GENERIC REGULARITY OF FREE BOUNDARIES FOR
THE THIN OBSTACLE PROBLEM

XAVIER FERNANDEZ-REAL AND CLARA TORRES-LATORRE

ABSTRACT. The free boundary for the Signorini problem in R™*! is smooth outside of
a degenerate set, which can have the same dimension (n — 1) as the free boundary itself.

In [FR21] it was shown that generically, the set where the free boundary is not smooth
is at most (n — 2)-dimensional. Our main result establishes that, in fact, the degenerate
set has zero H™ 370 measure for a generic solution. As a by-product, we obtain that,
for n + 1 < 4, the whole free boundary is generically smooth. This solves the analogue
of a conjecture of Schaeffer in R® and R* for the thin obstacle problem.

1. INTRODUCTION

The Signorini problem (also known as the thin or boundary obstacle problem) is a classi-
cal free boundary problem that was originally studied by Antonio Signorini in connection
with linear elasticity [Sig33|, [Sigh9, [KO88|]. The same equations appear in a variety of
settings such as Biology, Fluid Mechanics, and Finance, and they have received a lot of
interest from different areas [DL76), Mer76l (CT04, Ros18| [Fer22].

The thin obstacle problem is equivalent to the obstacle problem for the half-Laplacian
(—A)l/ 2 and has been extensively studied by the mathematical community in the last
two decades; see [Caf79, [AC04, [CS07, [ACS08|, I(GP09, PSU12, [KPS15l [DS16, DGPTI1T,
FS18| [KRS19, [CSV20, [Shi20l [EJ21], [FS23], and the references therein. In particular, the
study of the Signorini problem is a crucial ingredient to understand the free boundary in
the thick obstacle problem [FS19, [FRS20, [SY22] [SY22b].

Obstacle problems belong to a wide class of problems known as free boundary problems,
where one of the unknowns is the contact set, and more precisely, its boundary, the free
boundary. There are explicit constructions [Sch76] for the classical obstacle problem that
give rise to free boundaries having a set of singular points of the same dimension as
the whole free boundary. Still, singular points are expected to be infrequent: Schaeffer
conjectured in 1974 (|[Sch74]) that, for a generic boundary datum, the free boundary is
regular. The conjecture was proved to hold true in the plane R? by Monneau in [Mon03],
and much more recently in a breakthrough work, [FRS20], Figalli, Ros-Oton, and Serra
showed that it also holds in R? and R*.
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Given the parallels between the classical obstacle problem and the thin obstacle problem,
it is natural to extend the conjecture of Schaeffer to the setting of the latter:

Conjecture 1.1. Generically, the free boundary in the Signorini problem is smooth.

Also for the thin obstacle problem, there are examples of particular solutions having non-
regular points of the same dimension as the whole free boundary (see e.g. [GP09, [FR21]).
The validity of the previous conjecture would imply that such solutions are rare.

Conjecture was recently proved in R? by the first author and Ros-Oton in [FR21]
(with operators div(|zp41|*V-) for a € (—1,1)). In this work, we will extend its validity to
the physical dimension R3, and R*. Moreover, we will also provide dimensional estimates
for the size of the set of degenerate points for dimensions n 4+ 1 > 5.

1.1. The Signorini problem and the free boundary. The Signorini problem with
zero obstacle (originally introduced as the Laplace equation with ambiguous boundary
conditions) can be written as

Au = 0 in B (1.1)
min{u, —0,,,,u} = 0 on By N{x,4 =0} '

Alternatively, we study the problem posed in the whole ball By C R™*! (extending by
even symmetry) as

Au = 0 in B\ {znt1 =0}
min{u, —Au} = 0 on BiN{x,y1 =0} (1.2)
w(@, xpy1) = u(@,—xn41) in By,

where now Awu needs to be understood in the sense of distributions. For the Signorini
problem, solutions are always C1+1/2 (on each side in (I.2), see [AC04]).

Like the obstacle problem, the Signorini problem is a free boundary problem. That is,
one of the unknowns of the problem is the contact set

Alu) := {2’ e R" : u(2’,0) = 0} x {0},

and in particular, its boundary (in the relative topology on the thin space), the free
boundary

[(u) := 0{z' € R" : u(x’,0) = 0} x {0}.

The free boundary has been mainly studied so far by means of blow-up methods.
Namely, assume that w is a solution to (1.2) with 0 € I'(u), and define the blow-up
sequence

up(x) = u(rz)

= 1.3
lull 208, (1.3)

It can be shown that, up to a subsequence r; | 0, u, converges (locally uniformly) to a
global k-homogeneous solution ug. The value k is what we call the order or frequency of
the free boundary point.

The free boundary is divided into reqular points, Reg(u) (with homogeneity x = 3/2),
and degenerate points, Deg(u) (with homogeneity « > 2), [ACS08]|:

I'(u) = Reg(u) U Deg(u).
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Moreover, for almost every solution, the dimension of the set of degenerate points is at
most n — 2, so they are rare [FR21]. We refer to [PSU12) [Fer22] for more details about
the structure of the free boundary, and the thin obstacle problem in general.

1.2. Main results. We prove that generically, the set of degenerate points is empty in
dimensions n + 1 = 3 and n + 1 = 4. More precisely, we consider monotone families of
solutions as follows.

Let u: By x [-1,1] — R be such that u(-,t) solves for each ¢t € [—1,1] and

u(t) —u(,t) > 0 in B;
u(t)—u(-t) > t'—t on OB N{|znq1| > 5} (1.4)
[u(, D)llcory < 1,

for all —1 <t < t' < 1. As there is no room for confusion, we will say that u : By x
[—1,1] — R solves (1.2)) if wu(-,¢) solves it for all ¢ € [—1,1]. Our main result is the
following:

Theorem 1.2. Let u : By x [-1,1] — R be a solution to -. Then, for almost
every t € [—1,1],

(a) If n <3, Deg(u(-, 1)) = 0.

(b) If n >4, dimy/(Deg(u(-,t))) < n—3 — ao, for some a, > 0 depending only on n.

Here, dimy; denotes the Hausdorff dimension of a set; see for example [Mat95, Chap-
ter 4]. We actually prove stronger results for several subsets of the free boundary, see
Proposition See also subsection [2.5] for a sketch of the proof of Theorem [1.2

As a consequence of our main result we obtain that, generically, free boundaries are
smooth in R® and R*, thus showing that the analogue of Schaeffer’s conjecture for the
thin obstacle problem holds true in these dimensions.

Corollary 1.3. Conjecture holds in R and R*.
We recall that this was only known in R?, [FR21].

Remark 1.4. The notion of genericity needs to be understood in the context of the theory
of prevalence, [HSY92] (see also [OY05]). In this language, we will prove that the set of
solutions satisfying that the free boundary has an empty degenerate set is prevalent within
the set of solutions in R? and R* (say, given by C° or L™ boundary data). Alternatively, we
show that the set of solutions whose degenerate set is non-empty is shy. In particular, this
means that for almost every boundary data (see [OY05, Definition 3.1]) the corresponding
solution has a smooth free boundary (by [KPS15l [DS16]).

