma 3.4. Let s € (0,1), a € (0,1], and v € (0,2s). Let L1,L2 € B4(\, A), with
Lévy measures K1, Ko, be such that

/ pd(I) — o)
BQP\BP

for some 0 > 0. In case a > v, assume in addition that [Li|loa—y < M fori = 1,2,
and some M > 0.
Then, if w € C*%%(By) N C7(R") we have

121 = L2)wHL°°(Bl/

sup < fpr =2 for all p >0, (3.10)
[Blcr@®n)<1

$(0)=0

2

as well as

CO(|lw||c2s+a(py) + [W]ov@n)) if a<n~
(L1 = Lo)w] g, ) < { 1

. (3.12)
C(e”w||02s+a(31) + M[w]m(Rn)) ’Lf a > -

The constant C' depends only on n, s, a, and .

Proof. We denote
R = El — £2.
We divide the proof into four steps.

Step 1: We first prove an L* bound for Ruw, . Dividing by a constant if
necessary, we may assume |[wl|czsta(p,) + [w]cv@rn) < 1, and by taking a smaller if
necessary, we may also assume 2s + a < 2 and 2s + a # 1.

Let zo € By /. Taking ¢(y) = 2w(zo) — w(zo +y) — w(zo — y) in (3.10)), we find
that for any p > 0 (using that [w]cy®n) < 1),

/ (2w(zo) — w(wo +y) — w(wo — y)) (K1 — K2)(dy)| < 409725 (3.13)
BQp\BP
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On the other hand, since w € C*T%(B;) with |w|lc2sta(p,)y < 1, we have (see

Lemma |A.2))

16l (5, < CP**+

[pllczste(p,,) <4,

for any p < i. By interpolation inequality (Lemma ) applied to the function ¢
in Bs, we obtain

[zsi] =C,

p K C’Y(B2P\Bp)

to get, by (3.10),

/ (2w(20) — w(zo +y) — w(zo — y)) (K1 — Ka)(dy)
BQP\BP

Using the first inequality, (3.13)), for p = 2¥, k = —1,0,1,2,3,..., and the second
one, (3.14), for k = —2, -3, ..., and summing a geometric series, we deduce that

< COp~. (3.14)

/n (Zw(xo) —w(ze +y) —w(xo — y)) (K; — Kg)(dy)’ < 0.

This proves the L* bound for Rw.

Step 2: Let us now show the C“ bounds, . For this, we split w = w1 + ug, with
uy = nw and n € CZ°(By) such that n > 0, n =0 in R" \ By, and n = 1 in Bys.
Notice that [[u1]|cestamny < Cllwlc2stop,y and [uz]cv@n) < Clw]oywn)-

We prove first the bound for Ru; in the case 2s + o < 2. Dividing by a constant
if necessary, we assume |lu1||c2s+amn)y < 1. Observe that the L> bound for Ruy
follows by We now want to bound the C® seminorm, and more precisely, we
will bound

|Rui (o) + Rui(—x0) — 2Rut (0)| < COre. (3.15)

Let 2, € By /5 be fixed, and 7 := |zo|. We split

Rur(eo) = 5 [ (2uaae) = s 1) = o = ) (1 = Ko)(d)

r

1

) /}Rn\BT (2u1 (o) — w1 (w0 +y) — ur(zo — y)) (K1 — K2)(dy).

Then, since 2s + a < 2 and by interpolation as in the previous step one can show

[ (o + ) + wa(wo =) = 2U1(9Co)]m(32p\Bp) < Cp*te7,

ostar (3.16)
[ul(xo:t-)—f—ul(—a:o:t-)—2u1(:|:-)]CW(Rn) <Cr .

If we now denote d7v(z) the second order centered increments,

o) = WD)

and

Rua(zo) + Run (=) = 2Rur(0) =2 | (e, y) (K1 = Kz)(dy)
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with

d(xo,y) := 5§u1(xo) + 5§u1(—xo) — 25§u1(0),
then the expressions (3.16)) imply, by definition (3.10]),

/ ¢(z0,y) (K1 — K2)(dy)| < COmin{p®, p? 25 p?s T},
B2P\Bﬁ

Summing first for p € (0,7) (and taking the first argument in the min), and summing

then for p > r (and taking the second argument in the min) we obtain (3.15).
Step 3: Let us now show (3.15]) in the case 2 < 2s + a < 3. By Lemma[A.4l[(ii)| and

the interpolation in Lemma we have, on the one hand,
[ur(zo + - ) +ur(zo — - ) —2ur (@o) —ur (- ) —ur(—- )+2u1(0)]CW(ng\B,J) <

3.17
< C’p2_7r25+a_2 + CpZ(lfﬁ)r(Zeran)(lfﬁ) s ( )

On the other hand, we want to find an appropriate bound for
[ur (0 + - ) Fur (=20 + ) —2ua (- )7u1($°)7u1(7$°)+2u1(0)]CW(B%\BP) = 5.18)

< 262 u1(-)]cr(Bay)-

We do so by separating into three possible cases according to the value of ~:
o If v <254+ a—2 <1, then we have

|5a200u1(y) - 59260U1(y/)|
ly =y’
for all y,y’ € Ba,, where we have used that 2s4+a—2—v > 0, and [u1]c2sto@n) <

1, together with Lemma (11)]
o If 2s + o« — 2 < < 1, then we can use again Lemma (i1)| but now with ¢

such that ¢(2s + o —2) + (1 —t) = y, where ¢t € [0,1) by assumption on -, to
obtain
|530U1(y) — 5:%OU1(Z/')|
ly—y'P
for all y,y" € Ba,.
e Finally, if v > 1 we use the second equation in Lemma (1)| applied to Vu;
and with ¢ = v — 1 to derive (since [Vui]c2sta-1(gny < C)
103, Vi (y) — 03, Vur ()
ly —y' P!

< C|$o‘2’y . y/‘28+a727'y < Cr2p2$+a727'y7

< O|xo|25+o¢—7 < OrQs-{—a—'y

< C|xo|23+a7'y < CT23+a77

for all y,y" € Ba,.
We thus have a bound for the expression (3.18) of the form

Cr2p2ste=2-7 jfn <254+ —2

2 v P RS

[0%,ua (- )]CW(sz) < Iy := { COr2sta—y ify>2s+a—2. (3.19)
In particular, (3.17)-(3.19)) imply now

< COp" * min{ly, I }.

/ O(0,y) (K1 — ) (dy)
BQp\BP



ESTIMATES FOR NONLOCAL EQUATIONS WITH SINGULAR KERNELS 17

We now sum as before for p = 2 and k € Z, separating between p < r and p > r.
That is, we consider

|Rui (o) + Rur(—x0) — 2Rus (0)| < CO Y p" I +CO Y p772I].  (3.20)

p=2F p=2F
p<r p>r

For the first term in the sum, we observe that the exponents of p are positive,
since they are

2—v+v—-25>0

and

2s + «

where we are using that 2s + « > 2 and 2 > 2s. In the second term of , the
exponent of p is negative for any -y, since for v < 2s + a — 2 it is a — 2, and for
v > 25+ a—2 it is v — 2s. We can therefore perform the sum in and obtain
(3.15)) also in this case.