Remark 1.5. The result in Corollary is in correspondence with the results in the thick
case in [FRS20], in R? and R* as well. Part of the appeal of the present manuscript is that,
due to the nature of the problem, the methods developed in [FRS20] become much simpler
in the context of the Signorini problem (once combined with [CSV20, FR21], [FJ21 [SY22]),
allowing us to obtain an equally strong result with far fewer technical details. Indeed, in
our case, the free boundary is a set of co-dimension 2 (instead of co-dimension 1), making
it a set of zero harmonic capacity. This implies, in particular, that the second-order
expansion around singular points is harmonic (see Propositions and . Conversely,
in the thick case, the second-order term in the expansion around singular points can have
different behaviors, one of them being, precisely, a solution to a thin obstacle problem,



4 XAVIER FERNANDEZ-REAL AND CLARA TORRES-LATORRE

that also needs to account for the curvature of the contact set around the point, and has a
different thin space at each point. Roughly speaking, the role played by u — p in the thick
case (where p is the first order expansion around a free boundary point, that depends on
the point), is now played by u (which is the same at all points, thus allowing for a simpler
analysis).

In the same way, this also means that the dimension in which Conjecture holds
cannot be improved only using the approach in [FRS20]. (More specifically, completely
new ideas are needed to improve the generic size of the set I'5(u); see subsections

and [2.5])

Remark 1.6. In this work, we deal with the Signorini problem with zero obstacle, or
(1.2) (as in [CSV20, [FJ21], [SY22]), which is a model case including the problem with an
analytic obstacle.

Indeed, given a function ¢ : B C R" — R where B{ denotes the unit ball in R”, the
Signorini problem with obstacle ¢ is

Au = 0 in Byn{xzpy >0}
min{u(z’,0) — p(z'), =0y, u(z',0)} = 0 for 2’ € Bj.

When ¢ is analytic, it can be extended to a harmonic function in B; € R™*! (i.e., with
o(2',0) = p(a) for all ' € Bj), even in the last coordinate, so that v := v — @ is a
solution to the Signorini problem with zero obstacle, . That is, our result also applies
to analytic obstacles.

Remark 1.7. Apart from the aforementioned works, [FRS20, [FR21], the recent preprints
[EY23] and [CMS23|, ICMS23b| obtain similar results using related techniques in the context
of the Alt-Caffarelli and Alt-Phillips functionals, and minimal surfaces, respectively.

1.3. Plan of the paper. This paper is organized as follows.

In Section 2] we introduce some technical tools, such as the frequency formula, and some
preliminary results. We also sketch the strategy of the proof of Theorem at the end of
the section. Then, the goal of Section [3]is to recover the known dimensional bounds for
Deg(u) and one of its subsets, that we denote I'y(u) (see (2.1])), but for a monotone family
of solutions (instead of a single solution). In Section {4 we study the points of order 2,
separating them into ordinary quadratic points, for which we show an improved cleaning;
and anomalous quadratic points, for which we perform a further dimension reduction; and
in Section [5] we study the cubic points. Finally, in Section [f] we combine our results to
compute the final dimensional estimates.

2. PRELIMINARIES

In this section we recall some background results and we develop some technical tools
that will be useful later. We start with the following Liouville-type result.

Lemma 2.1. Let v : R"*! = R be a k-homogeneous solution to . Then,

(a) If u >0, then u=0.
(b) If u<0 and k > 1, then u=0.
(c) If Deuw > 0 for some direction e and k > 2, then u is invariant in the direction e.
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Proof. (a) Suppose u is not identically zero. Then, by the Hopf lemma 0, 1u(0,0") > 0,
which together with u being even in the x,.; direction contradicts the fact that u is
superharmonic across the thin space {x, 41 = 0}.

(b) Suppose u is not identically zero. Then, by the Hopf lemma 0, 1u(0,0") < 0. On
the other hand, Vu(0) = 0 because the homogeneity of v is x > 1. A contradiction.

(c) First, 0cu(0) = 0 because k > 2. Assume by contradiction that deu > 0 in {x,41 >
0}, and thus by the Hopf lemma 0,119.u(0,07) > 0. Therefore, D?>u(0) # 0, which in
turn implies k£ = 2, and it follows by [ACS08, Theorem 3] that u(z) = > 1" ; a;(z? — 22 ;)
with a; > 0, after a change of coordinates if necessary. Hence, d.u is linear and since
Oeu > 0, we get J.u = 0, a contradiction. O

We continue with a Hopf-type estimate to quantify the monotonicity of the families of
solutions near the thin space.

Lemma 2.2. Let u: By x [—1,1] — R be a solution to -. Then, for allt >0,
hi(z) == u(z,t) — u(z,0) > ctlzny1| in By,
for some ¢ > 0 depending only on n.

Proof. By , hy > 0in By, and hy > t on 9B1 N {|zpt1] > %} Let ¢ be such that
¢ =100 0B N{|zn+1] > 1}, ¢ =000 0By N{|zn1] < 5} and {z,41 =0}, and Ap =0
in By N {zp4+1 # 0}. Then, on the one hand, thanks to the Hopf Lemma we have that
¢ > c|lxpyi]| in By for some ¢ depending only on n; and on the other hand, by the

maximum principle, ¢ < % in Bj. O

Given u : By x [-1,1] — R a family of solutions of (1.2))-(1.4), we define the free
boundary

T(u(-,t)) = 0{z’ € R" : u((2’,0),t) = 0} x {0},
and we denote
T:= [ J D(u(,1).
te[—1,1]
Analogously, we will denote by Reg and Deg the union of all regular and degenerate

points for a family of solutions. For our setting, it is convenient to define the following
map:

Proposition 2.3 ([FR21, Corollary 2.7]). Let u : By x [-1,1] = R be a solution to (1.2)-
. Then, the mapping T : T' — [—1,1] defined as 1(xzg) = to such that xy € T'(u(-, o))
is well defined and continuous. Moreover, for any € > 0, the map

I'NBi—c 3 x0— u(zg + -, 7(x0))
is continuous in the C° norm.
2.1. The frequency formula. Here, we recall and prove some facts about Almgren’s

frequency function.
Given w € Hﬁ)c, we define
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where
D(r,w) := 7“1_"/ Vw?> and H(r,w) := 7"_”/ w?.
B OBy
We recall that the frequency function ¢ is nondecreasing in r for solutions of (1.2)):

Lemma 2.4 (J[ACS08, Lemma 1]). Let u be a solution to (1.3). Then, the function
r — ¢(r,u) is nondecreasing. Moreover, ¢(r,u) is constant with respect to r, ¢(r,u) = A,
if and only if u is A-homogeneous.

This justifies that the frequency of a point xg, ¢(0, u(zg + -)), is always well defined;
and hence, we can stratify the free boundary according to the frequency x as follows (see

Proposition :
Ce(u(-,t)) :={zo € T'(u(-,t)) : o(0F, u(zg + -, 1)) = Kk}, Tyi= U Te(u(-,t)),

and we also introduce the sets

Pon(u( 1) := [ J Dulu( 1), Teei=(J T,

V2K V2K

To(u(-t) = |J Tu(u(t), Tu:= (J T,

vER\S vER\S

where S = {1,3,2,3, %,4, ...} = NU{2N — 1} is the set of possible homogeneities of the
solutions of Signorini in dimension n + 1 = 2.