Repeating around any point in By /5 and thanks to the L> bound for Ru; we get

2(1— i >+7—23>0,

HRucha(Bl/Q) S Co.
Step 4: Finally, the bound for us
[RUQ]Ca(Bl/Q) < [RW]C”(Bl/z) < C@[w]cw(Rn) if « < Y

follows directly from the expression (3.13)) (with w = us), and summing for p = 2¥,
for k = —1,0,1,2,... (since ug =0 in By/y). On the other hand, the bound

[RUQ]Ca( ) < CM[w]CW(Rn) if a>~

Bya

follows separately for £; and Ly by using (2.7) (and a rescaling and covering argu-
ment) O

Thanks to the previous Lemma, we can now prove Proposition

Proof of Proposition[3.2. The proof is essentially the same as that of Theorem
however (3.9)) needs to be replaced by

1£(u,-) = Loullca(p,) < C (Ollullc2sta(n,) + [Ulcr@mn)) - (3.21)
The proof of (3.21) follows exactly as the proof of (3.9) by replacing the use of
3.4

Lemmas and [2.34(1)| by (3.11) and (3.12)) in Lemma [3.4} respectively, with § = ¢
small. The fact that € can be taken to be small is for the exact same reason as in
the proof of Theorem O

Finally, we have the:

Proof of Theorem[I.3 The result is the combination of Propositions (corre-
sponding to the case v = 0) and (case v > 0). O
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4. SCHAUDER ESTIMATES IN DIVERGENCE FORM

From now on, nonlocal operators in divergence form with z-dependence (with
kernels that are not necessarily absolutely continuous) are denoted as follows:

L(u,x) = P.V./ (u(z) — u(2))K (2, dz)

n

(4.1)
=P.V. /n (u(:n) —u(x+ y))K(fE, x + dy),

where (K (z,+))zern is a family of measures in R™ that satisfies the uniform ellipticity
conditions

r2s/ K(z,dz) <A for all = eR" (4.2)
Bar(2)\Br()

and

72572 inf / e (z— 2)’K(z,dz) > X >0 for all z € R", (4.3)
Br(z)

eeS” 1

as well as symmetry in the two variables, in the sense that

/A /B K(x, dz) dz = /B /A K(x, dz) dz w

for all A, B C R™ Borel, such that AN B = @.

Observe that, when (K(z,-))zecrn are absolutely continuous with respect to the
Lebesgue measure, then (4.4) reads as

K(z,z) = K(z,x) for a.e. (z,2) € R" x R".

Equations of the type
L(u,z) = f(z) in (4.5)

have a natural weak formulation:

Definition 4.1. Let s € (0,1), and let £(-,x) be of the form (4.1))-(4.2))-(4.3)-(4.4]).

Let & C R™ be any bounded domain, and let f € LP(Q) for some p > 5~ and
n > 2s. Let u be such that

// (u(x) — u(2))* K (z,dz) dz < oc.
R7 xR™\ (QcxQ°)

We say that u is a weak solution of (4.5) if

;/n /n (u(z) — w(z)) (n(z) — n(2)) K (2, dz) dz = s n
(€2)

for all n € C*
We say that u is a weak supersolution of (4.5)) (resp. weak subsolution of (4.5]))
and we denote it L(u,z) > f(z) in Q (resp. L(u,x) < f(z) in Q) if

;/n /n (u(@) —u(2)) (n(z) —n(z))K(z,dz)dz > s

(resp. <) JR"

for all n € C2°(Q2) with n > 0.
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It is important to notice that, in case of divergence-form equations , one
cannot symmetrize the operator and write it in terms of a second-order incremental
quotient 2u(z) — u(z +y) — u(z —y). In particular, when s > % one cannot evaluate
in general L(u, ) pointwiseﬂ even for smooth functions v € C2°(Q2).

In order to obtain Schauder-type estimates, in addition to the uniform ellipticity
assumptions — we need to assume some C® regularity of the kernels in the
x-variable. More precisely, we assume

/ |K (x4 h,h+dz) — K(z,dz)| < M|h|*p~28 (4.6)
B2p($)\BP(x)

for all z, h € R™, and p > 0. We also need to assume that the kernel, at small scales,
is (quantitatively) almost even:

/ }K(x, z+dy) — K(zx,z — dy)‘ < Mpo3s (4.7)
B2P\BD

for all x € R™, and p > 0.
On the other hand, in some cases we will need to assume regularity in the y-
variable as well, given by

/ ‘K(x, h+dz) — K(x, dz)‘ < M|h|’p=2579, (4.8)
Bap()\Bp(x)

(for some 6 € (0,1]) for all h € B,/ and for all x € R™ and p > 0. Observe
that the previous condition is equivalent to asking that, using the notation in ,
sup,epn [K (2,2 + - )]g < M.

The interior Schauder estimates for nonlocal divergence form equations are the
following (which is exactly Theorem in the new notation):

Theorem 4.2. Let s € (0,1), a € (0,1], ¢ € (0,«), and let L be an operator of
the form (4.1)-(4.4), with kernels satisfying the ellipticity conditions (4.2))-(4.3), and

[.6)-([.7) for some M > 0.
Let u € Clﬁoc(Bl) N L __(R™) be a weak solution of (1.1)), with f € X, and

25—¢
l+a if s>1
CO2(By) i B> 2s
= 1 — , =1 X = Pre ’ 49
I65 +a—c¢ @'f s 2 {LQs—ﬁ(Bl) if B <2s. (“9)
2s+a if s<3,

Assume in addition that 8 # 1, B # 2s, and that (4.8)) holds if 5 > 2s, with
0 =03 —2s. Then,

@ + [1711x)
The constant C' depends only onn, s, a, €, A\, A, and M.

lulles ) < € (Ilellzgs

2s—¢

The strategy to prove this result will be different in cases f > 2s and 5 < 2s.
When § > 2s, we will treat £ as a (nonsymmetric) operator in non-divergence form,
and argue as in the proof of Proposition Instead, when S < 2s, the proof
will be by contradiction and blow-up d la L. Simon [51], similarly to the proof of
Theorem that we provide later on.

3This also happens for operators in divergence form div(A(z)Vu) in the local case s = 1.
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Proof of Theorem ((md in case B > 2s. When > 2s (that is, 0 := f—2s >
0), the operator £ can be evaluated pointwise on smooth functions wu, and thus it
can be seen as a (nonsymmetric) equation in non-divergence form. Using this, we
can follow the strategy of the proof of Theorem above. We divide the proof into
six steps.

Step 1: As in of the proof of Theorem we start with an initial reduction
wherein, up to considering the rescalings uo(x) := u(rox) and L™ (with kernel
K™ (x,dz) = 12K (rox, 7o d2), where K is the kernel of £), we can assume that the
operator L satisfies the ellipticity conditions (4.2)-(4.3)), has regularity in y given by
for some M > 0, but conditions and (4.7) now become

/ |K(z+ h,h+dz) — K(z,d2)| < Mrg|h|*p~? =:§|h|*p™>°  (4.10)
Bap(2)\Bp(x)
for all , h € R", and p > 0; and
/ |K(z,z +dy) — K(z,z — dy)} < Mropa=2s = §pa2s (4.11)
B2P\Bﬂ

for all x € R™, and p > 0; for some § > 0 a small universal constant to be chosen.
Step 2: Let us denote by L£¢ and L° respectively the even and odd parts of the
operator £. Namely, we have

L(u,x) =P.V. - (u(z) — u(z +y)) K (z,dy),

where
K(z,z +dy) + K(z,z — dy)
2
is an even kernel, in the sense that K¢(x,dy) = K (z,—dy) (i.e., K(x,dy) is a
symmetric measure); and

K¢(z,dy) ==

n

LO(u,z) = P.V./ (u(z) — u(z +y))K°(z,dy),

where
K(z,z +dy) — K(z,z — dy)

2
is an odd kernel, in the sense that K°(z,dy) = —K°(x, —dy). With these definitions,
we have that L(u,z) = L°(u,x) + L°(u, ). Notice, moreover, that in the case of L¢
we can symmetrize its expression as

L(u,x) = ;/n (Zu(:l:) —u(r+y) —ulx— y))Ke(:E, dy),

K°(z,dy) =

which is now well-defined in B; (even without the principal value) because u €
c? (By) with g > 2s; c¢f. Lemma In fact, the operator £¢ is an operator in

1

no(;f—divergence form like the ones in Theorem [3.1] where the ellipticity conditions
are satisfied thanks to (4.2))-(4.3) and linearity, sup,cgrn[K(z,)]s < M holds for
K¢ thanks to (4.8) and the triangle inequality, and (3.2) holds for K¢ with M = ¢

by (4.10) and the triangle inequality again.
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We proceed now as in the beginning of in the proof of Theorem Let
LG € &4(N, A;0) be the translation invariant operator with kernel K¢(0,y). By the
regularity estimates for translation invariant equations, Theorem we have

lulless, < € (lullzg_ e + 1 £5ulloos, ) - (4.12)

2s5—¢

Moreover,
1Loullco (s, ) < fllcos, ) + 1£°(u, Mo, o) + I1£(u, ) = Loullcop, ), (4.13)
and thanks to (3.9)) in of the proof of Theorem [3.1| (since £¢ is now an operator

in non-divergence form) we have

I£2(u,) = Lgulleogs, ) < € (Slullenmy + lulge_@n) . (A14)

2s5—¢

It only remains to be bounded the C? norm of £°(u,-).
Step 3: That is, we now want to prove

1£°(u, Ml cos, ) < C (SHUHCB(Bl) + HUHLS‘;E(R“O ; (4.15)
for some § > 0 that is small whenever ¢ is small. In fact, we will show
122, Mo ) < € (Sillullen gy + lullzg: @) - (4.16)
where 4 ,
6y = ominll== 3y 8 .= min{1, 8} (4.17)

We will use that the operator £° has a kernel K° that satisfies (combining upper

ellipticity and (4.11)))
/ |K°(z,dy)| < Cp~2*min{1,5p*} for all p > 0, z € R", (4.18)
B2p\Bp
as well as

/ |K°(z + h,dy) — K°(z,dy)| < S|h|®p™% forall p>0,z€R", (4.19)
B2P\BP

(by (4.10) and the triangle inequality).
We start with the L bound. For any x € By, we have

£u0)| < [ fula) = ule -+ )] |K°(w,dy)

Rn

< Jull o s /B I | Kz, dy)|
1/2

T Cllullig e / 2~ |K°(z, dy) .
Bi)s

We split each integral in dyadic balls and thanks to (4.18]) and the fact that 51 +
a—2s >0 >0 we get
22w, 2)| < C (lullem () + Nl em) ) (4.20)

2s5—¢
which gives the L> bound in (4.16]) and (4.15]).
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The next step is to bound the C? seminorm. To do that, we consider u = u; + us

where uy := un with n € C2°(B3)4), 0 <1 <1, and n =1 in By/3, and bound each
of the seminorms for £°(u1,x) and L£°(ug, z) separately
S .

tep 4: We focus our attention first on finding a bound for the seminorm of £°(u;, z)
where we recall that u; € C2(B;) with [uillesmny < Cllulles(p,)- Let us denote

) ’

given T € By /5 fixed, LS to be the translation invariant operator with kernel K°(7,y)

(which is not necessarily positive). We will bound, for any z1, 72 € By,
[£°(ur, w1) — L0(ur, w2)| < L3 w1 (w1) — L3, w1 (@1)] + |£5,u1 (1) — L3, u1(x2)].

(4.21)
For the first term, we have

122, un(an) = Lo,un ()| < [ fus(n) — wa (o + 9)| |KO (@1, dy)
Rn

=1 + I,
where, since uj(x1 +y) = 0 for y € R™\ Ba, by denoting r :

_Ko(x27 dy)|

‘ml - .’L‘2|,

Iy = s () / K21, dy) — K° (2, dy)] < C8l[ul| (5,
(using (4.19)), and

Iy = / lur (1) — wi(z1 + )| |[K° (21, dy) — K°(z2,dy)|
Bo

< Clullom (s / I K221, dy) — K°(a, dy)|

< Cllulles sy Z ﬁl/B

p=2" k 2p\Bp
k>0

(vecall (L17)). By (L18)-([E10) we have

I < Cllullon (p,y D "> min{p®,r},
p=2"F
k>0

‘J(O xlady) ](0($27dy>h

and we can split the sum into

Z pﬁl 2s+ Z pﬁl 23+a

p=2"F

1>p>7" p<r

where the second term can be bounded by Cr1=25%¢ _since we have that 3; — 2s + a >
0; and the first term is bounded by

Cr®

if s< %,

o Z P2 <L Core|logr| if s= 2

—o—k Crlta=2s if s> 3.
1>p>r

Using that r®|logr| < C.r® ¢, in all cases we have

Iy < C6|lullce (7"
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Together with the bound on I; and the fact that o > 6, we obtain
122, w1 (1) — £, 01 (21)] < COlullon 7" (4.22)
Now, for the second term in we use that, since 81 <1,
Jur (1) — wa (21 +y) — wr(w2) + wr (w2 + y)| < Cllullge ,) min{r™, |y},
and thus, by ,

£, u1(1) — £,1(22)| < Cllullon sy 3 o~ min{o™ 1) min1, 65°).
p=2F
We split the sum into three terms according to the value of p € (0,00) = (0,7) U
(7, 575) U ((57%, o0) and bound it by

S Z p—2s+a+ﬁ1 + 57“61 Z p—2s+a + Z p_QSTﬂl. (4_23)
p=2F p=2F p=2"
p<r TSpS(S_é J_éﬁp