Observe that the frequency function can act as a proxy for the growth rate of a function:

(2.1)

Lemma 2.5. Let u: B — R be a solution to . Suppose that for 0 <r < R <1 we
have A < ¢(r,u) < ¢(R,u) < X. Then,

O - HOR

Proof. Let u, := u(r-). Then, H(r,u) = f831 u2, and integrating by parts,

2 2 2
H'(r,u) = / Up Oy Uy = — (/ \VuT|2 —i—/ uTAuT> = —D(u,r),
T JoB; r By By r

because u, Au, = 0 for solutions of (|1.2)), and hence
H'(r,u)
H(r, u)

Then, integrating from r to R (and since ¢ is monotone nondecreasing, see Lemma ,

= 2o(ru).

2AIn(R/r) <In <m> < 2X\In(R/r),

and the conclusion follows. O
Finally, once the frequency is properly defined, we may recall two results that will be

used later. The first one is a strong comparison principle, from which we copy the proof
for the convenience of the reader.
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Lemma 2.6 ([FRS20, Lemma A.4]). Let u,v be two solutions of satisfying u > v in
By and u(0) =v(0) = 0. If (0T, v) > 1 or v =0, then u = v.

Proof. Assume by contradiction that u # v. Then, u > v in {z,4+1 > 0}, and by the Hopf
lemma 9y, 41(u—v)(0,07) > 0. On the other hand, since ¢(0",v) > 1 or v =0, Vu(0) = 0,
and it follows that d,11u(0,0) > 0, and since Au = 20, y1uH" (5,0} distributionally,
this contradicts the fact that Au < 0. O

The second one is the following cleaning result.

Proposition 2.7 ([FR21], Propositions 2.4 & 2.9]). Let u: By x [-1,1] — R be a solution
to (1.3)-(1.4). Let 6 > 0 small, and let zg € B1_sNT>,(u(-,t)). Then, there exists p > 0
such that

{(z,t) € By(zo) x [—1,1] : t > to + Clz — 2o|" '} N {u = 0} N {zp41 = 0} = 0,
for some constant C' depending only on n, k and §. Moreover, if kK = 2, for every e > 0
there exists p > 0 such that

{(z,t) € By(zo) x [-1,1] : t > tg + Clz — 2>} N {(x,t) : € Ta(u(-,1))} =0,

for some constant C' depending only on n and €.

2.2. Quadratic points. Given u a solution to (1.2) and a singular point z¢ € I's2(u), we
denote by p2 ., the first blow—upE| of u at x,

(2.2)

This expression is uniquely defined by [GP09, Theorem 1.3.6 or Theorem 1.5.4], and
P2,z = 0 if and only if zg € T'so(u) (by [GP09, Lemmas 1.5.1 and 1.5.2]). The blow-up
D2z, belongs to the set of homogeneous quadratic harmonic even polynomials that are
nonnegative on the thin space, i.e.

PQ = {p : Ap = 07 z- Vp = 2p7 p(:E/vO) > 07 p($',$n+1) = p(xla _:Z:nJrl)}‘

Notice how p = 0 also belongs to Ps.
The following proposition will allow us to perform a second blow-up at the points of
frequency 2 to attain a finer understanding of singular points:

Proposition 2.8 ([FJ21, Proposition 2.2]). Let u be a solution to (1.4), and assume that
0 € Iso(u) (ie. ¢(0T,u) > 2). Let p € Py and let w := u — p. Then, the function
r — ¢(r,w) is nondecreasing, and its derivative satisfies

with wy,(x) := w(rz). Moreover, ¢p(0F w) > 2.

Proof. This result corresponds to [F.J21, Proposition 2.2] in combination with the compu-
tations inside its proof. O

1Observe that these are not rescalings that preserve the L?(8B;) norm (cf. the sequence (T.3)). In fact,
at singular points both types of rescalings coincide up to a multiplicative constant. By rescaling directly
by 72 we obtain the first order expansion of w, that is, u(zo + -) = pa,, (x) + o(|z|?).
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The following lemma asserts that the L? rate of growth of u — p can be estimated by
its frequency (cf. Lemma .

Lemma 2.9. Let u : By — R be a solution to (1.9), and assume that 0 € T'a(u) (i.e.
o(0",u) = 2). Let p € P2. Suppose that for 0 <r < R <1 we have A < ¢(r,u —p) <
d(R,u —p) < A. Then, for any given § > 0,

2) _ 2X+4
By HUBemp) o (BT
r H(r,u—p) r

where Cs depends only on 8§, X, and the dimension.

Proof. First, we define w := u — p, w, := w(r-), and

F(ryw) :=

Since p > 0 on the thin space, and Au = 0 outside of it, wAw = —pAu > 0.
Observe that

2 2 H' 2
H,(’l", w) = ’l“/ |vwr|2 + / wrAw, = M = —(¢(r,w) + F(r)).
B T JB r,w r

Integrating, we get

H(R,w) )
In|———)= - F dp.
2 () = 2 6w+ Flpun ap
On the one hand, since F'(p,w) > 0 and ¢ is nondecreasing (by Proposition [2.8)),

w (MY | ’ 2 (9. w)dp > A (1),

and the inequality in the left follows. On the other hand, using Proposition [2.§

st < ([ i) (["2)" < (552)

and then
H R _
In <}m> = /T p (¢(p,w) + F(p,w))dp < 2XIn(R/r) + C'In(R/r)"/?,
so that the conclusion follows by the estimate v/t < 5t + Cj. O

By means of Proposition quadratic free boundary points can be further stratified in
terms of a second blow-up. That is, if ¢ € I'2(u), we define the second blow-up sequence
~ U(ZEO +T') _p2,x0(r‘)
Wy = )
[u(zo +7) = P2, ()l L2(081)
which converges to a A-homogeneous function with A = ¢(0", u(zg + ) — pas,), up to a
subsequence, thanks to the monotonicity of ¢ along u — p given by Proposition [2.8}

Proposition 2.10 ([EJ21, Proposition 3.2]). For every sequence r; | 0, there is a sub-

sequence 15 | 0 such that ﬁ)rjl — q in Hlloc, and g Z 0 is a A-homogeneous harmonic

polynomial, with A = ¢(0F, u(zo + ) — pasy) € {2,3,4,...}.
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Then, we define the ordinary and anomalous quadratic points as follows:
[9(u) := {mog € Ta(u) : (0T, u(zo + ) — p2.sy) > 3}
I5(u) == {xo € Ta(u) : p(0, u(zo + ) — p2sy) = 2},
and we define the sets I'§ and I'y analogously for a family of solutions (cf. (2.1))). Ordinary
quadratic points are called generic quadratic points in [FJ21], but we have decided to
change the terminology in order to avoid confusion.