The first term is immediately bounded by Cér—25te+81 since —2s+a+ £ > 0; and
the third term is bounded by Crfi5% . Observe that, since —2s +a + 81 > B —2s
and 31 >  — 2s, we have that the first and third terms are bounded by C§;r?~25
(recall ([1.17)).
For the second term, we have different values according to the relative values of
a and s, as follows:
e If 25 < a, then the second term in is bounded by Corhrs® s = orfiss.
e If 25 > «, then the second term in is bounded by Cor—2stath,
e Finally, in the case 2s = a < 1, the second term is bounded by the factor
C6rP1 (|logr| + |logd|) < C.61~¢rP1=¢. We have 31 —e > 3 — 2s as well (since
e was small).
Putting all terms together, we have shown that the sum is bounded by
5177725 (recall (£.17))) and thus we have

|2, u1 (1) — L2,u1(x2)| < Cbiflull o (p,yr”-

With (4.22)), this gives in (4.21])

|£9(ur, 1) — L(ur, 22)| < Cdi|ullcor(p,ylwr — 2|, (4.24)
which bounds the seminorm [£°(uy, -)]09(31/2) < Cd1l|ull g (py)-
Step 5: Let us now bound the C? seminorm of £°(ug,z), where now us satisfies

that ug = 0 in By and [Jugl[rge ey < Cllullpge__(mn)- To do it, we will use the

2s5—¢

regularity of the kernel in the y variable, namely, (4.8]). By triangle inequality and
in terms of K°, this condition reads as

/ |K°(z,h +dy) — K°(z,dy)| < M|h|’p~27% forall he€B,, (4.25)
B2p\BP

for all x € R™, p > 0.
Using the same notation as before, we again split as, for any x1,z2 € By s,

|L°(ug, 1) — L(uz, x2)| < |L5, ua(w1) — L3, uz(z1)| + |L£3,ua(m1) — L3, uz(x2)].
(4.26)
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Now, for the first term we have, since ua(z1) = ua(x2) =0,
L3 u2(21) = L£5,u(z1)] < / ug (21 + y)| [K®(21, dy) — K(22, dy)|
R™\ By /6
< Cdllullpge_@mmlzr — 22|%,
where we have used the fact that |ug(2)| < C(1+ |2]*~ ullzge__(rn) together with

(4.19).
For the second term, we have

|£5, u2(21) — L5, u2 xg)]</c lug(2)| | K°(xe,dz — x1) — K°(x2,dz — x2)|

1/2
< CMlullpge__wmylz1 — 22)?,

where we have used again the bound on ug now together with (4.25). Since a > 6,
we have shown that

[£%(u2, )]co(B, ) < CM +0)|ullLg__@n)- (4.27)

Step 6: Thanks to (4.20)-(4.24)-(4.27) we have now shown (4.16[), and thus, (4.15)).
Together with (4.12)-(4.13])-(4.14) this shows

llos 0 < € (Slullooqs + ez @ + 1floos, )

for all uw € C#(By) N LL__(R™), where L(u,-) = f, and where we can still choose
§ small (depending only on n, s, a, €, A, A, and M). The proof now follows in
a standard way (cf. in the proof of Theorem [3.1)), after choosing § small
enough, to deduce that (after a covering argument)

llles s, < € (lullez_q

. + I leosy )
for all u € C#(By) N LS__(R™), where L(u,-) = f, as wanted. O

In case 8 < 2s (i.e., s > % and f = 1+ a < 2s) the equation cannot be seen
as a non-divergence-form equation, and thus we need a different argument. We will
proceed by a compactness argument, by first showing a quantitative Liouville-type
estimate for solutions in very Iarge balls.

Proposition 4.3. Let s € ( ,0>0, and a € (0,1) be such that 1+a < 2s. Let L
be an operator of the form (4.1] ., with kernels satisfying the ellipticity conditions
(@2)-(4.3). Letu e CHO‘(R”) NL3S__(R™) for some e > 0 and f € L{ _(R™) for
some q = 1, and with [u]cr+agny <1 and || fllLe(p, 5 < 6. Assume in addition that

||VU”L00(R7L)/ |K(z+h,dz+h)—K(z,dz)| < 5|h|*p~%

(2)\By(z) (4.28)

Voligaoy [ [KCo ) K, — dy)] < 397
2

p\Bp

for all x,h € R™, and p > 0. Suppose also that u satisfies
L(u,x)=f in By
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in the weak sense.
Then, for every e, > 0 there exists do > 0 depending only on €5, n, s, a, q, €, A,
and A, such that if 6 < do,

lu =1, < €0,
where ((x) = u(0) + Vu(0) - z.
Proof. For the sake of readability, we will assume here that
K(z,dz) = K(z,z2) dz,
so that, in particular, K(z,z) = K(z,z) from (4.4). We divide it into three steps:
Step 1: Assume that the statement does not hold. Then, there exists some g, > 0
such that for any k € N, there are u;, € CLT*(R")NLL__(R™) with [ug]crtamny < 1,

loc 2s5—¢

fx € LY(By) with || fi|les,) < %, and L®*) as in the statement such that
LF) (uy, ) = fr in By,

in the weak sense, with

1 -
IV | oo (rn) |K®) (2 + R, 2+ h) — K®) (2, 2)|dz < —|h]*p~ %
Bap(2)\By(x) k

| s
Vg || oo (mmy / KW (2,2 4+ y) — KW (2,2 — y)|dy < =" >,
B2P\BP

(4.29)

for all z,h € R™, and p > 0, but

lur = llcr(my) = €o-
Let us define, for a fixed h € R™,
Vi = ug(x + h) + ug(z — h) — 2ug(xz), Fp:= fu(zx+h)+ fr(x —h) — 2fk(x),
with || Fillrac,) < %5 [[Villorragny < Ch.
Step 2: Let K(()k) (y) be the kernel denoting the even part of K(x,z+y) at z = 0, i.e.,
Kék) (y) := %K(k)(O,y) + %K(k)((), —y). Observe that by assumption, the operators

with kernel K(()k) belong to &(A, A).
Now, for any n € C°(R"™) we have (for k such that suppn C By)

[ [ (@) = e 00) ~ (a1 Kz = )z =2 [ Fin 280 = B — B,

n

where
Ey := /n - Ey(x, z) dz dx,
with
Eo(z,2) == (up(x) —up(2)) (n(x) = n(2)) (KW (@, 2) - K (z - w)),

and the expressions for Ej, are analogous, replacing uy(z), ug(2), and K® (z, 2) by
up(z+h), up(z+h), and K*) (x4 h, z+h) respectively. By symmetry in the roles of
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x and z (here we use that K(x,z) = K(z,x), or (4.4]) in the case of non-absolutely
continuous measures),

|E0|</ /]Eo(as,z)|dzdx+// \Eo(x, )| dz da
suppn + R" R™ Jsuppn

(4.30)
< 2/ / |Eo(z, 2)| dz dx.
supp 7 J/ R™
Using that uy are globally Lipschitz and that n € C'(R™) we have
s (@) = up(2)] [n(@) = 0(2)] < CIVull ey — 2 ming1, |z — 2},
for some constant depending only on 1. Hence, from (4.30) we have
|Eo] < C > pmin{l, p} I(z) da. (4.31)
2 supp
JEZL
where
I(z) = |V K® ~ kP ()| d
p(@) := IVull Lo (mrn) (2 +y) — Ko (y)| dy
BQ/J\BP
We split
1
KWz +y) - KP(y)] < 5 [KO (@2 +y) - KO(0,9)]
1
+3 ’K(’“)(ﬂﬁ,w —y) — KM, —y)‘
1
+3 ‘KUC)(I’,ZE +y) — K¥) (2,2 — )],
so that
Ip(2) < |Vl n) KO (@2 +y) = KO ©,y)] dy
B2p\Bp

V oo n
+7H e gy / ‘K(k)(x,:chy)—K(k)(:c,a:—y)‘ dy.
2 B2P\BP

The first term can be bounded thanks to the first inequality in (4.29)) (putting h = z
and x = 0), and the second term is directly bounded thanks to the second inequality

in (4.29)), so that we obtain
T < 1 —2s « «
o@) < 1 (fal” + )

Putting it back into the bound on |Ey|, (4.31)), we get

C .
Bl < = 3" o min{Lp} [ (2l +p%) dr.
Py supp1”
JEZ
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Since 7 is fixed and compactly supported, the last integral is finite and bounded by
(1+ p%) (up to a constant depending only on 7), so that

C C
[Eol < 5 2 P min{1, p} (149 < -,
p=2
JEZL
where the last sum is finite since
92 1-2s4+a if >1
1—-2s : ay & 14 p=1,
p mln{]-vp} (1 +p ) - 2p2723 if p < 1’

and 14+ o < 2s < 2.

Step 3: We have proved |Ep| < %, and the same bounds hold for Eij as well (for
example, simply by considering the test functions n(- + h) instead of 7). Thus,
together with the fact that || Fi||re(p,) < %, we get

[ [ 04) - ) () 0o KO e a0 s o0

By Arzela-Ascoli, the functions Vj converge (up to a subsequence) in Cf _(R™) to

a function V' € C1T®(R™). On the other hand, the measures min{1, |y|? }K(k)( dy)
converge weakly to a limiting measure min{1, \y[ } Ko(dy) that will satisfy

/n /n (V(z) = V(2))(n(z) — n(z))Ko(z — z)dz dz = 0.

Notice that since V' € C1T%(R"), it has finite energy on compact sets. Together with
the fact that the previous equality holds for any n € C2°(R™), we have that V solves
LoV = 0 in R"™ in the weak sense (where Ly € &4()\, A) is the limiting operator with
kernel Kj), and by Liouville’s theorem, Theorem we get that V is constant. If
we define
vk 1= up — L,

then, v (0) = [Vor(0)| = 0 with [vx]c1+a(ra) < 1 and vy — v in C}, for some v with
v(0) = [Vv(0)| = 0 and [v]git+a@n) < 1. Since Vi(7) = vg(x+h) +v(z—h) — 20k (2),
we get V(z) = v(z + h) + v(x — h) — 2v(z), which is constant (for every h € R”
fixed). By Lemma we have that v is a quadratic polynomial, and the condition
[v]c1+e@ny < 1implies it is actually linear. Because it also satisfies v(0) = [Vv(0)| =
0, it must be v = 0, which is a contradiction with [[v|[c1(p,) > €0 > 0.

Thanks to the previous Liouville-type statement, we get the following estimate,
which is almost the desired result in case 8 < 2s:

Proposition 4.4. Let s € (3,1) and a € (0,1) be such that 1 + o < 2s, and let
#_a. Let L be an operator of the form (4.1] ., with kernels satisfying

- and - . for some M > 0. Then, the following holds.
For any 6 > 0 there exists Cs such that

[ucrtas, ,) < Olulcrvagny + Cs ([[ullLoo(my) + [ Vull ooy + (1 £l agay))

for any u € CH(R™) satisfying L(u,x) = f in By in the weak sense. The constant
Cs depends only on 6, n, s, a, M, X\, and A.
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Proof. Let us denote, for w € C'H'O‘(]R")

(w,z) = g in the Weak sense for some L of

S(w) := inf 9l acmy) : the form D
1 , Wlth M > 0.

and satlsfymg
We use Lemma 2.7 with 4 = 1 + o and
Q : 1+a(mpn
S(w) = { S(w) + va”Loo(Rn) if we CHYRM).

00 otherwise,
Notice that the mapping S : C'T¥(R") — Rs( depends only on n, s, a, M, A,
and A.
Thus, either Lemma holds, in which case we would have

[ucrva(s, ,) < dlulcrvamny + Cs ([ull oo (my) + I VullLoo@ny + 1 fllLa(sy)) -

or there exists a sequence uy € C1T*(R") and Ly of the previous form such that
Lk (ug,x) = fr in the weak sense,

1 fellzam) + IVuklloe @y 28 (up)

< — 0, (4.32)
[u]or+e s, ) [ur]crte s, )
and for some x; € By s and r; | 0,
ug(zp + rie)
Uk(x) = 1+
e [uk]orre @
satisfies 5
lve = Crllersy > 5 (4.33)

where {}, is the 1st order Taylor polynomial of vy at 0. Then, by scaling, there exists
an operator of the form (4.1] . - . Ly, such that

s—1—a T + T
Li(vp,x) =131 {Z(]k k) _ =: f(x)
k Cl+a(Rn)

in the weak sense. More precisely, if £j; has kernel K k(x,z), then L} has kernel
KF¥(x,dz) given by

Kk(x dz) = T'QSKk (xg + Tz, ) + 7] d2).

Moreover, since Ly, satisfies (4.6 mi C1, also satisfies them with a smaller M, i.e.,
as in |Step 1| of the proof of Theore 4.2/ in case § > 2s (on page [20]) we have

/ ‘f(k(x—l—h,h—l—dz)—f(k(:v,dz)‘ < Mr&|h|*p~28,
BQp( )\Bp(x)

and
/ ‘f(k(x,l‘—i-dy) K*(z, x —dy)| < Mrip*~ 2s
BQP\BP

for all z, h € R", and p > 0. We also have

7 NIV ur| Loo (mm)

VU || oo (mry <

)

[Uk]cl+a(Rn)
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so that
vak\\men)/ K@+ b+ d2) — K*(a,d2)] <
Bap(x)\By ()
[uk]cl+a(Rn)
M||Vug]| oo (rn)
pQS—a

) |h|ap_25,

Vol [ R oo+ dy) = Koo = dy)| <

B2,\By [Uk]cl+a(Rn)

for all z,h € R", p > 0, and with [|[Vug|| oo @n)/[uk]c1+emn) — 0 as k — oo (thanks
to (4.32)).

Also from (4.32]) and since ¢ = 5—=

2s—1—a?