The second blow-up satisfies the following orthogonality property with the first one,
coming from an optimality condition:

(2.3)

Lemma 2.11 ([FJ21, Lemma 3.3]). Let u be a solution to with 0 € T'a(u). Let
p2 € Py be the blow-up of u at 0, and let q be a second blow-up as introduced in Proposition

[2.10, Then,
/ p2g =0
o8B,

/ pg <0 Vpé& Ps.
0B1

and

2.3. Cubic points. We will take advantage of the following recently improved conver-
gence to the cubic blow-up:

Theorem 2.12 ([SY22, Theorem 1.1]). Let u be a solution to (1.2) with 0 € T's(u) and
|ul[ oo,y < 1. Then, there exists a 3-homogeneous solution to (1.2)), p3, such that

lu = psllpe(p,) < Créte,

for some C,a > 0 depending only on n.
We will also use the following characterization of global cubic solutions.
Lemma 2.13 ([FRS20, Lemma 5.2]). Let p3 be a 3-homogeneous solution to (1.4). Then,
Pa(@) = |znil(aal s — o' - Ax),
where a > 0, A is symmetric and nonnegative definite, and a = Tr A.

2.4. Geometric measure theory tools. We will use the following Reifenberg-type re-
sult using the frequency function ¢ as f, to perform dimension reduction arguments only
at the points of continuity of ¢.

Lemma 2.14 ([FRS20, Lemma 7.3]). Let E C R", and f : E — R. Assume that, for any
e >0 and x € E, there exists p > 0 such that, for all r € (0, p),

EN B (x) N f7H([f(2) = p, f(2) + p]) € {y : dist(y, ) < er},

for some m-dimensional plane I, , passing through x (possibly depending on r). Then,
dimy (E) < m.

We will also use the following abstract proposition in the proof of our main result,
Theorem [1.2] in order to bound the sizes of each of the subsets of the free boundary.
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Proposition 2.15 ([FRS20, Corollary 7.8]). Consider the family { Et}e(—1,1) with Bt C
R™, and let us denote E := |J Eji.
te[—1,1]
Let 1 < B <n, and assume that the following holds:
° dlm'H E < B,
e foralle >0, ty € [—1,1], and xg € Ey,, there exists p > 0 such that

BT(':CO) N Et - @7

for allr € (0,p) and t > to+r77¢.
Then,

(a) Ify> B, dimy ({t : By # 0}) < B/.
(b) If v < B, dimy(E;) < B — 7, for H'-a.e. t € [—1,1].

2.5. Sketch of the proof. The proof is done by combining the ideas and techniques from
[FRS20] with the results in [CSV20l [F.J21l, [FR21l [SY22].

The two key parts of our strategy are dimension reduction arguments for families of
solutions and cleaning lemmas combined with Proposition 2.15] We then apply the two
steps to different subsets of the free boundary, using the following stratification:

Deg(u) = I'5(u) UTS(u) UT3(u) UTs7/9(u) UT(u).

First, given a family of solutions u : By x [—-1,1] — R to —, using dimension
reduction arguments one can compute the maximum total dimension of each of the five
sets for all the solutions of the family at the same time, see Propositions and Here,
monotonicity is key to get the same results as one would get for a single solution.

Then, for each type of points we use that if 29 € I'(u(-, o)), there exists some 79 > 0
such that u is positive (or identically zero, depending on the case) in one of the following
sets

{r €By, |z —xo|" <t—to} or {x€ By :|r—ao| <to—t},
and hence there are no other free boundary points there. This is done via an expan-
sion of the solution at zg and comparison arguments. The novel results in this step are
Propositions [£.1] and that deal with quadratic and cubic points, respectively.

Finally, applying Proposition [2.15] one can get an estimate on the size of each of the
degenerate strata for almost every solution. For n > 4, the situation can be summarized
as follows, where o,y € (0,1) are dimensional constants, and € > 0 is an arbitrarily small
number.

Set | dimy I' | Cleaning exponent Generid? dimy I’

s n—1 3—¢ n—4

s n—2 2—c¢ n—4

T n—1 247 n—3—vy
Lsrp| n—1 5/2—¢ n—7/2

T, n—2 l1+a n—3—«

2In the sense of Remark
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For n = 2 and n = 3, the conclusion is that, generically, the free boundary contains no
degenerate points.

3. DIMENSIONAL BOUNDS FOR I'>9 AND I',

First, we will estimate the size of the sets I'>o and I'y, with a dimension reduction
argument (recall ), taking advantage of the fact that the possible global homogeneous
solutions of the Signorini problem are completely classified in low dimensions.

In particular, the goal of this section is to prove the following result:

Proposition 3.1. Let u: By x [-1,1] — R be a solution to (1.9)-(1.4]). Then,
(a) dimy(T'>2) <n—11ifn>2, and T'sy is discrete if n = 1.
(b) dimy(T'y) <n—2ifn >3, I'y is discrete if n =2, and it is empty if n = 1.

In order to do it, we first show the following lemma (cf. [FRS20, Lemma 6.5]).
Lemma 3.2. Let u: By x [~1,1] = R be a solution to (1.9)-(1.4), with 0 € I'>a(u(-,0)).
Let zy, € T'>9 satisfy |vg| < g, with v, L0, tg := 7(zx) — 0, and assume that

Tk

-0
_ u(?”k ) ) —q n Hﬁ)C(Rn"_l), Yk = — — Yoo 7é O, and Rk — R,
[u(re-, 0)ll1208y) "k

Uy,

where
Kk = ¢(O+7u($k+'?tk>)a K= ¢(0+7U('a0))7
and g Z 0 is a k-homogeneous solution to .

Then, q is translation invariant in the direction Yoo-

Proof. Let us define wy, := u(zy + 175, tx) and wy o = u(xp+7rg-, 0) so that, for each k € N,
they are ordered in By /(o) (that is, either wy > wy o or w, < wy in Bl/(z,,k)). Observe
that, by assumption, since @,, — ¢ and ¢ # 0,

wro _ Un(yet) (Yo £ )
||wk,0\|L2(aBl) [r, (yx + ')||L2(6Bl) (Yoo + ')HL2(8Bl)
weakly in Hﬁ)c. We now divide the proof into two steps.
Step 1. We first prove that, up to a subsequence,
w
Wy, 1= ——k @ locally uniformly,
HwkHLQ(BBl)

for some @ a global k-homogeneous solution to the Signorini problem.

Indeed, by the upper semicontinuity and monotonicity of ¢, and the fact that k — &,
for all & > 0 there exist 75 > 0 and ks € N such that

o(ryu(ek + -, tg)) € (k— 0,k +06) Vre (0,rs5), Yk > ks,
and hence
o(rywg) € (k—0,6+9) Vre (0,r5/rr), Vk > ks.
In particular, by Lemma [2.5
H(R,wy) < R**PH(1, ) = R* 2 VR e [1,rs/r), Yk > ks,

maybe with a smaller 5 > 0 and larger ks. Combined with interior Lipschitz estimates
[AC04, Theorem 1], this implies that w; — @ locally uniformly, up to a subsequence, for
some () a global solution to the thin obstacle problem. Moreover, thanks to the uniform
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CH1/2 estimates for solutions [AC04] we also have that ¢(r, @) — ¢(r, Q) as k — oo for
each 7 > 0 fixed (observe that |9, 1w|? is C'/2), and therefore

P(r,Q) € [k — 0,k + 6] Vr>0.