. 1fk(@r + 7 Lasy o) 25-1-a=2 || fillzacsy)
kaHLq(Bl/(zrk)) = T1+a—23[ < Tk o1
K

— 0,

uk]cl+a(Rn) [uk]cl+a(Rn)

as k — oo. In all, since by definition [vg]ci+a@n) = 1, we have that vy satisfies
all the hypotheses of Proposition for any fixed &, > 0, if k is large enough. In

particular, taking ¢, sufficiently small in Proposition [£.3| we get a contradiction with
@33). 0

We can now give the final part of the proof of Theorem [4.2}

Proof of Theorem (and in case B < 2s. Notice that, since 8 < 2s, we have
f=1+a<2sand s € (5,1). By Proposition for any 6 > 0 there exists Cs
depending only on d, n, s, a, M, A, and A, such that

[ulcs s, ) < Slulos@ny + Cs (Ilull oo (y) + [ Vullpoony + [ fllasy))  (4.34)
for any u € CC’B(]R") satisfying L(u,x) = f in the weak sense, where ¢ := 28715 =
2s—1—a”

Let n € C2°(Bs) such that n = 1 in Bsg, and consider the function un for u €

CP(R™) N LSS__(R™) satisfying L(u,z) = f in the weak sense. Since u — nu = 0 in

2s—e

Bs, we have that

1£(w = nu, @)|| oo (y) < Cllullge _gn)- (4.35)
Hence, we have L(nu,z) = g in the weak sense, with
lgllLacsy < 1fllLas) + Cllullge_rn)-
Apply now (4.34) to un, to get
[ulcs(B, y) < Olulcs ) + Cs <||U||Lg§7€(1kn) + [Vl oo (By) + ||f||L‘1(B1)> (4.36)
for any u € CP(By4) N L__(R™). By interpolation we know that
[Vull Lo (By) < d[ulespy) + Csllull Lo (By):
so that (4.36]) becomes
[ulos (B, ) < 20[ulcs(my) + Cs (HUHLOO

2s5—¢
for any u € CP(By) N L3S__(R™).

2s5—¢

@+ W lay)  (437)



30 XAVIER FERNANDEZ-REAL AND XAVIER ROS-OTON

Now, by a standard interpolation and covering-type argument, we deduce from

(4.37) and for some § small enough that

@) + 1 oo
for all u € C#(B1)NL3S__(R™) such that £(u,z) = f in By in the weak sense, which

2s—¢

proves Theorem O

lullos (s, ) < € (lullz

2s—¢

5. CORDES-NIRENBERG ESTIMATES IN DIVERGENCE FORM

We now consider divergence form equations as before, but where the regularity of
the operators is reduced to small oscillations. Namely, we consider the conditions

(ct. (L19)-(T19))
/ ‘K(:v + h,h+dz) — K(x, dz)| <np 28 (5.1)
Bap(z)\Bp()

and
/ ‘K(m, x+dy) — K(x,z — dy)’ <np % (5.2)
B2P\BP
for all x,h € R™, and p > 0, where the parameter 1 will be small.

Proposition 5.1. Let s € (0,1), 6 > 0, and B € (s,min{1,2s}). Let L be an
operator of the form (4.1))-(4.4)), with kernels satisfying the ellipticity conditions

(4.2)-(4.3), and (5.1)-(5.2) for some n < 6.
Let u € CO(R™) N LS__(R™) for some ¢ > 0 and f € LI (R™) for some q > 1,

2s—¢ loc

and with [u]csgny < 1 and || fl|Lap, 5 < 9.
Suppose also that u satisfies

L(u,z)=f in By

in the weak sense.

Then, for every eo > 0 there exists 6, > 0 depending only on €., n, s, B, q, €, A,
and A, such that if 6 < do,

Ju —u(0)|| Lo (By) < €o

Proof. The proof follows the lines of the proof of Proposition We also assume
here that K(x,dz) = K(z,z) dz. We divide it into three steps:
Step 1: Assume that the statement does not hold. Then, there exists some €, > 0
such that for any k € N, there are uj, € C° (R") N L35 (R™) with [ug]esmny < 1,

loc 2s—¢

fr € L9(By,) with || fillLa(s,) < 7 and L®*) as in the statement such that
LB (up,x) = fr in By,

in the weak sense, with

/ |K® (@ +h,z+h) - K (2,2)|dz < 7p>
Bap(z)\By ()

p

=

: (5.3)
[ KO g) - K gy < 7
B2p\Bp k
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for all z,h € R™, and p > 0, but
[wr — ur(0)[| Loo(By) = €o-
Let us define, for a fixed h € R™,
Vi =we(z+h) —up(z), Fi:= fo(z+h) = fr(z),
with [|Fkllzesy) < %5 IVellos@ny < Ch.
Step 2: Let K((]k) (y) be the kernel denoting the even part of K(z,z + y) at = 0,

ie., K (y) = LK®(0,y) + LK® (0, —y).
For any n € C°(R"™) we have (for k such that suppn C By)

/ (Ve() = Vi(2)) () — () K (2 — 2)dz do = 2 / Fun+ Eo — By,
n JRn Rn
where
Ey = /n . Eo(z,z) dz dx,
with
Eo(w,2) = (u(z) — ug(2)) (n(z) — (=) (P (2, 2) = K (= — 2)),

and the expression for EJ, is analogous, replacing uy(x), ug(z), and K®)(z,z) by
up(z + h), up(z + h), and K®) (z 4 h, z + h) respectively. By symmetry in the roles
of x and z,

|Ep| < 2/ / |Eo(z, 2)| dz dx. (5.4)
suppn J R"
Since uy, are globally C# and 1 € C'(R™) we have
[ua(z) = ue(2)] [n(a) (=) < Cla = 2/ min{L, o — 21},

for some constant depending only on 1. Hence, from (5.4)) we have

|Eol < C > pPmin{1, p} I(z) da. (5.5)
Py supp1)
JEZ
where, as in the proof of Proposition (using the inequalities from (5.3))),

1 _ s
)= [ gy - KO < e
B2P\Bp

Since n has a compact support, putting it back into (5.5)), we get

c os . C ~ - c

|Eo| < T Z PP~ min{1, p} < - Z PP 4 Z P25 | < z
p=27 =20 p=2-7
JEL JjENU{0} jEN

since § < 2s and 1+ 8 > 2s.
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Step 3: We have proved |Eo| < % ¢ " and the same holds for Ej. Together with the
fact that ||Fy|lra(p,) < 2, we get

/n /n (Vie(z) = Vie(2)) (n(z) — n(z))Kék)(z —z)dzdr — 0 as k — oo.

By Arzela-Ascoli, the functions Vi converge (up to a subsequence) locally uniformly

to a function V€ C#(R™). On the other hand, min{1, |y|2}K((]k) (dy) converge weakly
to some min{1, |y|?} Ko(dy) satisfying

/n /n (V(z) = V(2)) (n(z) — n(z)) Ko(z — )dz dz = 0.

Since V € C# (R™), and B > s, it has finite energy on compact sets, and we have
that V solves LoV = 0 in R™ in the weak sense (where Ly € &4(\, A) is the operator
with kernel Kjp), and by Liouville’s theorem, Theorem , we get that V is constant.
Denoting
v 1= ug, — ug(0),

then, v;(0) = 0 with [vk]cs@ny < 1 and vy — v locally uniformly, for some v with
v(0) = 0 and [v]cs(gny < 1, and V(z) = v(z + h) —v(z), which is constant (for every
h € R" fixed). By Lemma v is an affine function, and with [v]gsrn) < 1 and
v(0) = 0 it must be v = 0, which is a contradiction with [|v||z(p,) > € > 0. O

We next have the following result, which is analogous to Proposition

Proposition 5.2. Let s € (0,1) 8 € (s,min{1,2s}), and let ¢ = 55. Let L be

an operator of the form (4.1)-(4.4), with kernels satisfying (4.2)-(4.3). Then, the
following holds.

For any § > 0 there exists Cs and ns > 0 such that
[U]CB(BI/Q) < 5[“]0/3(1&”) +Cs (HU”LOO(Bl) + HfHLq(Bl))

for anyu € CE(R”) satisfying L(u,x) = f in By in the weak sense, where L satisfies
(5.1)-(5.2)) with n = ns The constant Cs depends only on §, n, s, B, A, and A.

Proof. The proof is similar to the proof of Proposition [£.4] Indeed, let us denote,
for w € CF (R™),

w x) = g in the Weak sense for some L of

S(w) := inf 9l agmy) : the form D
1 , Wlth M > 0.

and sat1sfy1ng
By Lemma 2.7 with u = 8 and

S : B (Ton
S(w) = { S(w) if we CZ(R™).

o0 otherwise,

Notice that the mapping S : C#(R") — Rxq depends only on n, s, 8, M, \, and A.
Thus, either Lemma holds, in which case we would have

[ulcs ) < Slulcs@ny + Cs (lull oo y) + 1fllacay)) -
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or there exists a sequence uj € cl (R™) and Ly of the previous form such that
L (ug,x) = fr in the weak sense,

I fillpamy _ — 28(ux)
[urlos (s, ,,) — lurlcss, )

— 0, (5.6)

and for some xy, € By and 1y, | 0,

ug(zp + ripe)

vg(x) =
7"1[3 [uk]cs (R™)
satisfies 5
loe = o0l o= (1) > 5- (5.7)

Then, by scaling, there exists an operator of the form (4.1))-(4.4)-(4.2)-(4.3), Lr,
such that

~ s T+ Tix
Eufon.a) = o BBt
klCA ()

in the weak sense. More precisely, if £y has kernel K F(z,2), then L}, has kernel
KF*(x,dz) given by

= fi()

K*(z,dz) := r2 K" (xp + rp, xp + 73 d2).

Moreover, since Ly, satisfies (5.1)-(5.2)), Ly, also satisfies them with the same con-
stant 7.

Also from (4.32)) and since ¢ = ﬁv

| fe(or + 7 - )||Lq(Bl/(2rk)) < 7“28_6_% I fellLa(By)

o5 =Ty
e [Uk]cB(Rn)

||kaLq(Bl/(2rk)) = =0,

r [Uk]cﬁ(w)

as k — oo. In all, since by definition [vg]|s (rn) = 1, we have that vy satisfies all the
hypotheses of Proposition [5.1]for any fixed d, > 0, if k is large enough and 7; is small
enough, depending on §. In particular, taking &, sufficiently small in Proposition [5.1
we get a contradiction with . O

As a consequence, we have our desired result:

Proof of Theorem[1.5 Tt follows exactly as the proof of Theorem but using
Proposition [5.2] instead of Proposition [£.4] O

6. CORDES-NIRENBERG ESTIMATE IN NON-DIVERGENCE FORM

We consider now operators with z-dependence in non-divergence form, (3.1)), but
with bounded measurable coefficients that are “close to constant”. Namely, instead
of (3.2)), we assume that for some small n > 0,

[d)]cﬁ(Rn)Sl

/ pd(K, — K)
BQp\Bp
#(0)=0

for all z,2" € R™ and all p > 0.
Our result now reads as follows:

sup < np’ %, (6.1)




34 XAVIER FERNANDEZ-REAL AND XAVIER ROS-OTON

Theorem 6.1. Let s € (0,1), 8 € (0,2s), and let L be an operator of the form (3.1))
with Ly € &5(A,A) for all x € R™.
Let f € L®(B1), and let u € CEH(B1)NLSS_(R™) for some e > 0 be any solution

2s—e
of (1)

Then, there exists  small enough (depending only on 3, n, s, A, and A) such that
if L satisfies (6.1), then

lulos sy, < € (Ilullog

2s—¢

®n) + HfHLOO(Bl))
for some C' depending only on n, s, 8, €, \, and A.

In order to prove Theorem we will first show the following Liouville-type
theorem:

Proposition 6.2. Let s € (0,1), 8 € (0,2s) and 8 # 1, and § > 0. Let L be an

operator of the form (3.1) with L, € B4\, A) for all x € R™ satisfying (6.1)) for
somen < 4.

Letu € C*T(R™MNL®(R") and f € LS (R™) with [ulcs@ny < 1 and || fllLe(s, ;) <
4, be such that
L(u,x)=f in Byys.
Then, for every e, > 0 there exists 6o > 0 depending only on €, B, n, s, A, and
A, such that if § < 6o,
[u—£llcLs) (By) = €oy
where {(x) is the |B]-th order expansion of u at 0.

Proof. We divide the proof into three steps:
Step 1: Assume that the statement does not hold. That is, there exists some e, > 0
such that for any k € N, there are uy € C25T(R™)NL>®°(R") with [uk]osmny < 1, fi €

L(By) with || fxllzee () < %, and £® as in the statement with £ e Bs(\A)
for all x € R™ satisfying (6.1]) for some n < %, such that

LW (up,x) = fr in By,
but
luk — Lillois) ) = €os (6.2)
where ¢}, is the |3]-th expansion of u; around 0. Let us denote
wy = up — .

We then have that wg(0) = 0 and Vw(0) = 0 if 5 > 1, so that together with
[wilesmny < 1 we get that wy converges locally uniformly in C 18] to some w with
w(0) =0, Vw(0) =0 if 8> 1, and [w]esgn) < 1.

Step 2: We have,
E(k)(wk,:v) = fk in Bk.
Let us now show that
Lw=0 in R" (6.3)
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in the viscosity sense (recall Definition [2.8)), for some £ € &4(A\, A). Here, L is a
weak limit (up to a subsequence) of the translation invariant operators L'[()k) = E;k:)o.