Since this holds for any § > 0, Lemma [2.4] yields that Q is k-homogeneous.
Step 2. We now show that y - Vq has a constant sign and deduce that 4. - Vg = 0.
Let &y, := |lwk||L2(98,) )- By the first observation we have

W0 = Wi0/ék — bq(Yoo + ) =t Qo weakly in Hy
for some b € [0, 1]. Moreover, by Step 1 and up to a subsequence,
Wy = wy/ér — aQ =: Q  locally uniformly,

with a € [0, 1].
We cannot have a = b = 0, because it contradicts the fact that ||Q||L2(631)+||Q0HL2 (9B)) =
1. Suppose now that a = 0. Then, for each k € N, w; and 1wy o are ordered in Bl/@rk)

and therefore Qg and Q are ordered in R™H! (that is, either Qo>0=00rQy<Q=0

in R"*1). Since ¢ (and then Qo) is a global solution with homogeneity x > 2, by Lemma
it cannot have constant sign, a contradiction. The same argument with @) gives that
b cannot be zero. Hence, a and b are both positive.

If we assume without loss of generality that Q > Qo and let z = Az, by homogeneity
we have

aQ(z) > bq(Yoo + ) = aQ(2) > bg(ANYyoo +2) YA>0 = aQ > bq.

Since a@) and bg are ordered global solutions of with homogeneity greater than 1,

they are equal by Lemma [2.6] It follows that
bg = aQ > bg(yso + ),
and by homogeneity again (since b > 0)
q>q(A\Yoso +-) VYA>O.

Thus, Yo - Vg < 0, and applying Lemma (c)7 q is invariant in the y, direction. O

We can now give the proof of Proposition

Proof of Proposition[3.1]. (a) We will apply Proposition “ 2.14] to the set I'>o with the func-
tion f:I'so — R given by

f(zo) = ¢(07, u(:, 7(20)))-
To obtain the desired result, thanks to Lemma [2.14] it suffices to prove the following:
for all zgp € I'>9 and for all € > 0, there exists p > 0 such that for all » € (0, p),

By (20) N2 N f~H([f(w0) — p, f(wo) + p]) C {y : dist(y, L) < er},

where Il , is a (n — 1)-dimensional plane passing through z.

Assume without loss of generality that z9p = 0 and 7(zp) = 0, and let us prove the
statement by contradiction. If such p > 0 did not exist for some 9 > 0, then we would
have sequences r; | 0 and a:,(cj) €I'>oN B, 1 <j < n,such that

w =2 re oyl € Br. dim(span(yld,. .y =n. |f() - O Lo.
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Let @, := u(r-)/H(r,u)'/2. Then, by [ACS0S8, Section 4] @i, — ¢ along a subsequence,
where ¢ is a nonzero k-homogeneous global solution to the Signorini problem . Also,
since g € I'>2, K > 2.

Applying Lemma to the sequences (:ch ),T(x,(c] ))) we deduce that ¢ is translation
invariant in the n linearly independent directions y(()%), 1 < j <n. It follows that ¢ is a one
dimensional nonzero x-homogeneous solution to Signorini, with x > 2, which contradicts
the fact that the only possible homogeneities in dimension one are 0 and 1.

(b) Repeating the arguments in (a), but with 1 < j < n — 1 instead, we end up
with a nonzero x-homogeneous two dimensional solution to Signorini, but since x¢ € L'y,
k¢ {1, %, 2,3, %, 4,5,...}, contradicting that these are the only possible homogeneities in
dimension 2. (]

4. QUADRATIC POINTS

4.1. Ordinary quadratic points. If the next term of the expansion at a quadratic point
is at least cubic (that is, we are at an ordinary quadratic point, (2.3)), we can adapt the
arguments in [FRS20, Section 9] to improve the cleaning rate up to 3—e. Hence, we show:

Proposition 4.1. Let u : By x [~1,1] = R be a solution to (1.9)-(1.4). Assume that
0e Fg(u(a 0))
Then, for all € > 0 there exists p > 0 such that
{(z,t) € B, x [0,1] : t > |2} N {u = 0} N {zp41 = 0} = 0.

In order to prove Proposition {.1], we first show the following auxiliary lemma.

Lemma 4.2. Let u: By x [—1,1] = R be a solution to (1.2)-(1.4), with 0 € Ta(u(-,0)).
Let D, := 0B, N {|xny1| > 1/2}. Then, for every e > 0,

Hlljin hy := r%i [u(-,t) —u(-,0)] > crt, Vre(0,pe), Vte]|0,1],

T T

for some ce, pe > 0.
Proof. By |GP09, Theorem 1.3.6]),
u(@,0) = p(x) + o(|z[*),

for some nonzero p € Py. Therefore, for all § > 0 there exists rs5 > 0 such that for all
pe (Oa 27“5),

Bin{u(p-,0) = 0}n{xp4+1 =0} C C5:= {:B e R™L: dist <$ {p=0}N{zpt1 = 0}> <5}.

Indeed, let m be the minimum of p in (0B; N{x,+1 = 0})\ Cs. Since p > 0 on the thin
space, m > 0. Now, choosing rs small enough, for all p < rs,

m X m
u(pr.0) > plpr) — 2 pPlaf? = pPlaf? (p (m) - ) -0,

x|’

2

for all z € (By1 N {zp+1 =0}) \ Cs.

Let now @5 := |2|*®)®5(x/|x|), where ®5 > 0 is the first eigenfunction of the spherical
Laplacian on 0B; \ Cs, and p(0) is chosen so that ¢ is harmonic when positive. Then,
s is a positive harmonic function defined in R™ \ Cs vanishing on 0Cs.
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Since p # 0 and p is a homogeneous quadratic polynomial nonnegative on the thin
space, {p = 0} N{x,4+1 = 0} is a linear space of dimension at most n — 1, and in particular
has zero harmonic capacity. Therefore, as 6 — 0, u(d) — 0, and we can choose ¢ such
that ©(29) < e. Moreover, choosing § < i, D, and Cys are disjoint.

Notice that hy = u(-,t) — u(-,0) is harmonic in {u(-,0) > 0} and in By \ {zn+1 = 0}. In
particular, h; is harmonic in

(Bi \ {zn+1 = 0}) U (Bars N {241 = 0} \ C).

Hence, using the monotonicity assumption ([1.4) and the interior Harnack, there exists
cs > 0 such that

hy > cst on 0By, \ Cas.

Then, we can use
P25

wy = cgt ——————
Tesll roomny)

as a lower barrier in B, \ Cas because hy > wy in 0B, \ Cas by construction, and hy > 0
and w; = 0 on 0Cy.
Hence,

n%in hy > n}l)in wy = crte > erft Wr e (0,75),

as we wanted to see. O

By means of the previous result, we can now prove the improved cleaning for the
ordinary quadratic points.

Proof of Proposition[{.1l By the definition of I'3, there exists a harmonic quadratic poly-
nomial p € Py such that

lr~2u(r-,0) — p| < Crin By, Vr € (0,1),

Let us then bound v(x) := r—2u(rx,t). By Lemma [4.2] and the previous estimates, taking
t Z ,,437257

v(x) = p(x) — O + car™ *tX (g a|>1/2) = P() — OF + €' X (g1 |>1/2) o0 OBy

Let ¢ be a harmonic function in By with boundary data ¢ = X{z, ,|>1/23 on OB.
Then, since v is superharmonic and p is harmonic,

v(x) > p(x) — Cr + cor' S in By,
and using that ¢ > ¢(n) > 0 in By s,
v>p—Cr+ce(n)r'™ >0on By N {xpy1 = 0},

for sufficiently small r, using that p > 0 on the thin space. (]
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4.2. Anomalous quadratic points. Now we consider the points in the set I'j (see ([2.3)).
We will use a dimension reduction argument to show that dimy(I'3) < n — 2. Hence, in
this subsection we will prove the following proposition.

Proposition 4.3. Letu : By x[—1,1] = R be a solution to (1.3)-(1.4). Then, dimy(T'}) <
n—2ifn >3, I'§ is discrete if n = 2, and it is emptly if n = 1.

The following lemmas are analogous to the first part of [FRS20, Section 6] combined
with results from [CSV20, [FJ21, [FR21]. The first one is about the continuity of the first
and second blow-ups on the set I's.

Lemma 4.4. Let u : By x [-1,1] — R be a solution to -([1.4), and let us denote by
P2,z the blow-up of u(-,7(x)) at x € I'so according to (2.2)); in particular, ps» = 0 if and
only if © € T'so. Then:
(a) For all p <1, T'>2N B, is closed. Moreover, given a convergent sequence {xy} C
I‘zg ﬂFp, Tp — Too,
D2z, = P2,200>
where pg o, =0 if xoo € T'so.
(b) The frequency function

FZQ 2 x> (Z5(0+, u(wo + -, T($0)) — pgm)
1S upper Semicontinuous.

Proof. (a) We first show that if x; € I's9 and xp — %o, then zo € I'so. Notice that
ty := 7(xk) = teo := T(Zs) by Proposition Now, by [CSV20, Proposition 7.1] (or by
the frequency gap [CSV20), Theorem 4] if x € I's2) we have

lu(@y + -, tr) — P2y Lo (m,) < rPw(r), Vr>0,
where w is a universal modulus of continuity.

Then, p2 , — P up to a subsequence for some harmonic 2-homogeneous polynomial P
and, by Proposition w(zy, + -, 1) = w(Too + -, tso) in CO. Therefore,

lu(Too + -y too) — PHLOO(BT) < rzw(r), Vr > 0.

It follows that zo € I'>2 and that ps , . = P. Finally, the estimate can only hold for one
unique P, and a posteriori we deduce that for any other subsequence, P2y, = P up to a
subsequence again.

(b) First, we consider the function I'so 3 z¢ — ¢(r, u(xo + -, 7(20)) — P2,4,) for a fixed
r >0,
J, [Vulzo + -, 7(0)) — V2|

" o o + 5 7(20) — P2.ay)?

Given a convergent sequence xp € I'sg, xp — T, using (a) the terms involving the
second order polynomial converge. Then, u(zy + -, 7(zr)) = u(zeo + -, T(T0)) in L™ by
the second part of Proposition Thus, the quotient is continuous because of the uni-
form C11/2 estimates for u(-,t) [AC04] (observe that |94 1u(xo + -, 7(20)) — Ons1D2.20|> =
|Op1u(zo + -, 7(x0))|? is CV/2 in B,.).

Our desired result now follows by taking the infimum over r > 0 of the family of
continuous functions I'so 3 zg — ¢(r, u(xo + -, 7(z0)) — P2,2,) (this is an increaing family
in 7 > 0, by Proposition . O

¢(r,u(zo + -, 7(20)) — P2so) =
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Then, we show that points in I's only accumulate in the directions of the null space of
the blow-up.

Lemma 4.5. Let u: By x [—1,1] = R be a solution to (1.2)-(1.4), and let 0 € Ta(u(-,0)).
Let z, € Ty satisfy x| | 0 and ty, := 7(xy) | 0. Let pay = pag,. Then, pay — pa, with
p2 the blow-up of u(-,0) at 0, and we have

< Cw(2|zk]),

Ty,
D2,k — P2 < + )
|| L(By)

P2,k _p2”L°°(Bl) < Cw(2|zg|),

where w is a universal modulus of continuity, and

dist <|ik|, {p2 =0} N {zps1 = O}> —0 as k— oo.
k

Proof. By Lemma (a), pax — D2, up to a subsequence. Let 1, = |zg|, so that by
[CSV20l Proposition 7.1] we have
e 2y + e, t) = o)l oo (sy) < 4w (2r)
and
I (e, 0) = pa(a)|| oo (By) < 4 (2r3).

Thus, defining yy, := x/|xg|, for all z € By we have the following: if t; <0,

—4dw(2ry) + por(x) < r,?zu(xk + iz, ty) < T‘I;QU(:MC + rpz,0) < dw(2rk) + pa(yr + x),
and if ¢, > 0,

4dw(2ry) + pok(z) > rk_Qu(xk + rrx, ty) > T;Qu(mk + 2, 0) > —4w(2r) + p2(yx + x).

Assume without loss of generality that ¢, > 0 and consider the function ¢(z) = po x(x)—
p2(yr + x) + 8w(2rg). On the one hand, ¢ is nonnegative and harmonic in Bs. On the
other hand, since pa(yg + ) > 0 on {zp4+1 = 0}, ¢(0) < 8w(2ry). Then, by the Harnack
inequality, 0 < ¢ < Cw(2r) in Bj.

Consequently,

Ip2e — P2(yk + )l 208y < Cllp2k — P2(yk + )l Lo (By) < Cw(2r4).

Finally, pa 1, —p2 is 2-homogeneous and harmonic, and ps —pa(y;+-) is affine. Therefore,

they are orthogonal. Hence, when k& — oo,
|2k — ]92H%2(331) + llp2 — p2(yx + -)"%2(331) = |lp2k — p2(yr + ‘)||%2(331) — 0.

In particular, ||p2 —p2(yk +)llz2(0m,) — 0, and it follows that dist(yx, {p2 = 0} N {zp+1 =
0}) — 0. O

The following auxiliary lemma plays a similar role to Lemma [3.2] but for the second
blow-up at anomalous quadratic points.

Lemma 4.6. Let u: By x [~1,1] = R be a solution to (1.3)-(1.4), let 0 € T3(u(-,0)). Let
xy, € T'% satisfy |xg| < i with r, | 0 and t :== 7(x) — 0. Assume that
. w(ry:)
T L
* Hw@"k')”L?(aBl)

where pa is the blow-up of u(-,0) at 0 and Yoo # 0.

. Tk
—gqm Hl%)c(Rn—i_l) Jor w:= u(,O) — D2, Yk = E — Yoo,
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Then, q(yo) = 0.