Namely, if we consider the finite measures

. k
pu(dy) = min{1, |y 2} K (dy),
by Prokhorov’s theorem they converge weakly to some finite measure y, which defines
the kernel K (dy) of L to be

_ _ idy)
R gL Py

This characterizes a limit operator (up to a subsequence) of the sequence (E(()k)) kEN-
Let us now show that, indeed, (6.3]) holds in the viscosity sense (recall Deﬁnition.
Let Z € R” be fixed, and let ¢ € C?(Bs,.(Z)) N L3 (R") for some r > 0, such
that ¢(Z) = w(Z), ¢ < w in Bz, (z) \ {z}, and ¢ < w in R™ (up to taking ¢.(x) =
¢(z) — |z — 7|2 locally for some £ > 0 small, we can always assume that). Let us
now define be a sequence of test functions ¢, as follows:
p = W in R"™\ By ()
T b+ in B.(2),
where
cp 1= maX{CER:gb—i—cgwk in Br},
and defined to Bs, \ B, so that ¢ < wy and

[Pkl e @ny < C(r). (6.4)

Since wr — w locally uniformly and ¢ < w around Z, one can show ¢, — 0 and

there exists T — & such that ¢ touches wy at Ty from below (see, for example,
[50, Lemma 3.5] or [22, Proof of Lemma 4.15]). By assumption, we have

LD (pr, 31) > ful@r) > —%-

In particular,
1
(E(()k)qsk)(fk) >y - ‘(ﬁék)gj)k)(fk) - (E;i)¢k)(fk) :

Using (6.1)) with n < %, we claim that
C(r
(€ o)) — (£W0) )| < T (65)
Indeed, by Lemma (namely, (3.11)) rescaled and with /3 instead of v) we deduce
that
k k C(r)
1026”7 = £ 0l e, ooy < 7 (H%HC%BT@D + [qﬁk]cﬁ(w)) :

Since the right hand side is bounded by C(r), and we have z — Z, then (6.5))
follows.

Now, using also that Eék) (¢1) is continuous around Z uniformly in & (see Lemma,
and T — T, we get

(L 1) (@) > —wp,
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for some wy, | 0 as k — oo. By a similar reasoning, since ¢ — ¢ = ¢ — 0 in B,.(Z),
and ¢ — w > ¢ locally uniformly in R™ \ B,(Z), we get for a possibly different wy,

(L'(()k)qzﬁ)(i:) > —wp—0 as k— oo.

Finally, from the weak convergence of the operators E(()k) to L, and the fact that
¢ is locally C? around Z, we obtain

(Lo)(z) = 0.

Since ¢ and T were arbitrary, this implies Lw > 0 in R™ in the viscosity sense.
Repeating the argument from the other side (changing wy by —wy, for example),
we obtain that holds in the viscosity sense, as we wanted to see.

Step 3: Since viscosity solutions of translation invariant operators are also distribu-
tional solutions (this can be seen, for example, regularizing with a smooth mollifier)
we deduce that the previous equality is also satisfied in the distributional sense, and
by Liouville’s theorem for distributional solutions (Theorem we obtain that w
is linear if 8 > 1, and constant otherwise. Together with w(0) = 0 and Vw(0) =0
if 8 > 1, we deduce that w = 0 everywhere, which contradicts . O

We will now show the following;:

Proposition 6.3. Let s € (0,1), 8 € (0,2s) and § # 1, and let L be of the form
(13.1) with L, € &5(\,A) for all x € R™. Then, the following holds.
For any 6 > 0 there exists Cs and ns > 0 such that

[ulcs s, ,,) < Olulcs@ny + Cs ([ull oo y) + I1f | (51))

for any u € C**(R™) with L(u,r) = f in By, where L satisfies (6.1]) with n = 1.
The constants Cs and ng depend only on §, n, s, B, \, and A.

Proof. Let us denote, for w € C2*T(R") and 75 to be chosen,

() = int { gl (s
We use Lemma [2.7] with x4 = 8 and
S(w) = { S(w) if we CPT(RM).

o0 otherwise,
Notice that the mapping S : C**T(R") — R>( depends only on n, s, §, 3, A, and A.
Thus, either Lemma holds, in which case we would have

[lcs (s, ,,) < Olulos@ny + Cs (Ilull e sy + I1flle(s))) »

L(w, x) = g in the viscosity sense, for some £
of the same form as in the statement. ’

or there exists a sequence uj, € C2*(R") and L}, of the previous form such that
Ly (ug, x) = f,
fillpoeqmy _ 28 (uk)
[urlcs (B, ) — [wklos (s, )
and for some xy, € By and 1y, | 0,

— 0, (6.6)

on(z) = ug(zp + rie)
T;f [uk]cs (R™)



ESTIMATES FOR NONLOCAL EQUATIONS WITH SINGULAR KERNELS 37

satisfies

J

vk = Lellcsi sy > 5 (6.7)
2

where (), is the |3]-th order Taylor polynomial of vy at 0. Then, by scaling, there
exists an operator of the form , Ly, with £, € ®s(A, A) for all z € R™ and such
that
Cyonyw) = PR TE) g )
[uk] s @)
in the viscosity sense. More precisely, if £ has kernel K¥(dy), then £, has kernel
f(if(dy) given by )
K:];(dy) = TI%SKQIch—i—rkx(rk dy)
Moreover, since L}, satisfies , L}, also satisfies it with the same n=1ns.
Also from (/6.6))

< o 25_5Hf]€($k+rk)HLOO(Bl/(QTk>) 28—,8”fk||Loo(B1)
| fill oo (By om ) = Tk < p2PEZ TN

— 0,

[uk]C25(R”)
as k — oc.

We are now in a situation where we can apply Liouville’s theorem from Proposi-
tion (if ns is small enough, depending on §), so that if k is large enough we get
a contradiction with . O

As a consequence of the previous result, we have:

Proof of Theorem (and . The proof is essentially the same as that of Theo-

rem in case 8 < 2s, as a consequence of Proposition (see also in the
proof of Theorem [3.1)). Notice that we choose § small enough (depending only on n,

s, B, A and A), and this fixes the value of 7 := 7 as well. O

APPENDIX A. INTERPOLATION AND INCREMENTAL QUOTIENTS

In this appendix we group some technical and useful lemmas on interpolation
inequalities and incremental quotients that we used throughout the paper. They are
proved, e.g., in [23].

We start with a result about m-th order incremental quotients:

1 .

m(flx+h)— f(x if m=1,

Dy(D;' f(x)) if m>2.
Lemma A.l. Let f € C™ Y(R") be such that Di*f is constant for any h € R™
(maybe depending on h). Then, f is a polynomial of degree m.

And:

Lemma A.2. Let a € (0,1), k € N, Q conver, and let u € C*¥~1(Q) be such that
[U]Ck—l,a@) < C,. Then,

heR™ hi> —
dist(2,00) > k||

For some C depending only on n, o, and k.
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The following is an interpolation inequality type result.

Lemma A.3. Lety > >0, let r € (0,00], and let w € CV(B,). Then

1_8 8
(o) < Cllullyais [0l 5, + O lull 1 5,):
for some C' depending only on n, v, and 5.

And in the next lemma, we denote by §2u(z) the second order centered increments,
u(x 4+ h) +u(x — h)
2

Lemma A.4. Let o € (0,1]. Then, we have the following:
(i) If u € i (R™) with [u]grany < 1 then
u(z + h) = u(z) = u(h) +u(0)] < min{|A|[2|% [A[*|2[}
< |h[tra=t) |plat+1-t

Stu(z) = —u(x),

and
|67 u(x) — 0ju(0)] < min{2[A|"+, [A]%|z], |h]|x|*}
< 2|h|(1+a)(1—t)+ta|x|t

for all z,h € R™ and t € [0, 1].
(i) If u € CZ*(R") with [u]c2.amny < 1 then

loc
83u(z) — Su(0)] < min {[B2[e ", (B[]} < |h2H0+0)0=0) g1
for all z,h € R™ and t € [0, 1].
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