Proof. Let us define vy := u(xg + ri-, tg) — p2(ry-) = v,(gl) + Ul(f) + v,(gg), where

’U]E}) = u(:ck + T‘k',t]g) - u(ﬂﬂk + Tk'yo),
o = ulay, + i, 0) — palar, + i),
01(63) 1= pa(zk + 117) — P2(Tke)

Observe that @,, — ¢, and [|q(yx+-) | z2(am,) 7# 0 because ¢ is homogeneous and nonzero
by Proposition Therefore,

vl(cZ) _ Wry, (yk + ) o @Tk (yk + ) N Q(yoo + )

||U](€2)HL2(831) lwr Gk + ) lzzosy 0 e + zesy 1aWeo + )25

weakly in H}. .

On the other hand, notice that the zero level set of a nonnegative homogeneous quadratic
polynomial coincides with the linear space of invariant directions. Let L := {p2 = 0} N
{Zn4+1 = 0}. Then, L is a linear subspace of dimension at most n — 1 because pa # 0 on
the thin space. Now, p2(ys) = 0 by the second part of Lemma and denoting zj the

orthogonal projections of y; onto L,

3
v,g) p2(yk + ) — p2 p2(yk — 2k +°) — P2

0PN 20m, P20+ ) = pallzep) — lIp2(ye — 2 + ) = pallz2om,)

- Vp2 "€,

weakly in Hﬁ)c, up to a subsequence, because y; — 2, — 0, and for some non-zero e € L.
We now divide the proof into three steps.
Step 1. We prove that

Uk

Uy, - —Q in Hp (R")

B HkaLQ(aBl)

for some ) with polynomial growth.
By Proposition [2.3] and the monotonicity of ¢, there exist ro > 0 and kg € N such that,
for M := ¢(0%, u(-,0) — p2) + 1, we have

o(ryu(zg + -+, tg) —p2) <M Vre (0,r9), YVk>ko
and equivalently
o(r, o) = o(r,vr) < M Vr e (0,r0/r1), Yk > ko.
Applying Lemma [2.9] to vy, we obtain
H(R, %) < CRPMYH(1,5,) = CR*™MY VR e [1,r0/m), Yk > ko,

maybe with a smaller o > 0, and then ||0x||g1(p,) < C(R).
10C(IR”H), up to a subsequence.

Step 2. Observe that ¢ is harmonic by Proposition We now prove that @ is
harmonic as well and grows at most quadratically at the origin.

First, A%, <0 in By, . Moreover, by [CSV20, Proposition 7.1],

By compactness, it follows that ¥, — @ in H}

u(ar + prte) — P2.ay (0°) |21 08y < P7w(p),
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with w(p) — 0 as p — 0, and hence
[u(@r + protr) = P2y (0| (1) < CpPw(p).
Furthermore, for R > 1, substituting p = Rrp < 1,
lu(ar +7aeste) = Do,y ()|l oo () < C(Rre)*w(Rry),
and for any = € Bg N {u(zk + ryz,t) = 0}, using that the polynomial is 2-homogeneous,
P2z, (2) < CR2w(Rry) = palx) < CR*w(Rry),
by Lemma

Then, since ps grows quadratically away from its zero set,
Br N {u(zg + i, tg) =0} N{zpt1 =0} C
{y € B : dist(y, L) < CR[w(Rr)"* } N {xn11 = 0},
and the right hand side tends to 0 as £ — oo for any fixed R. This shows that
sup{dist(z, L) : * € Br N{u(xy + ri-, tx) = 0}} N {zps1 =0} L 0,

and it follows that the weak limit of the sequence of nonpositive measures Aty will be
supported on L.

Finally, since L is a linear space of at most dimension n — 1, given any test function
¢ € C°(R™1), it can be approximated in H! norm by ¢; — £ that vanish on L. Hence,

[va-ve=tm [vQ.ve = - lim [¢aQ =0,
and it follows that @ is harmonic. Observe, also, that by Lemma [2.9] given that x; € I's,
H(p,vr) < p*H(1,v) Vpe (0,1),
and hence in the limit HQ(p-)HQLQ( = H(p,Q) < p* for all p € (0,1), so Q is at most

quadratic at the origin.
Step 3. We finally prove that ¢(y~) = 0.

. . 1 2 3 . .
First, let & := ||v,(f )||L2(,331) + ||v,£, )”LQ(aBl) + ||v,(C )HLQ(aBl) and 0y, = vg /€. By Step 1
we have 0, — @ = a@ for some a € [0, 1]. Moreover, by the first observations,
v,(f)/ék = bq(Yoo + +) 1= Q(2), v,ig)/ék —cVpy - e:= Q(?’),

weakly in Hlloc7 for some b,c > 0.
Then, the following limit is well defined:

8B1)

QW :=tim o) /2 = limuy /& — limv” /2 — limo? /2,
and it has a constant sign because all the v,(cl) do. Since Q, Q(z) and Q(3) are harmonic,
Q@ must be harmonic as well, and by the Liouville theorem, it must be constant. Hence,
Q=C+bq(yoo +-) +cVps - e,
and, by the definition of &g,
Cl|z20B,) + 0lla(Yoo + 2208y + el VD2 - €l L2(58,) = 1.

If Q = 0, since ¢ is quadratic, we would have b = 0. Then, since Vps - e is linear, it
would follow that all the terms in the sum are zero, a contradiction.
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Therefore, Q # 0,1i.e. a # 0. Since Q grows at most quadratically, b > 0 and VQ(0) = 0.
Hence,

0 = Yoo - VQ(0) = byoo - Vq(Yoo) + Yoo - V(Vp2 - €)(0) = 2bq(yoc) + O,

where we used that ¢ is 2-homogeneous and y, € {p2 = 0}, and it follows that ¢(yo) = 0,
as required. O

Now we are ready to prove our dimensional bound on I'§.

Proof of Proposition[4.3 We need to prove that, for any S > n — 2, the set I'j has zero
[-dimensional Hausdorff measure. Assume by contradiction that

HA(T3) > 0.

Then, by the basic properties of Hausdorff measures (see [Fed69, 2.10.19(2)]) there exists
a point zg € I'} (let us assume zp = 0 without loss of generality), a sequence 7 | 0 and a
set A C By, with H5(A) > 0, such that for every point y € A, there is a sequence 3, € |
such that zy/rp — y.

Let w = u(-,0) — po, w, = w(r-) and ¥, = w,/H(1,w,)"/. Then, by assumption,

Ty qin H,
up to a subsequence, where ¢ is a 2-homogeneous harmonic polynomial.

Furthermore, by Lemma [4.6| we have A C {g = 0} N{p> = 0} N{zp41 = 0}. Then, since
HO(A) > 0, with B > n—2, the only possibility is that dim({pz = 0}N{z,11 = 0}) =n—1,
and that ¢ = 0 on {p2 = 0} N {xn+1 = 0}. Hence, after a change of variables, we may
assume po(z’,0) = 2%, and therefore py(z) = 2% — 22, and ¢(z) = z1(a - z) — ar22 ;.

Now, by the first part of Lemma 2.1}

0= [ @ -sama o) —addo) —a [ (@)
8B1 aBl
where we used that, for i > 1, z1x; is odd with respect to x1 and x? — xiﬂ is even. It
follows that a; = 0.

On the other hand, using the second part of Lemma and letting p = C(23 + 27 —
2x%+1) + a;z12z; with i > 1, and C > 0 large enough such that p(z’,0) > 0,

0> / (C(a:% + x? — 2x721+1) +a;z12)(z1(a - x)) = a?/ x%m?,
831 631

using again the odd and even symmetries of the terms involved. We conclude that a; =0
for all ¢ = 2,...,n. But then it follows that ¢ = 0, a contradiction. U

5. CUBIC POINTS

In this section, we improve the cleaning rate of the cubic points using a barrier argu-
ment combining [FRS20, Lemma 9.4] with Theorem and the Hopf-type estimate in
Lemma

Proposition 5.1. Letu : Byx[—1,1] — R be a solution to (1.4)-(1.4)), with 0 € T's(u(-,0)).
Then, there exist some ro,co > 0 such that, for allt € (—1,0],

{z € By, : |2|*"7 < —cot} NT(u(-t)) =0,
for some v > 0 only depending on n.
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Proof. Let cg,v > 0 to be chosen later. We will prove that there exists 0 < rg < % such
that for all 7 € (0,7¢), and ¢ with —cot > r2+7,
u(-,t) =0 on B, N{zp41 = 0},

and in particular there are no free boundary points there.
By Theorem [2.12] and Lemma [2.13

7~ %u(r,0) — p3llpee(ny) < Cr*,  p3(@’,2ns1) = [Tnial(ax) ) — 2’ - A2'),

with ¢ > 0 and A symmetric and nonnegative definite.
Let us then bound v(z) := r~3u(rx,t). By Lemma (after reversing t) and the
previous estimates,

v(x) < r3u(re,0) — er 3|t |reps| < alzng|® + Or® — C177|xy 11| in By,
where C; = ¢/cp. Now, given 2/ € R™ with |2/| < 1, and § > 0, we introduce the barrier
¢2/75(x’, Tnt1) = —(n+ l)xiﬂ + (2 — z')2 + 4.

Let z = (#/,0), and let s = (Cr®)'/2, which is smaller than 1 for sufficiently small r. We
will prove that v < ./ 5 in B,(z). First, given o € 0B,(z), using that (' —2")* = s* 22,
it suffices to see that

alzpi1]® + Cr® — O1r7|zpgq| < —(n+ 2):E,21+1 + 5% for |zpy1| < s,

1/2

which after choosing s = (Cr%)"/# becomes

Cir¥|aps1| > alzpi1 [P + (n+2)a2 4 for x| < (Cr®)Y2,

that is satisfied choosing v = «/2 and a sufficiently large C; (i.e., a sufficiently small ¢p).

Let us assume that there exists § > 0 such that ¢, 5 touches v from above in Bj(z)
at x9. Observe that xo € Bs(z) because 1,/ 5 > v on 0Bs(z) for all positive §. Now, if
xo ¢ {znt1 = 0,v =0}, Av(zg) = 0 and A, 5 = —2, we have a superharmonic function
touching a harmonic function from above, which is a contradiction. On the other hand, if
xo belongs to the contact set,

0 = v(wo) = 5(z0) = (5 — 2')* +6 > 0,

a contradiction as well. Therefore, the only possibility is that v < 9,/ 5 in B,(z) for all
d > 0, and in particular v(z) < 0.

Repeating the argument for all z € By N {x,4+1 = 0}, we obtain that v = 0 on By N
{zn+1 = 0}, which is the same as u(-,t) =0 on B, N {zy4+1 = 0}. O

6. PROOF OF THEOREM

We take advantage of the following stratification of the degenerate set to compute our
estimates:
Deg =ToUT5UT3 U570 UT .
We can now apply Proposition to obtain generic dimensional estimates for all of
these sets.

Proposition 6.1. Let u: By x [—1,1] — R be a solution to (1.3)-(1.4). Let 7 : (z,t) >t
be the standard projection. Then, there exist o,y > 0, depending only on n, such that:
(a) Ifn=1,
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I'S is discrete,

T =0,

I's =0,

I'>7/9 is discrete,
r.=0.

=2,

dimy.[(ﬂ'z(rg)) < 1/3,
I'5 s discrete,

dimyy (m2(T'3)) < 1/(247),
dimgy (m2(T'>7/2)) < 2/5,
I, is discrete.

~—

S
=
® 6 O 06 0 I 0 o 0 0 0 I o 0 o o o = o o 0o o o
!
\.C/O

Proof. For each of the sets considered, we combine a total dimension estimate with a
cleaning result.
e For I'$, by Proposition B.1](a), dimy (T'$) < n — 1, and I'§ is discrete when n = 1.
By Proposition for all zy € T'S and for all £ > 0, there exist rg,c¢ > 0 such
that
{2 € By : |x —20]>° < (t — 7(20))} N T = 0.
e For I'§, by Proposition dimy (T'%) < n — 2, I'§ is discrete when n = 2, and it
is empty when n = 1. By Proposition for all g € I's and for all € > 0, there
exist rg,c > 0 such that

{x € B,y : | — 20> ° < (t —7(20))} N T2 = 0.
e For I's, by Proposition [3.1fa), dimy(T'3) < n —1, and I's is discrete when n = 1.
By Proposition for all xy € I's, there exist rg, ¢ > 0 such that
{2 € By : |z —20/*™ < —c(t — 7(x0))} N T3 = 0,
and after changing ¢ by —t, for all € > 0 there exists r; > 0 such that for all
r e (0,r1),
B (zo) N {(z,t) : x € Tg(u(-t))} =0

for all t > 7(x0) + ¢~ 'r*™7 > 7(z0) + >,
e For the set I'>7/9, by Proposition [3.1(a), dimy(T'>7/5) < n — 1, and T'sy/9 is
discrete when n = 1. By Proposition for all xg € 1‘27/2 and for all € > 0,



22 XAVIER FERNANDEZ-REAL AND CLARA TORRES-LATORRE

there exists rg > 0 such that
{r e By, :|z— m0‘5/275 < (t—=7(20))} NT57/0 = 0.

e Finally, for T, by Proposition 3.1(b), dimy(Ts) < n — 2, T, is discrete when
n = 2, and it is empty when n = 1. Then, thanks to [CSV20, Theorem 4], the
order of the points in I'y is kK > 2 + « for some dimensional o > 0. Applying
Proposition as in the previous case, for all xg € Ty and for all € > 0, there
exists rg > 0 such that
{2 € By : |z —20/"™7° < (t —7(x0))} NTy = 0.
The conclusions follow now by Proposition [2.15 U

Finally, we can prove our main results.

Proof of Theorem[1.3 Tt is a direct consequence of Proposition [6.1 O

Proof of Conjecture[1.1]. It is a direct consequence of Proposition [6.1} The smoothness of

the free boundary follows from [KPS15| [DS16]. O
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